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To Pia 



Preface 

Summability methods have been used at least since the days of Euler to assign a 
reasonable sum to an infinite series, whether it is convergent or not. In its simplest 
form, Tauberian theory deals with the problem of finding conditions under which a 
summable series is actually convergent. A first condition of this kind, which applies 
to Abel summability (the power series method), was given by Alfred Tauber in 1897. 
However, Tauberian theory began in earnest only around 1910 with the work of Hardy 
and Littlewood. Over a period of thirty years they obtained a large number of refined 
'Tauberian theorems', and they gave the subject its euphonious name. 

A summability method for a series typically involves an averaging process of the 
partial sums. The step from summability to convergence requires a reversal of the 
averaging. For this one generally needs an additional condition on the series, known 
as a Tauberian condition. There is an endless variety of summability methods, and a 
corresponding variety of possible Tauberian theorems. However, the subject acquires 
a certain unity by similarities among optimal Tauberian conditions. One may also 
note the frequent appearance of the Riemann-Lebesgue lemma. 

The aim of the book is to treat the principal Tauberian theorems in various cat
egories and to provide attractive proofs. We sometimes use more than one approach 
and occasionally generalize the results in the literature. 

The arrangement of the material roughly follows the historical development. The 
first three chapters deal with the basic theory. Chapter I describes the major Tauberian 
results of Hardy and Littlewood. They involve power series and related transforms. 
Over the years, many of the difficult original proofs have been simplified consider
ably. Karamata's surprising approach by polynomial approximation receives ample 
attention. The famous 'high-indices theorem', which involves lacunary series with 
'Hadamard gaps', is treated by a variation on Ingham's peak function method. The 
proof of some other difficult theorems is postponed till later chapters. 

An important impulse for Tauberian theory came from number theory, in particu
lar, the search for relatively simple proofs of the prime number theorem. In this area 
the Tauberian work of Hardy and Littlewood had not been definitive. The unsatisfac
tory situation was one of the factors that led Wiener to his comprehensive Tauberian 
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theory of 1932. Here the central theme is the comparison of different limitation meth
ods. In Chapter II, Wiener's theory is developed on the basis of a convenient testing 
equation, which is treated both classically and by the author's distributional method. 
With Wiener's theory in hand we describe several paths to the prime number theorem. 
Additional proofs of the PNT may be found in other chapters; cf. the Index. 

For some of the proofs the natural setting is 'complex Tauberian theory', which 
is treated in Chapter III. Here conditions in the complex domain play an essential 
role. The complex theory had two roots in the early 1900's. One was Fatou's theorem, 
which involves power series, the other was Landau's treatment of the prime number 
theorem, based on Dirichlet series. A common framework is provided by Laplace 
transforms. The beautiful extension of Landau's theorem by Wiener and Ikehara is 
treated both in a classical manner and in an elegant contemporary way. Another 
attractive approach to the prime number theorem uses the newer complex analysis 
method due to Newman. Adapted to the Fatou area, this method has recently been 
applied in operator theory. The effect of conditions in the complex domain is illustrated 
also by results in Tauberian remainder theory. An earlier version of Chapter III has 
appeared as a survey under the title 'A century of complex Tauberian theory', Bulletin 
of the American Mathematical Society (N.S.), vol. 39 (2002), pp 475-531. 

After Hardy, Littlewood and Wiener, the principal actor in Tauberian theory was 
Karamata. Chapter IV deals with his heritage involving 'regular variation', which 
has become indispensable in asymptotics of all kinds, including probability theory. 
Besides the standard theory, the chapter contains a variety of Tauberian theorems 
involving large Laplace transforms. Regular Variation is now a subject in its own 
right, witness the 1987 book with that title by Bingham, Goldie and Teugels. 

Chapter V treats other extensions of the classical theory. The first part deals with 
the Banach algebra approach to Wiener theory. Going back to Beurling and Gelfand, 
it has led to important generalizations. Other parts of the chapter serve to reduce 
'general' Tauberian theorems to the easier case involving the limitation of bounded 
functions or sequences. After an important boundedness theorem of Pitt, we discuss 
the functional-analytic approach initiated by the Polish school, and greatly developed 
by Zeller and Meyer-Konig. The chapter concludes with some interesting special 
theorems. 

One of the more difficult Tauberian areas concerns the Borel method of summa
tion, which is best known as a tool for analytic continuation. Although the Tauberian 
theory for this method was started by Hardy and Littlewood, several basic results are 
of relatively recent origin. In Chapter VI we present a new unified Tauberian theory 
for Borel summability and the related 'circle methods' , of which Euler summability is 
the best known representative. The treatment includes a common theory for lacunary 
series with 'square-root gaps'. 

Chapter VII is devoted to (real) Tauberian remainder theory. The basic question is 
to obtain remainder estimates for convergent series, given the order of approximation 
provided by a summability process. The chapter starts with the case of power series and 
Laplace transforms, for which Freud and the author refined the method of polynomial 
approximation. It continues with the broader approach by Ganelius and others which 
is based on refinement of Wiener theory. The final part of the chapter treats some 
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difficult nonlinear problems of the type, first considered by Erdos in connection with 
the elementary proof of the prime number theorem. The material based on Siegel's 
unpublished 'fundamental relation' was taken from the author's article 'Tauberian 
theorem of Erdos revisited', which appeared in Combinatorica, vol. 21 (2001), pp 
239-250. 

The idea of a 'Tauberian book' came up in the sixties when I lectured at Stanford 
and Oregon, but the project became dormant soon after I moved back from the U.S. 
to Amsterdam in the seventies. This notwithstanding a solemn promise, made to 
Springer series editor Sz.-Nagy (on Tolstoy's grave, of all places) to complete a 
Tauberian book. Naturally, the present volume has evolved a great deal from the early 
notes. In the meantime, a few of the topics have been treated very nicely in small 
books by A.G. Postnikov [1979] and Jan van de Lune [1986]. Prior to these, the only 
'general' Tauberian book had been Pitt's monograph [1958]. 

Although the present book deals with a large variety of results, it does not as
pire to completeness. The Tauberian literature is just too extensive - there are so 
many summability methods! This is clear already from Hardy's book Divergent Se
ries of 1949 and the 'Ergebnisse' book by Zeller and Beekmann of 1970. The present 
Bibliography lists a substantial number of contributions (both old and new), but by 
no means all. Our emphasis is on Tauberian theorems for the principal summabi1-
ity methods and on results that belong to the area of classical analysis. We do not 
consider multidimensional theory or absolute summability; the book does not deal 
with Tauberian theorems for topological groups or generalized functions. There is no 
systematic treatment of the many applications, but a number of them are scattered 
through the book; see the Index. For all that is missing, the interested reader is referred 
to the well-known reference journals and databases. 

The various chapters of the book are largely independent of each other. For the 
newcomer to Tauberian theory, the first ten sections of Chapter I may serve as orien
tation. Beyond that, every chapter has its own introduction. The Index refers to a few 
challenging open problems. 

ACKNOWLEDGEMENTS. Under the German occupation (1940-45), students in the 
Netherlands had a difficult time. When university attendance was impossible, one 
tried to study from notes taken by older students. I am very grateful to my former 
high-school teacher C. Visser in Dordrecht and my later Ph.D. advisor H.D. Klooster
man at Leiden for help during this period. Visser encouraged me to explore Tauberian 
theorems that were stated without proof in notes of Kloosterman's introductory anal
ysis course. Kloosterman continued to receive students at his home for examinations 
and encouraged my early independent work. For many years, my heroes were Hardy 
and Littlewood, next to P6lya, Szego and Landau; a list soon extended to Karamata 
and Wiener. 

Shortly after the war, I was fortunate to meet Paul Erdos in Amsterdam, where 
he lectured on the elementary proof of the prime number theorem. He challenged me 
with related Tauberian questions, also after I moved to the U.S. Some of my early 
papers owe a great deal to his suggestions. 
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Jumping to the last few years, it is a pleasure to mention some of the many friends 
and colleagues who have helped with the book. After Fred Gehring rekindled my 
interest, Nick Bingham provided constant support and encouragement. Nick, Harold 
Diamond, Kenneth Ross, anonymous referees and other experts commented on early 
drafts of several chapters, and Ronald Kortram read through the whole book. I thank 
all of them for their useful suggestions. However, even after several rounds of editing, 
some of my mistakes and omissions are likely to remain, for which my apologies. 

On the technical side, notably LaTeX questions, my former student and junior 
colleague Jan Wiegerinck was always ready to assist with day-to-day problems. He 
and Jan van de Craats skillfully executed the drawings. At Springer Verlag, Dr. Byrne 
and her staff kindly met my wishes on the styling of the book. 

Special thanks are due to the Mathematical Institute at the University of Am
sterdam, which provided a desk and access to its facilities after my retirement. Our 
library is well supplied with older material, and librarian Sjoerd Lashley was always 
willing to go after newer items. The library of the CWI (Centrum voor Wiskunde en 
Informatica) in Amsterdam was very helpful too, as were friends at the University of 
Wisconsin and elsewhere; Armen Sergeev in Moscow provided me with a (photo )copy 
of Subhankulov's hard-to-get book on remainder theory. 

The interest of the mathematical community in Tauberian theory has been rela
tively constant over the years. That the book may provide a new impulse! 

Amsterdam, January 2004 Jaap Korevaar 
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I 

The Hardy-Littlewood Theorems 

1 Introduction 

In various contexts - think of Fourier series or analytic continuation - it is important 
to have a method which sums a given infinite series L~o an. It may be difficult 
to determine the sum of a convergent series directly, or one may wish to assign a 
reasonable sum to a possibly divergent series. The simplest summability method is 
Cesaro's or the method of arithmetic means. Here one forms the arithmetic means 

So + Sl + ... + Sn-l 
(Ll) 

n 

of partial sums Sn = L~=o ak, and one looks for a limit of the averages an instead 
of lim Sn. If lim an exists, it is called the Cesaro sum of Lan. More powerful (in 
the sense that it sums more series) is the so-called Abel method, or power series 
method, sometimes called the Abel-Poisson method. Assuming that the power series 
L~o anxn converges to a sum function I (x) for Ix I < 1, one can write I (x) as a 
weighted average ofthe partial sums Sn: 

00 

00 L sn xn 

I() " n _n=_O _ 
X = L....-anx = 00 

n=O L xn 
n=O 

(1.2) 

If I (x) tends to a (finite) limit A as x/,l, then A is called the Abel sum of L an. It 
follows from (1.2) that the Abel sum of a convergent series is equal to the usual sum, 
lim Sn. This is Abel's continuity theorem [1826] which gave the summability method 
its name. Furthermore, the divergent series 

1-1+1-1+···, 1-2+3-4+··· 

have Abel sums 1/2 and 1/4, respectively. The first series has Cesaro sum 1/2; the 
second is not summable by the use of (Ll). There is a nice essay on the history of 
summability theory in chapters 1 and 2 of Hardy's book Divergent Series [1949]. 
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For many applications one would like to know under what conditions a summable 
series is actually convergent; cf. Section 4 for series in number theory and Section 6 for 
Fourier series. Summability usually involves averaging, hence one would need a con
dition under which one can 'undo' the averaging. A first converse result was obtained 
in [1897] by the Austrian mathematician Alfred Tauber (1866-1942). (Tauber later 
specialized in the mathematics of insurance; cf. the biographical information in Binder 
[1984]). Tauber's sufficient condition for the convergence of an Abel summable series 
L an was 'nan -+ 0'. In [1910], Hardy asked whether boundedness of the sequence 
{nan} would be sufficient, and Littlewood [1911] proved that it is. His paper started 
the lifelong collaboration between Hardy and Littlewood, one of the most successful 
of all time. Jointly they obtained a large variety of conditional converses of conti
nuity theorems or Abelian theorems. Beginning with the brief note [1913c], Hardy 
and Littlewood called their converses Tauberian theorems. This chapter deals with a 
substantial number of their results, both for series and for integrals. 

Littlewood's theorem has fascinated many mathematicians. It was not that his 
Tauberian condition' for the convergence of Abel summable series L an was spec
tacular. The condition '{nan} bounded' is simple and, perhaps surprisingly, it is op
timal as an order condition on the terms an; cf. Section 24. Littlewood's result was 
impressive because the simple answer seemed to require a very complicated proof. An 
important aspect of his proof was a condition under which asymptotic relations can 
be differentiated; cf. Section 17 for fairly refined results. The resulting technique of 
'repeated differentiation' was used by Hardy and Littlewood in many of their papers 
(starting with [1914a]). It serves to give a great deal of weight to a particular term 
involving Sn, so that the behavior of Sn can be studied. 

It came as a big surprise to the mathematical community when Karamata [1930a] 
found a much simpler proof for Littlewood's theorem and other Tauberian theorems 
for power series. His technique emphasizes a group of terms in a series with the aid of 
polynomial approximation; see Sections 11, 12. In Sections 15,21 we discuss more 
general integral analogs of the Hardy-Littlewood theorems for power series. 

However, some of the most striking Hardy-Littlewood theorems remain difficult 
until today. Among them are their Tauberians for Borel and Lambert summability 
(Hardy and Littlewood [1916], [1921]), the latter of great interest in number theory. 
The theorems are stated in this chapter but will be proved later. A breakthrough in 
their treatment came with Wiener's general Tauberian theory [1928], [1932], which is 
based on Fourier transforms (see Chapter II). Another Hardy-Littlewood spectacular 
[1926] was the so-called high-indices theorem, which involves lacunary power series. 
If the gaps between the powers are large enough, the analog of Littlewood's theorem 
no longer requires an order condition on the coefficients!! Ingham [1937] found a 
simpler proof for this result with the aid of 'peak functions'; cf. also his paper [1965]. 
Our version of the proof is somewhat more direct; see Section 23. 

Very often, the first step in a convergence proof for series is to show that the partial 
sums are bounded. Useful boundedness results may be found in Sections 5, 19 and 
20. Optimality of Tauberian conditions is discussed in Section 24. 
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It is not possible to discuss all the work on summability by Hardy, Littlewood and 
their contemporaries in a book on Tauberian theory. Fortunately much of that material 
can be found in Hardy's book Divergent Series which was mentioned earlier; other 
sources are Zeller and Beekmann [1958170], Baron [1966177] (in Russian) and Boos 
[2000]. A few books or booklets are devoted entirely to certain aspects of Tauberian 
theory: Karamata [1937b], Pitt [1958], Subhankulov [1976] (in Russian), Postnikov 
[1980], and van de Lune [1986]. Other books contain more or less elaborate Tauberian 
chapters, notably the books on summability mentioned above. One may also consult 
Wiener [1933], Widder [1941], Peyerimhoff [1969], the survey Kangro [1974] (in 
Russian) for the years 1964-1973, and Bingham, Goldie and Teugels [1987]. Volume 
6 of Hardy's 'Collected Papers' [1974], with editorial comment, is a valuable source. 
For a quick look at some of the older theory and interesting commentary, see Gaier's 
expanded edition of Landau's 'Neuere Ergebnisse der Funktionentheorie' (Landau 
and Gaier [1986]). 

Many results in this chapter hold only for real series and functions. This is rarely 
stated explicitly, but should be clear from the form. For possible extensions to the 
complex case one may consider real and imaginary parts. 

2 Examples of Summability Methods. 
Abelian Theorems and Tauberian Question 

In each example below we compare two summability methods, P and Q, for infinite 
series L~o an (often written Lgo an). Here method Q will always be 'stronger' 
than P in the following sense. All P-summable series are Q-summable, to the same 
finite (generalized) sum, briefly, Q is consistent with P. However, some Q-summable 
series would fail to be P-summable. A method which sums all convergent series to 
the usual sum is called regular. 

If the series Lgo an is P-summable to A, or has' P sum' A, the partial sums 
Sn = Lk=O ak are said to be P-limitable to A. 

Example 2.1. (Cauchy [1821]): 

P 
Ordinary convergence: 

sn = ao + a1 + ... + an ~ A 

If Sn ~ A then also Un ~ A. 

Q 
Cesaro summability (of order 1) : 
the arithmetic mean 
Un = (so + Sl + ... + sn-d/n 
tends to a limit A' as n ~ 00, 

the 'Cesaro sum' of Lan 

The divergent series 1 - 1 + 1 - 1 + ... has Cesaro sum 1/2. 

REMARKS. There is extensive literature on a whole hierarchy of Cesaro methods. For 
these (C, k) methods, see for example Hardy [1949], Baron [1966177]. In Cesaro's 
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work [1890] these methods played an important role in the multiplication of series; 
cf. Section 3. For us Cesaro summability will mean the (C, I) summability of the 
present example, except in Section 18. 

Conceptually simpler (but not analytically!) are the Holder methods (H, k), which 
(for integral k ::: 2) are obtained by repeated formation of arithmetic means. It was 
shown by Knopp and Schnee that the (C, k) and (H, k) method are equivalent: they 
sum the same series, to the same sum; see for example Hardy (loc. cit.). 

Example 2.2. (Abel [1826]): 

p 

Ordinary convergence: 
Q 

Abel summability: 
the power series L~o anxn 
converges for Ix I < 1, 
and f(x) = LanXn 
tends to a limit A' as x ./ I, 
the 'Abel sum' of Lan 

If Sn ~ A then f(x) is well-defined for Ixl < 1 and f(x) ~ A as x ./ 1 ('Abel's 
continuity theorem'): 

2 So + SIx + S2x2 + ... 
aO + alx + a2x + ... = 1 + x + x 2 +... ~ A. (2.1) 

The series 1 - 2 + 3 - 4 + ... has Abel sum 1/4. It is not Cesaro summable. 

Example 2.3. (Frobenius [1880]): 

p Q 
Abel summability: Cesaro summability: 

an = (so + SI + ... + sn-I)/n ~ A f(x) = L~oanXn ~ A' as x./ 1 

If an ~ A then f(x) is well-defined for Ixl < 1 and f(x) ~ A as x ./ 1: 

00 00 00 00 

LanXn = L(Sn - sn_dxn = LSnxn - LSnxn+1 

n=O n=O n=O n=O 
00 00 

= (1 - x) LSnxn = (1- x)2 L(sO + ... + sn)xn (2.2) 
n=O n=O 

00 00 

L (n + l)an+lxn L (n + 1)(an+1 - A)xn 
= _n=_O-::-:-____ = A + n_=_O _______ _ 

00 00 
~ A. 

L (n + l)xn L (n + l)xn 
n=O n=O 

The higher-order Cesaro methods described in Section 18 are stronger than the first 
order method, but not as powerful as Abel summability. 
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ABELIAN THEOREMS. Because of Examples 2.2 and 2.3, continuity theorems of the 
form L an is P-summable to A :::} L an is Q-summable to A 

(so that Q is 'stronger' than P) are called Abelian theorems. 

Example 2.4. (Borel [1899], [1901128]): 

P 
Ordinary convergence: 

Sn ---+ A 

Q 
Borel summability: 
L~o snxn In! converges for all x 
and F(x) = e-x LSnXn In! 
tends to a limit A' as x ---+ 00, 

the 'Borel sum' of Lan 

If Sn ---+ A then F(x) is well-defined for all x > 0 and F(x) ---+ A as x ---+ 00: 

00 

L snxn In! 
F(x) = n~ ---+ A. 

L xn/n! 
n=O 

Example 2.5. (Hardy [1914a], Ananda-Rau [1921]): 

P 
Ordinary convergence: 

Sn ---+ A 

Q 
Lambert summability: 
the 'Lambert series' L~o anL(xn), 
where L(x) = x{log(l/x)}/(l - x) 
(Lambert kernel; L(I) = I) 
converges for 0 < x < 1, 
and g(x) = L anL(xn) 
tends to a limit A' as x / I, 
the 'Lambert sum' of Lan 

(2.3) 

If Sn ---+ A then g(x) is well-defined for Ixl < 1 and g(x) ---+ A as x / 1. This may 
be derived from the observation that for 0 < x < 1, 

00 00 

I>nL(Xn) = LSn{L(xn) - L(xn+1)} with { ... }:::: O. (2.4) 
n=O 

The Lambert kernel looks more tractable if one substitutes x = e-t : 

log(l/x) 
L (x) = x --=---'--

I-x 
t 

gives L(e-t ) = --. 
et - 1 

We now come to the basic question of this chapter: 

(2.5) 
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Question 2.6. (Tauberian Problem) Which series Lg" an, summable by the 'stronger' 
method Q, are also summed by the 'weaker' method P ? 

Is there some (nontrivial) condition on the terms an of the series, under which its 
Q-summability implies its P-summability? Such a condition T {an} is called a TAU
BERIAN CONDITION, the resulting theorem is a TAUBERIAN THEOREM, occasionally 
called a 'Tauberian'. 

Classical Form 2.7 of Tauberian theorems for series: 

Lan is Q-summable & T{an} :::} Lan is P-summable. (2.6) 

Although they may not precisely conform to this pattern, the early Tauberian theorems 
were almost always conditional converses of continuity theorems; see Sections 5-10. 
However, there are classical Tauberian-type theorems (2.6) for cases where not all 
P-summable series are Q-summable. Examples of such 'nonstandard' theorems may 
be found in Section 25. 

3 Simple Applications of Cesaro, Abel and Borel Summability 

CESARO SUMMABILITY. Cesaro [1890] used his method to discuss multiplication of 
series. He proved that for convergent series Lg" an = A and Lg" bn = B, the Cauchy 
product Lg" Cn (given by Cn = LZ=o akbn-k) is Cesaro summable to C = AB. This 
is a special case of his results for (C, k) summable series; cf. Hardy [1949] (chapter 
10). 

A more important application involves Fourier series. Fejer [1904] proved that the 
Fourier series of an arbitrary continuous function f of period 2n is Cesaro summable 
to f (t) at every point t. (The series need not converge at every point.) To verify Fejer's 
theorem, one may first write the partial sum 

1 k k "" 

sk(f, t) = "lao + L(aj cosjt + bj sinjt) = L CjelJt 
j=] j=-k 

of the Fourier series in integral form: 

Sk(f, t) = t Cjeijt = t _1_iJr f(u)e-ijudu. eijt 
2n -Jr j=-k j=-k 

i Jr sin(k+!)(t-u) iJr sin(k+!)u 
= feu) ] du = f(t - u) 1 duo 

-Jr 2n sin '2 (t - u) -Jr 2n sin '2u 

The average an (f, t) of the partial sums sO,s], ... , Sn-l may now be expressed with 
the aid of the Fejer kernel Fn: 

an(f, t) = i: fCt - u)Fn(u)du, (3.1) 
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where 
1 n-l sin(k + !)u sin2 !nu 

Fn(u) = - L 1 = 2 1 . (3.2) 
n k=O 2rr sin 2u 2rrn sin 2u 

Observing that un (1, t) = 1 and considering small 8 > 0, one derives that 

un(f, t) - f(t) = i: {f(t - u) - f(t)}Fn(u)du 

= 1-8 +18 + rn: --+ 0 as n --+ 00. -n: -8 18 

For periodic continuous (hence uniformly continuous) functions f, the Fourier series 
is uniformly Cesaro summable to f. 

Since the Fejer kernel Fn is even, one may also write 

un(f, t) = 17r ~{f(t - u) + f(t + u)}Fn(u)du. -7r 2 
(3.3) 

This formula shows that for a function f which is of bounded variation over a period, 
the Fourier series is Cesaro summable to the value !{f(t-) + f(t+)} at the point t. 

ABEL SUMMABILITY. By Example 2.3, the Fourier series of a continuous function f 
of period 2rr will also be Abel summable. An independent proof may be derived from 
Poisson's integral formula, 

1 00 17r 
Ar(f, t) = -aD + L(an cosnt + bn sinnt)rn = f(t - u)Pr(u)du, 

2 n=l -7r 
where Pr(u) is the Poisson kernel, 

1 - r2 
Pr (u) = ------__=_ 

2rr(1 - 2r cos u + r2) 
(0 :S r < 1). 

(3.4) 

(3.5) 

Poisson [1820], [1823] made this formula the basis for his use of 'Fourier series'. 
Abel summability is sometimes called Poisson summability! 

BOREL SUMMABILITY. Finally we mention an application of Borel summability. For 
the series L::::o zn one has Sn = (1 - zn+l)/(1 - z), so that with the notation of 
Example 2.4, 

00 xn 00 1 _ zn+l xn 1 ze(z-l)x 
F(x) =e-x~sn- = e-x~ - = -- - ---

~ n! ~ 1 - z n! 1 - z 1 - z 
n=O n=O 

1 
--+ -- as x --+ 00 whenever Re z < 1. 

1- z 

The Borel sum gives an analytic continuation of the ordinary sum of the series 
L::::o zn for Izl < 1. This is a very special case of a general property of Borel 
summability (Borel [1899], [1901128]). There is a second Borel method which is 
even more convenient for analytic continuation; see Chapter VI. 
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4 Lambert Summability in Number Theory 

We begin with a few remarks about the so-called Riemann ZETA FUNCTION of analytic 
number theory. This function has played an important role in the development of 
Tauberian theory. For Re z > 1 it is given by the sum of a 'classical Dirichlet series' 
,,00 / z. L-n=1 an n . 

00 1 
{(z) ~,,-. 

~nz 
n=1 

(4.1) 

The series converges absolutely and uniformly for Re z :::: 1 + 8 > 1. Since every 
term is analytic in z, the sum {(z) is analytic for Re z > 1. We will verify in Section 
26 that the difference 

1 
F(z) = S(z) - -z - 1 

can be continued analytically to the whole complex z-plane. For complex z f= 1, the 
function {(.) is defined by this continuation. 

For Re z > lone can write {(z) as an infinite product involving the prime numbers, 
the Euler product. One knows that every positive integer n has a unique representation 
as a product of prime powers, n = p~l ... p~r with PI < ... < Pr and a j > O. 
Using this fact, one may readily verify that for Re z > 1, 

00 1 (1 1) 1 
{(z) = L n Z = n 1 + pZ + p2z +... = n 1 _ 1/ pZ 

n=1 p pnme p prime 

In particular {(z) has no zeros for Re z > 1. 

Example 4.1. The Mobiusfunction JlO on N is defined by 

11 if n = 1, 
Jl(n) = ( -1 Y if n is a product of r different primes, 

o if n has one or more multiple prime factors. 

Using the definition in Example 2.5 we will show that 

the series f Jl(n) is Lambert summable to O. 
n 

n=! 

Proof. We take Rez > 1. By (4.3) and (4.2) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

An analytic function in a half-plane can have at most one representation by a Dirichlet 
series; cf. Titchmarsh [1939] (section 9.6). Thus the identity 
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1 ~ 1 ~ p.,(m) '" p.,(m) ~ 1 '" 
1 = ~(z) ~(z) = L kZ L ---;;;z.- = L (km)Z = L nZ L p.,(m) 

k=l m=! k,m n=l min 

implies that the sum Lmln p.,(m) over all divisors m of n is equal to 1 for n = 1 and 
equal to 0 for n > 1. Going to a Lambert series, it follows that 

L
OO p.,(m) m Loo p.,(m) xm log(llxm) 1 Loo xm 

--L(x ) = -- =log- p.,(m)--
m m I - xm x 1 - xm 

m=l m=l m=l 
1 00 00 100 

= log - L p.,(m) Lxkm = log - Lxn Lp.,(m) 
x X 

m=l k=l n=l min 
1 

= x log - (0 < X < 1). 
X 

Hence the first member indeed has limit 0 as x/I; the series L;::'=l p.,(m)/m has 
Lambert sum O. 

One may use Tauberian theory to show that the series in (4.4) is convergent; see 
for example Sections 10 and III.6. 

Example 4.2. Von Mangoldt'sfunction A(-) on N is defined by 

10 ifn=l, 
A(n) = log p if n = pfX with p prime and a :::: 1, 

o if n has at least two different prime factors. 

It will be shown that 

~ A(n) - 1 
the series L is Lambert summable to - 2y, 

n 
n=! 

where y is Euler's constant, limn---+ oo {I + (1/2) + ... + (lIn) -logn}. 

Proof. Again taking Re z > lone derives from the Euler product (4.2) that 

00 A(n) ( 1 1 ) 
'" - = '" - + - + . .. log p L nZ L pZ p2z 
n=l p prime 

'" logp d (z) L -- = --log ~(z) = --. 
, pZ-l dz ~(z) 

p pnme 

Proceeding as above, one finds that the identity 

L
OO A(n) Loo I Loo A(m) I Loo logn 

~(z) -= - --=-~(z)= -
n Z kZ m Z nZ 

n=l k=! m=! n=! 

(4.6) 

(4.7) 

(4.8) 

implies that Lmln A(m) = logn. Writing den) for the number of divisors of n, one 
obtains the following result for a Lambert series: 
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00 m 00 00 

L {A(m) - I} 1 ~ xm = Lxn L{A(m) - I} = L{logn - d(n)}xn 
m=l n=l min n=l 

00 

= (1 - x) L{log 1 + '" + logn - [d(1) + ... + d(n)]}xn (0 < X < 1). 
n=l 

Now by Stirling's formula and by a result of Dirichlet for the divisor function, cf. 
P6lya and Szego [1925/78] (chapter 2, problem 46), 

log 1 + ... + logn = n logn - n + O(logn), 

d(1) + ... + den) = n logn + (2y - I)n + O(nl/2). (4.9) 

As a result, 

00 A(m) _ 1 00 

L L(xm) = 10g(1/x)· (I-x) L{-2yn +o(n)}xn. 
m=l m n=l 

(4.10) 

Since L~l nxn = x/(1-x)2, one concludes that the left-hand side of (4.10) indeed 
has limit -2y as x / 1. Thus the series in (4.7) has Lambert sum -2y. 

One may again use Tauberian theory to show that the series in (4.7) is convergent. 
The convergence implies the so-called prime number theorem; see Section 10. (A 
similar remark applies to L~l J1,(n)/n; cf. Section 111.6.) 

Background material in number theory may be found in many books; classics are 
Hardy and Wright [1979], Landau [1909]. 

5 Tauber's Theorems for Abel Summability 

Tauberian theory began with the following theorem of Tauber [1897] (cf. ChatteIji 
[1984] for historical remarks). 

Theorem 5.1. The following implication holds: 

L an is Abel summable & nan -+ 0 => L an converges. 

This is not difficult to prove. In fact, for f (x) = L~o anxn and 0 < x < 1, 

Itan-f(x)I=ltan(1-xn)- f anxnl 
n=O n=l n=N+l 

N 1 00 

~ L n(1- x)lanl + N L Inanlxn 
n=l n=N+l 

N 1 
~ (1 - x) L Inan I + sup Inanl· 

N(I - x) n>N n=l 
(5.1) 
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Setting 'L~=o an = SN and x = 1 - II N, one finds that 

1 N 
ISN - f(l-IIN)1 ~ - L Inanl + sup Inanl· 

N n=l n>N 
(5.2) 

Suppose now that nan --+ O. Then the right-hand side of (5.2) tends to 0 as N --+ 00. 

Hence if f(x) --+ A as x/I, then 

lim SN = lim f(l-IIN) = A. 
N---+oo N---+oo 

(5.3) 

The Abel summability of 'L an implies that the limit A is finite. However, the 
conclusion SN --+ A remains valid if f(x) is real and tends to A = ±oo as x/I, 
even under the weaker condition' {nan} bounded'. 

Inequality (5.2) also implies a simple boundedness theorem: 

Corollary 5.2. Boundedness of the sequence {nan} and of the function f(x) 
'L~o anxn on [0, 1) implies boundedness of the sequence {SN}. 

TAUBERIAN CONSTANTS. If nan --+ 0, it follows from (5.2) that the difference SN -
f (1-1 IN) tends to 0 even if'L an is not Abel summable. Assuming that the sequence 
{nan} is bounded, one may ask for the best constant K such that for appropriate 
sequences x N / 1, 

lim sup ISN - f(XN)1 ~ K lim sup Inan I. 
N---+oo N---+oo 

For extensive discussion of this and related questions, also for other summability 
methods, see Agnew [1954], Zeller and Beekmann [1958170] (section 50). Later 
contributions are Meir [1963] and Rajagopal [1974]. 

Tauber used Theorem 5.1 to derive his 'second theorem' which is more general. 
It gives a condition which is both necessary and sufficient for the step from Abel 
summability to convergence: 

Theorem 5.3. An Abel summable series 'Lg" an is convergent if and only if 
al + 2a2 + ... + nan So + Sl + ... + Sn-l -------- = Sn - --+ 0 as n --+ 00. (5.4) 

n n 

A proof may be obtained from Section 14 which contains an extension to inte
grals. For real an condition (5.4) is sufficient for the step from Abel 'summability' to 
'convergence' also if f(x) --+ A = ±oo. 
SERIES SIMILAR TO POWER SERIES. The arguments above readily extend to series of 
the form 

(5.5) 
n=O 

such as Lambert series (Example 2.5). A suitable condition on g(.) would be 

Ig(x)1 ~ CIX8, 11 - g(x)1 ~ C2(l- x), 0 ~ x ~ 1 (5.6) 

with positive constants 8 and C j. 
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Theorem 5.4. Let gO satisfy the inequalities (5.6). If Inan I ~ C, boundedness of 
f(x) in (5.5) on [0, 1) implies boundedness of the sequence {SN}; if nan ~ 0, 
convergence f(x) ~ A as x /' 1 implies convergence SN ~ A. 

Remarks 5.5. Under some additional conditions on g, for example, that it is increas
ing and that h(x) = g(x) - g(x2) is increasing on some interval [0, b), one can also 
obtain boundedness of {s N } under the one-sided condition nan ::: - C. Of course one 
has to suppose then that the series in (5.5) converges on [0, 1), to a bounded function 
f. Cf. Wiener [1933] (pp 108-110) for the case of power series, g(x) = x. 

In connection with conformal maps w = f(z) = I:~o anZn of the unit disc, 
Pejer [1914] considered the 'area condition' 

(5.7) 

which expresses finiteness ofthe area of the image. Condition (5.7) implies (5.4): just 
write 

n 

L kak = L kak + L kak 
k=l k~m m<k~n 

with large m and n > m, and apply Cauchy-Schwarz to the final sum. Hence (5.7) is 
a Tauberian condition for Abel summability. Using a similar splitting, Pejer proved 
directly that condition (5.7) implies SN - f(1 - 1/ N) ~ ° as N ~ 00. The result 
is sometimes called Fejer's Tauberian theorem; cf. Landau and Gaier [1986] (section 
13 and comments); we give an application in Section V.25. HOlder's inequality would 
similarly show that the condition I:~l np-1lan IP < 00 is a Tauberian condition for 
Abel summability whenever p > 1. 

6 Tauberian Theorem for Cesaro Summability 

Since Cesaro summability implies Abel summability (Example 2.3), it follows from 
Tauber's Theorem 5.1 that the condition 'nan ~ 0' is a fortiori sufficient for the 
implication 'Cesaro summability =} convergence'. In [1910] Hardy published a con
verse theorem for Cesaro summability in which he weakened the 'little 0' -condition 
'nan ~ 0' to the 'big 0' -condition' {nan} bounded'. The latter condition is optimal 
as an order condition; cf. Section 24. Hardy also asked whether the little o-condition 
in Tauber's theorem could be relaxed to a big O-condition. 

Landau [1910] extended Hardy's Cesaro theorem to the case of one-sided bound
edness. 

Theorem 6.1. One has the following implications: 

L an is Cesaro summable & either Inan I ~ C (Hardy) 

or nan::: -C (Landau) =} L an converges. 

This result has interesting applications and extensions. 
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Proof. (Kloosterman's method [1940aD We consider real an and set 

Sn = ao + ... + an = a~-l), a6-1) + ... + a~-I) = a~-2). (6.1) 

Then one has the following discrete analog of Taylor's formula: for integers h > 0, 

a(-2) = a(-2) + ha(-I) + ~h(h + l)a* n+h n n 2 ~, 
(6.2) 

where at is a number?: min ak but::::: max ak for n < k ::::: n + h. Indeed, 

(-2) (-2) {(-I) (-I)l 
an+h = an + an+1 + ... + an+h 

= a~-2) + ha~-I) + {han+1 + (h - l)an+2 + ... + an+hl; (6.3) 

the final sum does not exceed (l/2)h(h + 1) maxak, where n + 1 ::::: k ::::: n + h, etc. 
We may assume that L an is Cesaro summable to O. (If the Cesaro sum is A, 

one may replace ao by ao - A; this will decrease every partial sum Sk by A.) Then 

a~-2) In -+ Oasn -+ 00. Wenowsolveequation(6.2)fora~-1) = Sn. The inequalities 

nan?: -C with C > 0 and la~-2)1 ::::: ne with smalle > 0 and n ?: large no imply 
thatfor h ~ 2nJe/C, 

(-2) (-2) 
an+h - an 1 * 

sn = - - (h + 1 )at 
h 2 5 

2n+h h+l 
::::: -h-e + C 2;;- < 3../Ci. (6.4) 

For an estimate in the other direction one may take h ~ - 2n J e I C; for h < 0 the 
discrete Taylor formula needs some adjustment. The conclusion is that Sn -+ 0 as 
had to be proved. 

Application 6.2. Hardy (loc. cit.) used Theorem 6.1 to deduce or verify the following 
results for Fourier series; cf. Section 3. 

(i) Let f be a continuous function of period 2:n: whose Fourier coefficients an (f) 
and bn(f) are O(lln). Then the Fourier series of f at the point t converges to f(t). 
Indeed, by Fejer's theorem the series is Cesaro summable to f(t). 

(ii) Let g be a periodic function of bounded variation (over a period). Using 
integration by parts or some other method, one may show that the Fourier coefficients 
an (g) and bn(g) are O(lln). Thus the Fourier series of g converges at every point t 
to the value ~{g(t-) + g(t+)}. 

Remarks 6.3. The proof of Theorem 6.1 may be adapted to show that Cesaro summa
bility also implies convergence under the weaker Tauberian condition 

-w(p) = liminf inf (sp - sn) -+ 0 as p \. 1. (6.5) 
n-+oo n~p~pn 

Indeed, by (6.3), the first line in formula (6.4) may be replaced by 
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(-2) (-2) 
an+h - an 

Sn = h 
(Sn+l - Sn) + ... + (Sn+h - Sn) 

h 

etc. Condition (6.5) is equivalent to so-called 'slow decrease' of the sequence {Sn}; 
cf. formula (7.1) and Section 16. 

The proof readily gives a Tauberian remainder theorem for Cesaro summability. 
More generally the method may be used to obtain a convexity theorem. Define a~-k) 
as aci-k+l) + ... +a~-k+l). If Ian I :::: <p(n), or only an 2: -¢(n), and la~-k) I :::: 1/I(n), 
with ¢ and 1/1 'of regular growth', then 

(6.6) 

cf. Section 17. Such an inequality may be used to prove Hardy's analog [1910] of 
Theorem 6.1 for higher-order Cesaro summability; cf. Section 18 where we obtain a 
more general result. Knopp [1954] used induction to prove the extension of Theorem 
6.1 to (C, k) summability. 

There are other applications of difference formulas to Cesaro summability. In that 
way Kloosterman [1940b] obtained simple proofs of gap Tauberians of Meyer-Konig 
[1939] for (C, k) summability; cf. Section V.21 for a special case involving k = 1. 
A more recent application is in Marie and Tomie [1984]. 

7 Hardy-Littlewood Tauberians for Abel Summability 

Littlewood [1911] answered Hardy's question whether the condition 'nan -+ 0' in 
Tauber's theorem could be relaxed to boundedness of the sequence {nan}. 

Theorem 7.1. (Littlewood) 

L an is Abel summable & Inan I :::: C ~ L an converges. 

This 'big O-theorem' for Abel summability is more difficult than the earlier 
results. The theorems in this section have attracted much interest and invited many 
alternative proofs, frequently with Theorem 7.3 as the first step towards Theorem 
7.1. Littlewood's original proof was rather complicated; his key tool was repeated 
differentiation; cf. Section 17. For comments on Littlewood's fundamental article of 
1911, see his Collected Papers [1982]; for the history of his discovery, see Littlewood 
[1953]. A first simple proof for the Theorem was found by Karamata [1930a]; see 
Section 11 for his method. A related more direct proof by Wielandt [1952] will be 
described in Section 12. 

Like Littlewood's and Karamata's, many proofs depend on a construction which 
makes one partial sum stand out; cf. Section 23 and Izumi [1954], Zygmund [1959] 
(chapter 3, (1.3.8». A general discussion of the use of peak functions in Tauberian 
theory may be found in Ingham [1965]. 

Another popular method depends on a selection principle, usually followed by 
a uniqueness theorem; see Sections 11.3, 11.6, IV.7 and cf. Delange [1949], Konig 



7 Hardy-Littlewood Tauberians for Abel Summability 15 

[1960], Feller [1963], [1966171]. Proofs involving complex analysis were given by 
Delange [1952] and Jurkat [1956a], [1957]. In the 1957 paper, Jurkat found it con
venient to use the (more general) average-type Tauberian condition (7.2) below, with 
p = 2; cf. Landau and Gaier [1986] (appendix 2, section 1C). Still other proofs have 
been given by Reid [1954], Rubel [1960], and Tietz and Zeller [1998a], [1998b]. It was 
observed by Northcott [1947] that Littlewood's theorem and the proof by Karamata 
carry over to series L~ an in a Banach space; cf. Maddox [1980]. 

The condition Ian I sCI n in Theorem 7.1 is optimal as an order condition. 
Littlewood [1911] has shown that for every positive function if>(n) ./ 00, there is an 
Abel summable series Lan with Inanl S if>(n) which fails to converge. In Section 
24 we give a simple construction which verifies this fact and the corresponding result 
for Cesaro summability. 

Nevertheless weaker order conditions on the terms an may suffice for convergence 
of L an if one has more information on f (x) = L anxn than just the existence of 
a limit as x ./ 1. This is illustrated by Fatou's theorem in Chapter III for the case 
where f is analytic at the point 1, and by an example in Section VII.2 for the case 
where f (x) approaches its limit rather rapidly. 

If one knows only that the limit of f (x) as x ./ 1 exists, the condition Inan I S C 
can be relaxed in other ways. Hardy and Littlewood [1914a] showed that a one-sided 
condition suffices: 

Theorem 7.2. (Hardy and Littlewood) Thefollowing implication is valid: 

L an is Abel summable & nan 2: -C :::} L an converges. 

In terms of the partial sums Sn = Lk=O ak, Schmidt [1925a] could relax the 
Tauberian condition further to 

liminf (sm - sn) 2: 0 for n ~ 00 and 1 < min ~ 1. (7.1) 

A sequence {sn} as in (7.1) is said to be slowly decreasing; cf. Section 16 and for a 
proof of Schmidt's result, see Remarks 19.4 or Theorem 21.1. Earlier, Landau [1913] 
had used a corresponding two-sided condition of slow oscillation (Section 16). Notice 
that condition (7.1) is also necessary for convergence! 

Several alternative Tauberian conditions have been introduced by Szasz [1928], 
[1935], [1948], the simplest being the avarage-type condition 

1 n 
- LkPlaklP = 0(1), with p> 1. 
n k=] 

(7.2) 

For p = 1 the condition has to be modified; see Renyi [1946], Szasz [1951], Jaki
movski [1954a]. 

Hardy and Littlewood jointly obtained a large number of conditional converses 
of continuity theorems, both for power series and for other kinds of series. Although 
these theorems were much more difficult than Tauber's original result, they called all 
of them Tauberian theorems. 

The next two results are also in Hardy and Littlewood [1914a]. 
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Theorem 7.3. (Hardy and Littlewood) One has the following implication: 

L an is Abel summable & Sn :::: -C ~ L an is Cesaro summable. 

In the absence of more information on f (x) = L anxn, the Tauberian condition 
cannot be relaxed to a condition Sn :::: -¢(n) with ¢(n) / 00; see Section 24. 
Nevertheless the condition Sn :::: -C may be replaced by a weaker condition, which 
involves boundedness from below in some average sense; see Bingham [1985] and 
Remarks 24.4. 

Observe that the limit condition of Abel summability may be rewritten as 

00 00 

Lanxn = (I-x) LSnxn --+ A; 
n=O n=O 

cf. (2.1). Cesaro summability with Cesaro sum A is equivalent to the relation 

So + Sl + ... + Sn A 
------------- --+ . 

n 

Considering the old Sn as new an, so that the old sum So + Sl + ... + Sn becomes the 
new Sn, we see that Theorem 7.3 is the special case a = 1 of the following Tauberian 
theorem of more general character. A proof may be derived from Section 15 where 
we consider an extension to integrals. 

Theorem 7.4. (Hardy and Littlewood) Let L~o anxn converge for Ix I < 1. Suppose 
that for some number a :::: 0, 

(in the sense that (1 - x)a f(x) --+ A), while 

Then 
, A 

as n --+ 00, where A = --rca + 1) 

(7.3) 

(7.4) 

(7.5) 

Remarks 7.5. The corresponding 'Abelian' result may be proved by manipulation 
with 'infinite Riemann sums': as t \. 0, 

00 00 00 

ta+1 Lnae-nt = L(nt)ae-ntt --+ 10 vae-vdv = rea + 1). 

n=1 n=1 

Hardy and Littlewood (loc. cit.) actually allowed more general comparison func
tions in Theorem 7.4, but with roughly the same asymptotic behavior; see Re
marks 15.4. 
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It is not so well known that Theorem 7.4 has a companion which corresponds to 
negative a. Let us replace a by -fJ with fJ > O. If 

I(x) = o{(l - x)tl} as x/I and nan:::: -Cn-tl , 

then 
sn = o(n -tl) as n ---+ 00. 

This may be derived from a general remainder theorem in Section VII.3; cf. Korevaar 
[1954b] and for the present result, de Bruijn [1958/81] (section 7.5). 

Theorem 7.3 has analogs involving Cesaro summability of order k. We restrict 
ourselves to integral k here. If L an is Abel summable to A and in the notation of 
Section 6, 

a(-k) > -Cnk- I then s(-k) = a(-k-I) ~ A'nk 
n - , n n ' 

which is equivalent to the (C, k) summability of L an (cf. Remarks 18.3). The relation 

for s~-k) follows from Theorem 7.4 applied to l(x)/(l - x)k = L;;"=o a~-k) xn. For 

the case la~-k)1 ::::: Cnk- I the result goes back to Littlewood [1911]. More general 
results, also involving nonintegral k, may be found in Hardy and Littlewood [1931], 
Kogbetliantz [1931] and Rajagopal [1958]; see also the comments on the Hardy
Littlewood article in Hardy's Collected Papers [1974]. 

8 Tauberians Involving Dirichlet Series 

Hardy and Littlewood did not restrict themselves to theorems involving power series. 
From the beginning, they also considered general Dirichlet series 

00 

L:::ane-Anl, where 0 = Ao < Al < ... and An ---+ 00. (8.1) 
n=O 

The following result is in Hardy and Littlewood [1914b]: 

Theorem 8.1. Let the series in (8.1) converge to the sum l(t) lor t > 0 and let 
l(t) ---+ A as t '\t O. Suppose that An+J/An ---+ 1 and that 

An - An-I 
a > -C n >_ 1. 

n - An' (8.2) 

Then s N = L~=o an ---+ A as N ---+ 00. 

Power series correspond to An = n, while classical Dirichlet series L~I aninI 
correspond to An log n (n :::: 1). For the latter series, the Tauberian condition 
becomes 

an:::: -C/(nlogn), n:::: 2. 

We now tum to Dirichlet series (8.1) in which the positive indices An increase at 
least geometrically (one speaks of high indices): 
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An+! :::: PAn (n:::: 1) for some P > 1. (S.3) 

For that case Hardy and Littlewood [1926] proved the surprising result that no order 
condition is needed on the sequence {an}: 

Theorem 8.2. (High-indices theorem) Let z=;:::o ane-Ant converge to f(t)for t > O. 
Then 

f(t)-+A as t'\.O & high-indices condition (S.3) =} Lan=A. 

For proofs and additional results, see Sections 22, 23. 

9 Tauberians for Borel Summability 

The following Tauberian theorem was obtained by Hardy and Littlewood [1916]; cf. 
Hardy and Littlewood [1943] for another proof. 

Theorem 9.1. Suppose that Z=;:::o an is Borel summable to A (Example 2.4) and that 

(9.1) 

Then Sn = Z=~=O ak -+ A as n -+ 00. 

Although optimal as an order condition (see Section VI.lS), the Tauberian con
dition may be relaxed to y'nan :::: -C, or even 

lim inf (sm - sn) :::: 0 for n -+ 00 and 0 < .;m - y'n -+ O. (9.2) 

This Tauberian condition for Borel summability was found by Schmidt [1925b]; see 
Section VI.12. More recent Tauberian theorems for Borel summability include a result 
for the case of positive Sn, due to Tenenbaum [19S0], and a (difficult) 'high-indices 
theorem', due to Gaier [1965] and Mel'nik [1965]; see Sections VI.l3 and VJ.15-
VI.17. 

10 Lambert Tauberian and Prime Number Theorem 

The most exciting of the Hardy-Littlewood theorems was the so-called Lambert 
Tauberian theorem [1921]. 

Theorem 10.1. Suppose that z=;:::o an is Lambert summable to A: 

00 

L nt 
an --- converges for t > 0 

ent - 1 n=O 
as t '\. 0 (cf Example 2.5), while 

and the sum function tends to A 

Inan I ::: C or nan:::: -C. 

Then z=go an converges to A. 
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Wiener [1932] has shown that the Tauberian condition here may be relaxed to 
'{sn} slowly decreasing' as in (7.1); see Section 11.12. 

Theorem 10.1 is particularly interesting since it implies the famous PRIME NUM
BER THEOREM (PNT) of Hadamard [1896] and de 1a Vallee Poussin [1896]: 

Theorem 10.2. The number n(x) of primes :'S x satisfies the asymptotic relation 

X 
n(x) ~ -- as x --+ 00. 

logx 
(10.1) 

Derivation of Theorem 10.2 from Theorem 10.1. It was shown in Example 4.2 that 
the series L:~I {A(n) - l}/n is Lambert summable (to -2y), hence by the Lambert 
Tauberian theorem it is convergent (to -2y). Now if a series L:f an converges, then 

al + 2a2 + ... + nan Sl + ... + Sn-I = Sn - --+ 0 as n --+ 00. 
n n 

Thus in our case 

A(l) - 1 + A(2) - 1 + ... + A(n) - 1 
--------------- --+ o. 

n 

In terms of Chebyshev'sfunction 1/1, this may be written as 

def " " 1/I(x) = ~ log p = ~ A(k) ~ x as x --+ 00. (10.2) 

We will show that (10.2) implies (10.1). Indeed, 1/1 (x) is a sum of terms log p; it 
counts log p for every prime power pCi :'S x. Now first observe that the powers of p 
higher than the first may be ignored in the summation: if p2 :'S x then p :'S x 1/2, etc.; 
if in (10.2) we omit the sum over the powers p2, p3, ... :'S x, the error is bounded by 

(xl/2 + ... +xl/m)logx:'S xl/21ogx +mx l/3 Iogx. 

Here m :'S 2 log x since one must have 2m :'S x. Thus by (10.2) 

Llogp ~x. (10.3) 
p:SX 

Next note that for nearly all p :'S x one has log p ~ log x, so that, heuristically, 

L logp ~ L log x = n(x) logx. (10.4) 
p:sx p:SX 

By (10.3) this gives (10.1). To make (10.4) rigorous one may observe that for p > x 1-8 

one has 

log P > (1 - c) logx, while L log p :'S x l- 8 logx, etc. 
p:Sx 1- e 

Conversely, the prime number theorem (10.1) implies (10.2). 
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Remarks 10.3. At this point one should mention that the proof of Theorem 10.1 by 
Hardy and Littlewood [1921] was not independent of number theory. In fact, they 
used a number-theoretic estimate which is somewhat stronger than the prime number 
theorem itself! However, their method proved more than Theorem 10.1. It showed 
that the Lambert summabi1ity of a series always implies its Abel summabi1ity. For 
the opposite direction one can give Tauberian conditions; see Hardy and Littlewood 
[1936] and cf. Hardy [1949] (appendix 4). 

The unsatisfactory situation around the Lambert Tauberian was resolved by 
Wiener. In his paper [1928], the beginning of his general Tauberian theory, Wiener 
succeeded in giving an independent proof for Theorem 10.1; see Chapter II. By his 
work, the Lambert Tauberian 10.1 is equivalent to the fact that the zeta function has 
no zeros on the line {Re z = I}. Thus Wiener showed that the nonvanishing of ~ (z) 
on the line {Re z = I} implies the prime number theorem. The converse is also true; 
see Section III.3. 

11 Karamata's Method for Power Series 

Karamata [1930a] obtained a simple proof for the 'Abel to Cesaro' Theorem 7.3 and 
(indirectly) for Littlewood's Theorem 7.1. 

Theorem 11.1. Let L~o snxn converge for Ix I < 1 and suppose that 

00 

f(x) = (l - x) LSnxn --+ A as x/I. 01.1) 
n=O 

Then the Tauberian condition 

sn~-C, "In (11.2) 

implies that 
1 (-1) 1 L -sN = - Sn --+ A as N --+ 00. 
N N 

(11.3) 
n:'2N 

Proof. It may be assumed that Sn ~ 0; if this is not the case, one may first add C to 
Sn, f and A; the conclusion Ln<N(sn + C) '" (A + C)N will imply (11.3). 

It follows from (11.1) that for every number k > 0, 

00 1 
~ kn 1 - x k A 1 k dt (l - x) ~SnX = -- f(x ) --+ - = A t-

1 - xk k 0 t 
n=O 

00 m bk 11 dt 
(I-x) LSnP(Xn) --+ A L - = A P(t)-

k 0 t n=O k=! 
as x/I. (11.4) 
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Can one write s1-1) in the form L~o Sn P(xn)? Not with a linear combination 
or polynomial P, but one may use the characteristic function of an interval such as 
[lie, 1]: 

t _ {O for 0 ::s t < lie, 
g( ) - 1 for 1 Ie ::s t ::s l. (1l.5) 

If we now take y = YN = e- I / N, so that yn = e-n/N and g(yn) = 1 for n ::s N 
while g(yn) = 0 for n > N, then 

00 

s1-1) = L Sn = L sng(yn). (1l.6) 
n~N n=O 

Below we will use approximation to show that in the limit relation (11.4), P may be 
replaced by g: 

(11.7) 

From (1l.7) and (11.6) one will readily obtain the desired result (11.3) by taking 
x = y = e- I / N : 

To prove (11.7), it will be enough to show that the corresponding lim sup is less 
than or equal to A; the proof that the lim inf is at least equal to A is similar. For any 
given number 8 > 0, one may construct a polynomial P without constant term such 
that 

P ~ g and 11 dt 
{pet) - g(t)}- < 88, 

o t 
(1l.8) 

see below. This will suffice: since Sn ~ 0, (11.8) and (11.4) give 

00 00 

limsup(l-x) 'L::>ng(Xn)::s lim (1-x) 'L::>nP(Xn) 
x/I n=O x/I n=O 

= A 10 1 
pet) ~t ::s A {fol get) ~t + 88} = A + 8As. 

Since s > 0 is arbitrary, the lim sup on the left does not exceed A. 
For the construction of a good majorizing polynomial P one may start with the 

continuousmajoranth of g which is equal to g outside the interval (lle)-s :s t :s lie 
and linear on that interval; we take s :s 1/(2e). By Weierstrass's approximation theo
rem one can next determine a polynomial P (t) I t which approximates the continuous 
function {h(t)lt} + s with error:s s: 

I h(t) pet) I 
-t - + s - -t - :s s for O:s t :s 1. 



22 I The Hardy-Littlewood Theorems 

Then P 2: h 2: g and P will also satisfy the integral inequality in (11.8): 

10 , Pct) - h(t) f'le h(t) - get) [; 
----dt:::: 2[;, dt < < 6[;. 

o t (lje)-£ (lIe) - [; 

Remarks 11.2. A standard proof of Littlewood's Theorem 7.1 now goes as follows. 
The Abel summability of L~o an to A implies that 

CXJ CXJ 

f(x) = Lanxn = (1- x) LSnxn -+ A as x,/ 1, 
n=O n=O 

where Sn = LZ=o ak. Next, the boundedness of {nan} implies the boundedness of 
{sn}; see Corollary 5.2. Thus by (11.3), L~ an is Cesaro summable to A: (IN = 
s~-~iIN -+ A. Finally, the convergence L~ an = A follows from Hardy's Theorem 
6.1. 

The method above can also be used to verify the Hardy-Littlewood Theorem 
7.4; cf. Karamata's proof for the extension of Theorem 7.4 to Laplace transforms in 
Section 15. 

The conditions (1Ll) and (11.2) imply that 

as x,/ 1 (11.9) 

whenever ¢(t)lt is Riemannn integrable over [0,1]. Indeed, such a function can be 
approximated from above and below by step functions (piecewise constant functions) 
in the appropriate manner; the step functions can be approximated by continuous 
functions h (t) I t and the latter by polynomials P (t) It. 

12 Wielandt's Variation on the Method 

We now present Wielandt's variation [1952] on Karamata's method to prove Little
wood's Theorem 7.1 and the Hardy-Littlewood Theorem 7.2. This proof avoids the 
detour via Cesaro summability. Such a direct proof is important when one wants to 
obtain sharp remainder estimates, as in Chapter VII. 

Theorem 12.1. Let L~o anxn converge for Ix I < 1 and suppose that 

CXJ 

f(x) = Lanxn -+ A as x,/ 1. 
n=O 

Then each of the Tauberian conditions 

implies that 

Inanl :::: C or nan 2: -C, Vn 

N 

SN = Lan -+ A as N -+ 00. 

n=O 

(12.1) 

(12.2) 

(12.3) 
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Proof. For every polynomial P (x) = L~ 1 bkXk, 

00 m 00 m 

LanP(Xn) = Lbk Lanxkn ---+ Lbk· A = P(l)A (12.4) 
n=O k=l n=O k=l 

as x ./ 1. Let g be the characteristic function of [1/ e, 1] as in (11.5), so that for 
y = e- 1/ N , 

00 

SN = Lan = L ang(yn); (12.5) 
n~N n=O 

cf. (11.6). To complete the proof that S N ---+ A, we will show below that the conclusion 
in (12.4) is also valid with g instead of P: 

It will be enough to consider the one-sided Tauberian condition in (12.2) and to show 
that lim sUPx/'1 L ang(xn) :s A (cf. Section 11). 

To that end, we look for a suitable polynomial majorant 

P 2: g for which P(O) = g(O) = 0, P(l) = g(l) = 1. 

Equivalently, 

P(t)-t g(t)-t 
must be a polynomial Q(t) 2: h(t) = . 

t(l-t) t(l-t) 
(12.6) 

Observe that h is piecewise continuous on [0, 1]; cf. Figure 1.12. 

o lie 

-1 

Fig. 1.12. The graph of h 
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For 0 < x < 1 it follows from (12.6) and the condition nan::: -C that 

00 00 00 

n=O n=O n=1 

00 
p(t) - get) 

where ¢U) = . 
1 - t 

(12.7) = CO - x) L ¢(xn), 
n=1 

By (12.4), the second term in the first member of (12.7) has limit A as x / 1. It may 
be derived from (11.9) that the final member in (12.7) has limit 

C t ¢(t) dt = C t pet) - t - (g(t) - t} dt = C t (Q(t) - hU)}dt. (12.8) 
10 t 10 t (1 - t) 10 

For this one needs (11.9) only in the simple case Sn == I so that A = 1; cf. (l1.1). 
This case can be handled very simply with the aid of Riemann sums. 

Now for given E: > 0, Weierstrass's theorem makes it possible to construct a 

polynomial Q ::: h such that f01 (Q - h) :s E:; cf. Section 11. For such a Q and the 
corresponding P determined by (12.6), it follows from (12.7), (12.4) and 02.8) that 

00 00 00 

limsup Lang(xn):s lim LanP(xn) + lim C(l-x) L¢(xn) 
x/I n=O x/I n=O x/I n=1 

= P(1)A + C 10 1 
(¢(t)/t}dt S A + CE:. 

Since E: was arbitrary, our lim sup does not exceed A. o 
Remarks 12.2. The essential tool in the proofs by Karamata and Wielandt is (one
sided, weighted) L 1 approximation by linear combinations 2::;=1 bkXk (or 2:: bfJJfL 
with positive exponents fL). For the Lambert Tauberian Theorem 10.1 one would need 
weighted LI approximation by sums 2::bfL L(x fL ), where L is the Lambert kernel 
(Example 2.5). That kind of approximation is discussed in Wiener theory (Chapter 
II). 

There is a modification of the Karamata-Wielandt proofs which avoids integrals; 
see Tietz and Zeller [1998b] and cf. Boos [2000] (section 4.4). 

13 Transition from Series to Integrals 

The Tauberian theorems for series have analogs for integrals which are often easier 
to treat; cf. Section 15. To obtain integral results which contain those for series one 
has to use Stieltjes integrals as in Sections 14,21. Some preparatory remarks may be 
in order. 
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In principle, the (definite) integrals in this book are Lebesgue or Lebesgue
Stieltjes integrals, hence in particular absolutely convergent. The analogs of con
vergent infinite series L~o an and L~o ankn or L~o knan, which mayor may 
not be absolutely convergent, are improper integrals, for which we use notations such 
as 

1000- loB 
a(v)dv = lim a(v)dv, 1000- loB 

k(v)ds(v) = lim k(v)ds(v). 
o B-+oo 0 0- B-+oo 0-

(13.1) 
[With k(tv) or k(v/u) instead of k(v), the second formula defines a 'general-kernel 
transform'.] Here and in most subsequent sections, 

[B k(v)ds(v) = lim [B k(v)ds(v) 
10- 8'\.01_8 

will be an ordinary Stieltjes integral, involving a function s(v) which vanishes for 

v < 0 and is of bounded variation on every finite interval. Instead of Jo~ k(v)ds(v) we 

could also write J!, k(v)ds(v), but our notation serves as a reminder that s(v) = 0 
for v < O. It is convenient to normalize s(·) so that it becomes continuous from 
the right. Then J: k(v)ds(v) (with b > a) can also be considered as a Lebesgue
Stie1tjes integral over [a, b] or (a, b] with respect to the measure ds(v), given by 

(ds)[a, tl] = s(tl) - sea). This integral satisfies the usual rule J: + J: = J;. 
Absolute convergence is important for manipulations with integrals: inversion of 

the order of integration in repeated integrals (Section 21), or simple estimations such 
as lib k(V)dS(V)1 S ib Ik(v)llds(v)l· 

Here Ids(v)1 stands for the variation measure associated with ds(v). Denoting the 
total variation of s (-) over [ -1, v] by w ( v ), one has 

ib Ik(v)llds(v)1 = ib Ik(v)ldw(v). 

For the transition from series L~o ankn, involving coefficients an, to integrals 
it is convenient to define 

s(v) = Lan, -00 < v < 00. 

n:::v 

(13.2) 

Observe that the piecewise constant function s (v) has jumps an at the points v = n, 
n = 0,1,2, ... and that s(v) = 0 for v < O. The function s(·) is continuous from the 
right and s (n) is equal to the usual partial sum Sn of the series Lan. 

We will describe how to obtain integral forms for Cesaro, Abel and Lambert 
summability. The Cesaro mean 

So + s, + ... + Sn-' 1 " 
an = = - ~ak(n -k), 

n n k.::n 
n ~ 1 
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is generalized by 

def 1 ioU 1 ioU 10 1 
a(u) = - (u - v)ds(v) = - s(v)dv = s(uv)dv, 0< U < 00. 

u 0- u 0 0 
(13.3) 

Observe that in the case of series, a(n) = an when n ::: l. 
One says that a (formal) integral fo~ ds(·) is Cesaro summable to A, and that 

a function sO is Cesaro limitable to A, if a(u) ~ A as u ~ 00. More precisely 
we should speak here of (C, I) summability; the case of (C, k) summability will be 
considered in Section 18. 

In the case of power series L~o anxn one can go to Laplace transforms by setting 
x = e-t . Limits for x ,/ I correspond to limits for t \.. 0. lithe series L~o ane-nt 
converges for all t > 0, the coefficients an are o(ent ) for every t > 0, and hence s( v) 
in (13.2) is O(e£V) for every E: > 0. Thus one may integrate by parts to obtain 

0< t < 00. (13.4) 

[Here the first integral is of course also absolutely convergent.] In the following we 
consider general Laplace-Stieltjes transforms 

1000- loB f(t) = e-tvds(v) = lim e-tvds(v) 
0- B-+oo 0-

(13.5) 

which converge for every t > 0, but need not converge absolutely. In this case one 
can still integrate by parts as in (13.4) to obtain a new integral which is absolutely 
convergent; see Corollary 13.2 below. The absolute convergence is important for 
Wiener theory (Chapter II). We sometimes refer to f as the Laplace transform of the 
measure ds: f = £ds. 

A (formal) integral fo~ ds(·) will be called Abel summable to A, and the function 
sO Abel limitable, if the improper integral in (13.5) exists for every t > 0 and 

roo
- e-tvds(v) ~ A as t \.. O. 

Jo-
By partial integration this relation can be rewritten as 

t 1000 s(v)e-tvdv ~ A as t \.. 0. (13.6) 

The situation in the Lambert case is similar. In the case of convergent Lambert 
series one obtains 

00 nt 1000 - tv 1000 d -tv 
'" an-- = --ds(v) = s(v)---dv. 
~ ent - 1 0- etv - 1 0 dv etv - 1 
n=O 

(13.7) 

A (formal) integral fo~ ds (.) is called Lambert summable to A if the improper integral 
(,Lambert transform') 
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- 1000 - tv f(t) = --ds(v) 
0- etv - 1 

(13.8) 

exists for t > 0 and has limit A as t \.. O. One can again integrate by parts to obtain 
an absolutely convergent integral; see Corollary 13.2. 

The old Tauberian conditions for series can be extended to conditions on sO; see 
Section 16, where other suitable conditions will be introduced. 

We now discuss the integration by parts, for which we consider general monotonic 
kernels instead of just k(v) = e-tv and k(v) = tv/(etv - 1). 

Proposition 13.1. Let kO on [-1, 00) be positive, continuous and nonincreasing 
with k( 00-) = O. Let s (v) vanish for v < 0, be of bounded variation on every finite 
interval, continuous from the right and such that the improper integral 

(oo- k(v)ds(v) = lim r k(v)ds(v) 
10- B-+oo 10- (13.9) 

exists. Then s (v) = o{ 1/ k (v)} as v -+ 00 and integration by parts gives 

(oo- k(v)ds(v) = (oo- s(v)d{-k(v)}. 
10- 10 (13.10) 

Proof. Set 

¢(w) = _ (oo- k(v)ds(v) = _ (oo- k(v)ds(v) + (W k(v)ds(v). 
1w 10- 10- (13.11) 

Then ¢ 0 is locally of bounded variation and continuous from the right. One has 
¢(w) = 0(1) as w -+ 00 and in accordance with (13.11), the measure d¢ is given 
by d¢(w) = k(w)ds(w). Integration by parts now shows that 

Iov Iov 1 s(v) = ds(w) = --d¢(w) 
0- 0- k(w) 

¢(v) ¢(O-) r 1 
= k(v) - k(O) - 10 ¢(w)d k(w) . 

It will follow that s(v) = 0{1/ k(v)} as v -+ 00. Indeed, the integrated terms are 
o{l/k(v)} and so is f; ¢(w)d{l/k(w)} for fixed b > O. Furthermore, for given 
e > 0, sufficiently large b = bee) and v > b, 

11v 1 I l v 1 e ¢(w)d-- < e d-- <-. 
b k(w) b k(w) k(v) 

We tum to (13.10). Integration by parts shows that 

(B k(v)ds(v) = k(B)s(B) + r s(v)d{-k(v)}. 
10- 10 

For B -+ 00 the integrated term goes to 0, and formula (13.10) follows. 
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Corollary 13.2. If the Laplace transform of ds in (13.5) exists for every number 
t > 0, integration by parts gives an absolutely convergent integral. The same holds 
for the Lambert transform in (13.8). 

Indeed, in the Laplace case k( v) = e-tv , so that by the Proposition, s( v) = o(etV ) 
for every t > 0. Equivalently, s(v) = O(eBV ) for every c > 0, etc. 

14 Extension of Tauber's Theorems 
to Laplace-Stieltjes Transforms 

Tauber's theorems for power series (Section 5) can be extended to Laplace-Stieltjes 
transforms (13.5). The extension is useful for general Dirichlet series; cf. Section 22. 
We present a common integral form for Tauber's two theorems. 

Theorem 14.1. Let s(v) = ° for v < 0, be of bounded variation on every finite 
interval, continuous from the right and such that the improper integral 

f(t) = [00- e-tvds(v) = foo- e-tvds(v) existsfor t > ° 
10- -I 

and tends to A as t '\,. 0. 

(i) Suppose that 

Then 

[U+I 
1u vlds(v)1 ~ ° as u ~ 00. 

s(u) = [U ds(v) ~ A as u ~ 00. 

10-
(ii) Necessary and sufficient for the convergence in (14.3) is that 

d f ioU iou 1jJ(u) ~ vds(v) = vds(v) = o(u) 
0- 0 

as u ~ 00. 

(14.1 ) 

(14.2) 

(14.3) 

(14.4) 

A sufficient condition for (14.2) would be: s(v) = J; a(w)dw, with locally 
integrable a(·) such that va(v) ~ ° as v ~ 00. In this case Ids(v)1 = la(v)ldv. 
We normally suppose that limits, such as A in (14.1), are finite. However, conclusion 
(14.3) holds also if f(t) is real and tends to A = ±oo as t '\,. 0. 

Proof of the Theorem. (i) Let (14.2) hold. Then (14.3) follows from the steps below 
which imply that s(u) - f(l/u) ~ ° as u ~ 00: 

s(u) - f(l/u) = ioU (l - e-V/U)ds(v) -100- e-V/Uds(v); 
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r+l 1 r+l L in (1 - e-v/U)lds(v)1 ~ ~ L in vlds(v)1 = 0(1), 
n~u n n~u n 

r+l 1 r+l L in e-V/Ulds(v)1 ~ ~ L e-n/u in vlds(v)1 = 0(1). 
n>u n n>u n 

(ii) Condition (14.4) is necessary for (14.3): if s(u) -+ A, then 

1 1 iou -1/J(u) = s(u) - - s(v)dv -+ A - A = O. 
u u 0 

For the proof of sufficiency it is convenient to make s(v) = 0 for v < 1. Apart 
from an inessential change of the limit A in (14.1), the effect is to make 1/J (v) = 0 for 
v < 1 so that in the following we can integrate from 0 on. Suppose now that (14.4) 
is satisfied. It is consistent with (14.4) to write d1/J(v) = vds(v). Then for t > 0, 

(':>e- e-tvds(v) = t)O- e-tv d1/J(v) 
io io v 

_ t 1000 1/J(v) -tvd + 1000 1/J(v) -tvd - e v 2 e v. 
o v 0 v 

(14.5) 

By (14.1) the left-hand side tends to A as t ">I O. Since 1/J(v)/v -+ 0 as v -+ 00, the 
first term on the right tends to O. Thus (14.5) shows that 

1000 1/J(v) 
-2-e-tvdv -+ A as t ">I O. 

o v 

Setting 1/J(v)/v2 = al (v) one has val (v) -+ 0 as v -+ 00, hence by part (i) applied 
to ds(v) = al (v)dv, 

lo u 1{f(v) ioU 
-2-dv = al (v)dv -+ A as u -+ 00. 

o v 0 
(14.6) 

Integration by parts will complete the proofthat s(u) -+ A: 

The proof above is similar to one given by Widder [1941] (chapter 5, section 3). 

15 Hardy-Littlewood Type Theorems 
Involving Laplace Transforms 

In this section some of the Tauberian theorems for power series are extended to 
Laplace transforms. 
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Theorem 15.1. Let a(·) be locally integrable and such that the improper integral 
F(t) = 1000- a(v)e-tvdv existsfor t > O. Suppose thatfor some constant a ::: 0, 

F(t) ~ A/(i as t ~ 0, (15.1) 

and that for certain constants b ::: 0 and C 

a(v) ::: _Cva - 1, b < v < 00. (15.2) 

Then 

lo u A 
s(u) = a(v)dv ~ ua 

o rea + 1) 
as u -+ 00. (15.3) 

The notation F(t) "-' A/ta stands for ta F(t) -+ A, also when A = O. 
For the proof one may take b = 0: if b > 0, one can first prove the Theorem with 

a(v) = 0 on (0, b). In the case a = 0, where 1000 a(v)dv is Abel summable to A, 
one can give a proof similar to the proof for series in Section 12. We leave this to the 
reader; a more general result will be obtained in Section 21. The proof for a > ° will 
be derived from Theorem 15.3 below, but we first illustrate the case a = 0. 

Example 15.2. Consider the Laplace transform 

--e-tvdv = -IT - arctant, 10 00 sin v 1 

o v 2 
t > 0. (15.4) 

[This formula may be obtained by differentiating under the integral sign and integrat
ing the Laplace transform of sin v from t to oo.J Since the integral in (15.4) has limit 
IT /2 as t ~ 0, Theorem 15.1 shows that the improper integral 

1000- sin v 
--dv 

o v 
exists and equals IT /2. 

Theorem 15.3. Let s (v) vanish for v < 0, be nondecreasing, continuous from the 
right and such that 

F(t) = [00- e-tvds(v) = [00 e-tvds(v) existsfor t > 0. 
Jo- Jo- (15.5) 

Suppose that for some constant a > 0, 

F(t) "-'A/ta as t"-,.O [oras t-+oo]. (15.6) 

Then 

A 
s(u) "-' rca + 1) ua as u -+ 00 [or as u ~ 0, respectively J. ( 15.7) 
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Proof. We use Karamata's method [1931]; cf. Section 11. By (15.5) and (15.6) 

(k > 0). 

Hence if P(x) = Lk=1 bkXk and A' = A/ rea + 1), 

roo P(e-tV)ds(v) rv A't-'" roo P(e-V)dv"'. 
Jo- Jo (15.8) 

Let gO be as in (11.5) so that gee-V) = 1 for 0 ::::: v ::::: 1 and = 0 for v > 1. For 
given £ > 0 we now determine a polynomial P such that 

P(x) ::: g(x), 0::::: x ::::: 1 and 10 1 
{P(x) _ g(x)}a (lOg ~) ",-I d: ::::: £; 

(15.9) 
cf. the construction in Section 11. Then 

rOO P(e-tV)ds(v)::: roo g(e-tV)ds(v) = s(1/t), 
Jo- Jo-

(15.10) 

provided 1/ t is a point of continuity for sO so that the last integral is well-defined 
(the function gee-tV) has a jump at v = l/t). Also by (15.9) 

By (15.8) we can choose 8 > 0 so small that for 0 < t ::::: 8 [or for t ::: 1/8], 

roo P(e-tV)ds(v) ::::: (A' + s)t-'" roo P(e-V)dv"'. 
k- k 

Combining (15.10)-(15.12) one finds 

s(1/t) ::::: (A' + s)(1 + s)r'" for 0 < t ::::: 8 [orfor t::: 1/8]. 

(15.11) 

(15.12) 

This holds also at points 1/ t where sO is discontinuous because s ( .) is nondecreasing. 
Approximating g from below one similarly obtains s(1/t) ::: (A' - £)(1 - £)t-'" for 
0< t ::::: 8' [or t ::: 1/8'], so that (15.7) follows. 

Proof of Theorem 15.1. (Case a > 0) The function a*(v) = a(v) + Cv",-I is 
nonnegative and has Laplace transform F*(t) rv {A + Cr(a)}/t"', while s*(u) = 
J; a*(v)dv is nondecreasing. Applying Theorem 15.3 to s* and F* one concludes 
that 

* A + Cr(a) '" s (u) rv U 
rea + 1) , 

A 
s(u) rv u"'. rca + 1) 
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Remarks 15.4. Theorem 15.1 for the casea(v) ~ 0 is due to Doetsch [1920]. Results 
of the type of Theorem 15.3 were obtained by Szasz [1929], Hardy and Littlewood 
[1929], Doetsch [1930] and Karamata [1931]. Cf. also expositions in Doetsch [1937], 
[1950] and Widder [1941]. Instead of requiring that s (.) be nondecreasing it is enough 
to have s (v) + eva nondecreasing: since ex > 0 one can replace s (v) by s (v) + eva. 

ThecomparisonfunctionA/ta in (15.6) may be replaced by L(I/t)/ta (ift ~ 0) 
or by L(t)/ta (ift --+ 00), where 

L(t) = (logt)a 1(loglogt)a2 ••• with ex) E lR; 

cf. Hardy and Littlewood [1914a] for the case of power series. More generally, L may 
be any slowly varying function in the sense of Karamata [1930b]. This is a positive 
(locally integrable) function such that 

L(Af) 
-- --+ 1 as t --+ 00 for every number A > O. 
L(t) 

Cf. Section IV.2; an example different from the earlier functions is given by L(t) = 
exp{(log t)a} with 0 < ex < 1. 

In conclusion (15.7), the constant A would now be replaced by L(u) (if u --+ 00) 

or by L(1/u) (if u ~ 0). The general result is due to Karamata [1931]; see Section 
IV.8 and cf. Hardy [1949] (section 7.11). 

One can prove related results for ex < 0; cf. Remarks 7.5 and Section VII.3. For 
monotonic sO with s(v) = 0 for v < 0 and f3 = -ex > 0, 

F(t) = o(t f3 ) as t ~ 0 ::::} s(u) = o(u- f3 ) as u --+ 00. (15.13) 

In [1991], Baran used Karamata's method to obtain partial-sum estimates for 
Dirichlet series with positive coefficients, which he applied to prime number theory. 

16 Other Tauberian Conditions: Slowly Decreasing Functions 

The Tauberian condition Inan I ~ C of Sections 6, 7, 10 can be expressed in terms of 
the partial sum function s(v) = Ln.:::v an: taking 0 < v < w one finds 

I '" I '" I w-v+l Is(w) - s(v)1 = ~ an ~ C ~ ;; ~ C v . 
v<n~w v<n~w 

In many Tauberian theorems the conclusion s ( v) --+ A as v --+ 00 will remain valid 
for arbitrary (bounded) slowly oscillating functions s(·); cf. Landau [1913], Schmidt 
[1925a]: 

Definition 16.1. One says that a function s(·) is slowly oscillating on (0, 00) if 

sew) - s(v) --+ 0 as v --+ 00 and w/v --+ 1. 
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If s(-) is differentiable and s'(v) = O(l/v) then sO is slowly oscillating. An 
example would be s(v) = via with real a. 

Here we also mention a related condition of piecewise constancy. It comes from 
the case s(v) = Ln<van with an i= ° only if n belongs to a 'Hadamard sequence' 
P.k}, that is, Ak+ II Ak :::: P > 1. In this case s (v) is constant for Ak ::; v < Ak+ I, an 
interval of logarithmic length 10g(Ak+1 /Ak) :::: log p. 

Definition 16.2. We say that s(-) satisfies a step function condition on (0, 00) if s(-) is 
piecewise constant, with the intervals of constancy having logarithmic length:::: c > 0. 

The one-sided Tauberian condition nan:::: -C may be written as 

"I w-v+l 
sew) - s(v) :::: -C ~ -:::: -C----

n v 
v<n~w 

(w > v > 0). 

Generalizing, one is led to consider arbitrary so-called slowly decreasing functions 
s(-); cf. Schmidt [1925al Only the decrease of such functions is restricted, not their 
increase: 

Definition 16.3. One says that a function s(·) is slowly decreasing on (0, 00) if 

liminf {s(pv) - s(v)} :::: ° for v ~ 00 and 1 < p ~ 1. (l6.l ) 

The terminology is standard but misleading: every increasing function is slowly de
creasing! If s(-) is differentiable and s'(v) :::: -C/v then s(-) is slowly decreasing. 

Given & > 0, (16.1) implies that there exist Band ° < 8 ::; 1 such that 

sew) - s(v) :::: -& for v:::: Band 0::; log(w/v) ::; 8. (16.2) 

Thus sew) - s(v) :::: -en + 1)& if n8 ::; log(w/v) ::; (n + 1)8, so that 

sew) - s(v) :::: -(&/8) log(w/v) - E for w :::: v :::: B. (16.3) 

Hence s(v) + (&/8) log v is essentially nondecreasing. In most applications s(-) is 
bounded on every finite interval (0, B), so that finally 

sew) - s(v) :::: -cllog(w/v) - C2 for w :::: v > 0. (16.4) 

More generally we will later consider functions sO for which 

sew) - s(v) :::: -M(w/v) for w:::: v > 0, (16.5) 

where M(·) is nonnegative and nondecreasing. There are also conditions in which 
s (v) is compared to a power va; one might have s (v) / va slowly decreasing. 
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17 Asymptotics for Derivatives 

Under suitable conditions asymptotic relations can be differentiated. We start with a 
very simple but useful case. 

Lemma 17.1. Suppose that for some real number a 

f(x) ~ Axa as x -+ 00, 

where f is differentiable and f' is nondecreasing. Then 

f'ex) ~ Aaxa- 1 as x -+ 00. 

Indeed, by the mean-value theorem f (x + h) - f (x) ::: hf' (x) when h > O. Thus 
for given 8 > 0, when x is large and 0 < h < x, say, 

I A{(x + h)a - xa} + 8Xa 
f (x) ::::; h 

::::; Aaxa- 1 + Cxa- 2h + 8Xa / h. 

Taking h = ,J8x one finds that 

f'ex) ::::; Aaxa- 1 + (C + 1),J8xa- 1• 

It follows that lim sup f' (x) / x a - 1 ::::; Aa. For an inequality in the other direction one 
would start with f(x) - f(x - h) ::::; hf'(X). 

There are similar results for a nonincreasing derivative and for a variable going 
to O. As an illustration from early Tauberian work, suppose that 

00 

F(t) = I:>ne-nt converges for t > 0 and F(t) ~ At-a as t ~ 0, 
n=O 

where a > O. Then the condition Sn ::: 0 is enough to ensure that 

00 

-F'(t) = I:>nne-nt ~ Aat-a- 1 as t ~ O. 
n=l 

By repetition one finds that 

00 

(_I)k F(k)(t) = I:>nnke-nt ~ Aa(a + 1)··· (a + k - l)t-a- k; 
n=l 

cf. Littlewood [1911], Hardy and Littlewood [1914a], Landau and Gaier [1986]. 
Littlewood and Hardy used repeated differentiation of L Sn e-nt to increase the weight 
of a specific partial sum s N, so that it could be estimated. 

In the following refinement we go back to variable x instead of t and we let x go 
to 00, but there are corresponding results for x ~ O. 
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Theorem 17.2. Let f be defined on an interval (a, 00) and such thatfor real numbers 
ex and A, 

f(x) r..; Axil' (that is, x-a f(x) --* A) as x --* 00. 

(i) Suppose that f is (k + 1) times differentiable and 

f(k+l)(x) ::: _Cxa- k- l . 

Then as x --* 00 

f(j)(x) r..; Aex(ex - 1)··· (ex - j + l)xa- j for 1 S j S k. 

(ii) The same conclusion holds if f is just k times differentiable and 

(17.1) 

(17.2) 

(17.3) 

1iminf U(k)(y) - f(k) (x)}/xa- k ::: 0 for x --* 00 and 1 < y/x --* 1. (17.4) 

For ex = k condition (17.4) means that f(k) (-) is slowly decreasing. 

Corollary 17.3. If f is k times differentiable and f(x) r..; Axk for x --* 00 while 
f(k) is slowly decreasing, then f(k) (x) --* k!A. 

For the proof of the Theorem we use an auxiliary result on finite differences 

/).~f(x) = t(-l)j(~)f(X + (k - j)h); 
j=O ] 

cf. Markov [1896], Kloosterman [1940a], [1950] and Korevaar [1954d]. 

Proposition 17.4. (i) Let f be (k + 1) times differentiable on (a, b). Then for h f= 0 
and x, x + kh in (a, b), 

h-k /).~f(x) = f(k)(x) + !khf(k+l)(~), 
2 

with x < ~ < x + kh or x + kh < ~ < x (depending on the sign of h). 

(17.5) 

(ii) If f is just k times differentiable, the product hf(k+l)(~) in (17.5) may be 
replaced by a suitable difference of f(k),' 

(17.6) 

where x S Xl < X2 S Xl + h S x + kh or x + kh S X2 < Xl S X2 + h S x. 

Proof. Let us take h > 0 for convenience and start with case ( i). One can use induction 
with respect to k. For k = 1 relation (17.5) is a special case of Taylor's formula. Next 
suppose that (17.5) is true for a given k and that f is (k + 2) times differentiable. 
Applying (17.5) to /).hf(x) = f(x + h) - f(x), and later using the case k = I and 
the mean-value theorem. one obtains 
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Here ~l and ~2 belong to the interval (x, x + (k + l)h). Now by the intermediate value 
property of derivatives (Darboux property), a derivative takes on all values between 
its infimum and its supremum; cf. Rudin [1953/76] (section 5.12). Hence 

This gives (17.5) with k + I instead of k. 
The case k = I of part (ii) is straightforward: 

{f(x + h) - f(x)JI h = f'(~) = f'(x) + {f'(~) - f'(x)}, 

where x < ~ < x + h. For k > lone may apply formula (17.5), with k - I instead 
of k, to the function !::..h f (x). This gives 

where x < ~ < x + (k - I)h. Dividing by h and using the case k = I, one obtains 

with x < ~' < x + h. The right-hand side is at most equal to 

and at least equal to the corresponding infimum. Formula (17.6) may now be obtained 
from the Darboux property. 0 

Proof of Theorem 17.2. It is sufficient to consider the case j = k: for smaller j the 
argument may be repeated. We only deal with part (ii). Subtracting Axa from f(x) 
one may assume A = 0; this step does not spoil (17.4). Let E > 0 be given. By (17.4) 
there are constants 8 E (0, I] and B > 0 such that 

f(k\y) - f(k)(x) 2: _EXa- k for x > B and I < y/x :s 1+8. (17.8) 

We also take B so large that I f (x) I :s EX a for x > B and now use (17.6) with 
a :s B < x < x +kh :s x +8x < h. Then x :s Xl < x2 :s (l +8)x, so that by (17.8) 

f(k) (X2) - f(k) (x]) 2: -Exf-k 2: - M EXa- k, 

where M = max{2a - k , I}. Hence 
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where M' = max {2<>, I}. Choosing h = (8/ k)x one concludes that there is a constant 
C = C(8, k) such that 

For an estimate in the other direction one would work with h < O. o 
Remarks 17.5. The first part of Proposition 17.4 may be used to prove a precise 
convexity theorem for derivatives such as the following (Kloosterman [1940a]). If f 
is (k + 1) times differentiable for x > 0 and 

II(x)1 ::::: ¢(x), II(k+l)(x)l::::: 1jJ(x), 

where ¢ and 1jJ are positive nonincreasing, then 

There are similar results for other derivatives and other intervals, and for functions of 
a discrete (integral) variable. 

Convexity results for derivatives go back to Hardy and Littlewood [1913b] and 
Riesz [1923]. See also Bosanquet [1943], Kloosterman [1950] and the book by Chan
drasekharan and Minakshisundaram [1952]. A related area is that of convexity results 
for supremum norms of successive derivatives; cf. Gorny [1939], Cartan [1940]. 

The three-body problem of celestial mechanics has given rise to some unusual dif
ferentiation results. Initial asymptotic formulas by Boas [1939] and Karamata [1939a] 
were strengthened by Pollard and Saari [1970], and Saari [1969], [1974], to big 0-
results of the following type. Under certain nonlinear conditions coming from celes
tial mechanics, the relation I (x) = O(x<» implies I' (x) = O(x<>-l) as x --+ 00 or 
x'\. O. 

18 Integral Tauberians for Cesaro Summability 

There is extensive literature on Cesaro sumrnability; cf. Hardy [1949]. We limit our
selves to the case of integrals and a corresponding Tauberian result. Let a(·) be 
integrable over every finite interval (0, B) and set 

sC-k)(u) = dVI dV2 ... a(v)dv = (u - v)ka(v)dv. lu lv, l vk 1 lu 
o 0 0 r(k + 1) 0 

(18.1) 
The Cesaro mean of a (.) of order k is defined by 

SC-k)(U) [U ( V)k 
Ok(U) = uk / r(k + 1) = 10 1 - -;; a(v)dv. (18.2) 
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One says that the (formal) integral Jooo a(v)dv is (C, k) summable to the value A if 

A 
O}(u) ~ A or s(-kJcu) ~ uk as u ~ 00· 

r(k+l) , 
(18.3) 

cf. Hardy (section 5.14). The final expressions in (I8.1) and (18.2) may be used as 
definitions for nonintegral values A > 0 of k, but we will consider only integral values. 
In fact, a simple operation with a repeated integral shows that (C, A) summability 
implies (C, k) summability for any k > A. For integral k it is not hard to prove that 
(C, k) summability implies Abel summability. 

For functions sO with s(v) = 0 for v < 0 which are locally of bounded variation 
and continuous from the right, one may consider formula (18.1) with ds(v) instead 
of a(v)dv. Integration by parts then leads to a definition of (C, k) limitability of sO 
through the relation 

r (V)k k r ( V)k-l Ok(U) = 10- 1--;; ds(v) = -;; 10 1 - -;; s(v)dv ~ A. (18.4) 

Before we derive a Tauberian theorem for (C, k) summability from Section 17 
we give an independent proof for the important case of (C, I) limitability. 

Theorem 18.1. Let sO be locally integrable and Cesaro limitable to A: 

S(-l)(U) I ioU Io ' u(u) = = - s(v)dv = s(uv)dv ~ A as u ~ 00. 
u u 0 0 

(18.5) 

In addition, let s (.) be slowly decreasing (Definition 16.3) or satisfy a step function 
condition as in Definition 16.2. Then 

s(u) ~ A as u ~ 00. (18.6) 

Proof. Replacing s (v) by s (v) - A if necessary one may assume that A = O. Suppose 
s(·) slowly decreasing. Then for given 8 > 0 there exist B ~ 0 and 0 < 0 < 1 such 
that s(pv) - s(v) ~ -8 for v ~ B and I < p ::::: 1+ o. It follows that 

[0 +8)u 
1u s(v)dv ~ ous(u) - 80U for u ~ B. (18.7) 

On the other hand, given TJ > 0, relation (18.5) (with A = 0) shows that there exists 
B' such that IsC-l)(u)1 = I J; s(v)dvl ::::: TJU for u ~ B'. Hence 

[CI+8)u [O+8)u [U 
1u s(v)dv = 10 - 10 ::::: (2 + o)TJU for u ~ B'. (18.8) 

Combining (18.7) and (18.8) one concludes that for U ~ max{B, B'L 

s(u) ::::: 8 + {(2 + o)/O}TJ < 28 if one takes TJ = 08/3. 
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One similarly shows that s(u) > -28 for all large u by integrating sO over the 
interval (uf(1 + 8), u). Conclusion: s(u) -+ 0 as u -+ 00. 

In the case of the step function condition, s(·) is constant on intervals [u, (1 +8)u) 
with fixed 8 > 0 inside every interval of constancy. Here (18.8) shows immediately 
that 8us(u) ~ (2 + 8)71u, etc. 

HIGHER-ORDER CASE. Theorem 17.2 leads to the following form of the Tauberian 
theorem of Hardy [1910] and Landau [1910] for (C, k) summability; cf. also Korevaar 
[1954d]. 

Theorem 18.2. Suppose that Jooo a(v)dv is (C, k) summable to A and set s(v) = 
J; a(w)dw. Then the condition 's(·) slowly decreasing' implies that s(u) -+ A as 
u -+ 00. 

Proof. Define f(u) = s(-k)(u). Then f is k times differentiable on (0, (0), f(u) "
Auk f k! as u -+ 00 and f(k)(.) = s(·) is slowly decreasing. Hence by Corollary 17.3, 
s(u) -+ A. 

Remarks 18.3. For infinite series Lgo an, Cesaro summability of (integral) order 
k 2: 0 is defined by convergence of the (C, k) means 

C(k) = /-k) j(n + k) . 
n n k' ( n + k) nk 

"- - as n -+ 00. 
k k! 

(18.9) 

(-k) (-HI) (-HI) (0) .. 
Here Sn = So + ... + Sn , Sn = Sn. Warnmg: If one takes s(v) 
Ln~v an in formula (18.4) one obtains different means: 

(18.10) 

Nevertheless the corresponding summability (with continuous variable u) is equiv
alent to (C, k) summability. See Hardy [1949] (for integral k) and Ingham [1968b] 
(for arbitrary k 2: 0). The means in (18.10) are the special case An = n of the Riesz 
means or typical means 

(18.11) 

Such means have been used extensively in connection with Dirichlet series. Cf. Hardy 
(sections 4.16, 5.16) and books by Hardy and Riesz [1915] and Chandrasekharan and 
Minakshisundaram [1952]; see also Boos [2000]. A special case will be encountered 
in Section V1.13. 

19 The Method of the Monotone Minorant 

In the proof of Tauberian theorems for series L an it is often necessary to begin by 
establishing boundedness of the sequence of partial sums Sn = Lk~n ak. Depending 
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on the Tauberian condition this may be easy or difficult. As an illustration, suppose 
one has a power series or Lambert series on {O < x < I} with bounded sum function. 
Under the Tauberian condition Inan I ~ C it is easy to deduce boundedness of the 
sequence {sn}; see Theorem 5.4. Somewhat more complicated but elementary argu
ments also work under the one-sided condition nan 2: - C; cf. Remarks 5.5. However, 
if one knows only that the partial sums Sn satisfy a more general Schmidt condition, 
the boundedness is more difficult to prove. 

Vijayaraghavan [1926], [1928] found a good way to do this for the case of Abel and 
Borel summability. His technique may be described as the 'method of the monotone 
minorant'; cf. the proof below and the (more technical) treatment of the general-kernel 
transform in Section 20. 

Comprehensive boundedness theorems for series which are based on the method 
may be found in Hardy's book [1949] (sections 12.13, 12.14) and in Tietz and Zeller 
[2001]. Since those theorems and their proofs are quite complicated, we explain the 
method here for the simple case of power series; cf. Section VI.8 for the Borel case. 

Theorem 19.1. Let L~o anxn converge for 0 ~ x < 1 to a bounded sum function 
f(x). Suppose that any decrease of the partial-sum function sew) Ln<wan is 
moderate in the following sense. One has -

s(vu) - s(u) 2: -M(v) for u 2: 0, v 2: 1, (19.1) 

where M (.) is nonnegative, nondecreasing for v 2: 1 and such that 

(19.2) 

Then the function sO is bounded on (0,00). 

The conditions (19.1), (19.2) are amply satisfied if sO is slowly decreasing: in that 
case one may take M(v) = cllog v + C2; see (16.4). 

PREPARATIONS FOR THE PROOF. Taking u > 0, it is convenient to set 

(19.3) 

Observe that L~o Kn(u) = 1, 

B(AU) ~ L Kn(u) = 1 - e-N/u (A > 0, AU ~ N < AU + 1). (19.4) 
n<AU 

Lemma 19.2. Let M(·) be as in Theorem 19.1. Thenforfixed A> Oandforu running 
over [1, 00), 

L M C:) Kn(u) = 0(1), 
n?:AU 

L M (A:) Kn(u) = 0(1). 
l:c;n<Au 

(19.5) 
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Proof. It will be enough to consider the first sum, Sl (u). By monotonicity, 

foru:::: 1; see (19.2). 

We now introduce the negative of the monotone minorant, 

O'(u) ctg - inf s(v) = sup{-s(v)} 
v:::u v~u 

(19.6) 

(which vanishes for u < 0). 

Lemma 19.3. With sO and M(·) as in Theorem 19.1, thefunction 0'(.) is nonnegative 
and nondecreasing, and 

O'(vu) ::: O'(u) + M(v) for u :::: 0, v:::: l. (19.7) 

Proof. For w :::: 1 inequality (19.1) shows that 

-s(wu) ::: -s(u) + M(w) ::: O'(u) + M(w). 

If O'(vu) = O'(u) there is nothing to prove. Suppose now that O'(vu) > O'(u). For any 
given small 'f) > 0 there is then a number w E (l, v] for which one has -s (wu) > 
O'(vu) - 'f). Hence 

O'(vu) < -s(wu) + 'f) ::: O'(u) + M(w) + 'f) ::: O'(u) + M(v) + 'f). 

For'f) '" 0 this implies (19.7). 

Proof of Theorem 19.1. Writing sen) = Sn, X = e~l/u and f(x) = F(u), we obtain 
from (19.3) that 

CXl CXl CXl 

F(u) = I:>nxn = I:>n(Xn - xn+l) = Ls(n)Kn(u). (19.8) 
n=O n=O 

By the hypotheses F(u) is bounded on {O < u < oo}. 
(i) For fixed A > 0 and u running over [1, (0), by (19.1), (19.4) and (19.5), 

L s(n)Kn(u) :::: S(AU) L Kn(u) - L M C:) Kn(u) 
n~AU n~AU n~AU 

= s(Au){l - H(AU)} - 0(1). 
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On the other hand, by (19.6) 

L s(n)Kn(u) = F(u) - L s(n)Kn(u) 

:S 0(1) + (J(Au)H(AU). 

Observe that H(AU) ~ 1 - e-A when U is large by (19.4). Combining the above 
inequalities one obtains the estimate 

H(AU) 
S(AU) :S (J(AU) + 0(1) for U > B. 

1 - H(AU) -
(19.9) 

We will use (19.9) with A = a, where a > 0 is chosen such that 1 - e-a is less 
than 1/2. Then H(au) < 1/2 for all large u. Thus for A = a it follows from (19.9) 
that 

[-CJ(v) :Sl s(v) :S (J(v) + 0(1), (19.10) 

first for v :::: Vo and finally, for 0 < v < 00. Hence if (J (.) is bounded, so is s (.). 

(ii) With the aid of (19.lO) one can prove an inequality for sO which goes in the 
other direction. By (19.1), (19.4) and (19.5), 

- L s(n)Kn(u):::: -S(AU) L Kn(u) - L M (AnU) Kn(u) 
l:c:n<Au l:c:n<Au l:c:n<Au 

= -s(Au){H(AU) - Ko(u)} - 0(1). 

On the other hand, by (19.8), (l9.lO), (19.7) and (19.5), 

- L s(n)Kn(u) = -F(u) + s(O)Ko(u) + L s(n)Kn(u) 

:S 0(1) + L (J(n)Kn(u) 

:S 0(1) + (J(AU) L Kn(u) + L M (:J Kn(u) 
n?:,AU n?:,AU 

= (J(Au){1 - H(AU)} + 0(1). 

Since H(AU) --+ 1 - e-A and Ko(u) --+ 0 as U --+ 00, one may combine the above 
inequalities to obtain 

I - H(AU) 
-S(AU) < (J(AU) + C(A) for all large u. 

- H(AU) - Ko(u) 
(19.11) 

We will use (19.11) with A = b, where b is chosen such that 1 - e-b > 2/3. As 
a result H(bu) - Ko(u) > 2/3 and 1 - H(bu) < 1/3 for all large u.1t follows that 

1 
-sew) :S 2(J(w) + 0(1) as W --+ 00. (19.12) 

Suppose now that (JO is unbounded. Then by (19.12), -sew) < (2/3)(J(w) for all 
large w, but this would contradict the definition (J (w) = sUPv:c:w (-s( v)}. Hence (J (.) 

and sO are bounded. 
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Remarks 19.4. One can use Theorem 19.1 to prove Schmidt's extension of Little
wood's Theorem 7.1 and the Hardy-Littlewood Theorem 7.2. Indeed, if L an is Abel 
summable to A and the sequence of partial sums {sn} is slowly decreasing, Theorem 
19.1 shows that {sn} is bounded. It then follows from the Hardy-Littlewood Theorem 
7.3 that L an is Cesaro summable to A. The convergence of L an now follows as in 
Section 6; see Remarks 6.3. 

20 Boundedness Theorem Involving a General-Kernel Transform 

The theorem below is formulated for Stieltjes integrals involving a general kernel. It 
is an extension of Karamata's form ([1932], [1933a]) of Vijayaraghavan's theorem; 
cf. also Delange [1950]. The theorem will be used for Laplace-Stieltjes integrals in 
Section 21 and is especially important for the application of Wiener theory to the 
Lambert transform in Section 11.12. Other very general boundedness theorems may 
be found in Pitt's book [1958] (chapter 2). 

Theorem 20.1. (Boundedness Theorem) Let kO on [ -1, 00) be positive, continuous 
and nonincreasing with k(oo-) = O. Let s(v) vanish for v < 0, be of bounded 
variation on every finite interval, continuous from the right and such that the general
kernel transform 

F(u) = (oo- k(v/u)ds(v) = (oo- k(v)dvs(vu) 
10- 10-

(20.1) 

exists and represents a boundedfunction on a half-line {u > uo} with Uo :::: O. Finally 
suppose that 

s(vu) - s(u) :::: -M(v) for u :::: 0, v:::: 1, (20.2) 

where M (v) is nonnegative, nondecreasing for v :::: 1 and such that 

100 M(v/A)d{-k(v)} < 00, loA M(A/v)d{-k(v)} < 00, VA> O. (20.3) 

Then sO is bounded. 

The notation dvs (vu) in (20.1) serves to emphasize that v is the variable of inte
gration. 

Remark 20.2. If s(·) is slowly decreasing, condition (20.3) reduces to 

100 I log vld{ -k(v)} < 00; (20.4) 

cf. (16.4). 

PREPARATIONS FOR THE PROOF. We introduce the negative of the monotone minorant 
of sO as in Section 19: 
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a(u) = - inf s(v) = sup{-s(v)}. 
v:::u v:::u 

(20.5) 

Recall that the function a (.) is nonnegative and nondecreasing, and that 

a(vu) ::::: a(u) + M(v) whenever u ~ 0, v ~ 1. (20.6) 

For the proof of Theorem 20.1 it is convenient to take k(O) = 1. By Proposition 
13.1 we may apply integration by parts to the final integral in (20.1) to obtain the 
representation 

F(u) = 1000
- s(vu)d{-k(v)}, Uo < u < 00. (20.7) 

We summarize the next steps in 

Proposition 20.3. There are positive constants C 1 and a, and for any).. > 0 there 
are numbers C2()..), C3()..), such that 

-a(w) ::::: sew) ::::: a(w) + Cl, auo < w < 00, (20.8) 

100
- s(vu)d{-k(v)} ~ s()..u)k()") - C2()..), 0 < u < 00, (20.9) 

100
- s(vu)d{-k(v)} ::::: a()..u)k()") + C3()..), auo < )..u < 00. (20.10) 

Proof. (i) We begin with (20.9). By (20.2), 

100
- s(vu)d{-k(v)} - s()..u)k()") = 100

- {s(vu) - s()..u)}d{-k(v)} 

~ -100 
M(v/)")d{-k(v)} = -C2()..). (20.11) 

(ii) We tum to (20.8). The first inequality follows directly from (20.5). Also by 
(20.5) 

loA s(vu)d{-k(v)} ~ -a ()..u) loA d{-k(v)} = -a()"u){1 - k()")}. 

Hence by (20.7), (20.9) and the boundedness condition on F, 

C4 ~ F(u) = 1000
- s(vu)d{-k(v)} = (loA + 100

-) ••• 

~ s()..u)k()") - a()"u){1 - k()")} - C2()..} for u > uo. 

It follows that 

1 -k()") 
s()..u} < a()..u} + Cs()..), Uo < u < 00. 

- k()") 
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Setting A = a, where a is such that k(a) = 1/2, we obtain the second inequality in 
(20.8) for w = au > auo. 

(iii) Taking "Au > auo, we now estimate ft- s(vu)d{-k(v)} from above to 
establish (20.10). Using (20.8), (20.6) and (20.3) on the way, one finds 

100
- s(vu)d{ -k(v)} :::: 100

- {a(vu) + Cj}d{ -k(v)} 

:::: 100 
{a("Au) + M(v/"A) + Cdd{-k(v)} = a(Au)k("A) + C3("A). 

Completion of the Proof of Theorem 20.1. We also have to estimate the integral 
foA s(vu)d{-k(v)} from above. By (20.2) and (20.3) 

loA s(vu)d{-k(v)} - s("Au){1 - k("A)} = loA {s(vu) - s("Au)}d{-k(v)} 

:::: loA M("A/v)d{-k(v)} = C6(A). 

Taking u > Uo, "Au > auo and combining this inequality with (20.9), one obtains 

-C7 :::: F(u) = 1000
- s(vu)d{-k(v)} 

:::: s("Au){1 - k("A)} + a ("Au)k("A) + Cg("A). 

It follows that for "A > a 

k(A) 
-s("Au) < a("Au) + C9("A), Uo < u < 00. 

- 1 - k("A) 

We now take "A = b where b > a is such that k(b) = 1/3. This gives 

1 
-sew) :::: 2a(w) + Cw, buo < w < 00. 

If a (.) would tend to 00, the final inequality would contradict the fact that a (w) = 
sUPv:"",w{-s(v}. Hence a(·) is bounded and by (20.8) the same is true for s(·). 

Corollary 20.4. Under the conditions o/Theorem 20.1, the integral/or F (u) in (20.7) 
is absolutely convergent. 

21 Laplace-Stieltjes and Stieltjes Transform 

We begin with a generalization of the Hardy-Littlewood Theorems 7.3 and 7.2 for 
power series. 
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Theorem 21.1. Let s (v) vanish for v < 0, be of bounded variation on every finite 
interval and continuous from the right. Suppose that Jo~ ds (.) is Abel summable to 
A, that is, the Laplace-Stieltjes transform 

exists for t > 0 and 

Conclusions: 

f(t) = £ds(t) = (CO- e-tvds(v) 
10-

f(t) ~ A as t \, O. 

(i) ifs(·) :::: -C, then s(·) is Cesaro limitable to A (Section 13); 

(21.1) 

(21.2) 

(ii) if s (.) is slowly oscillating or slowly decreasing, then s (u) ~ A as u ~ 00. 

Related results are in Szasz [1929] and Karamata [1931]. Theorem 21.1 includes 
Schmidt's extension [1925a] of Theorems 7.1, 7.2 to the case of slowly decreasing 
sequences {sn}. 

Proof of the Theorem. By Proposition 13.1 and its Corollary we may integrate by 
parts to obtain 

f(t) = (CO- e-tvds(v) = t (CO s(v)e-tvdv for t > o. 
10- 10 (21.3) 

Case (i). Having (21.3) we can apply Theorem 15.1 with ex = 1, a(v) = s(v) :::: 
-C and 

F(t) = loCO s(v)e-tvdv = f(t)/t ~ A/t as t \, O. 

The conclusion is that 

ioU s(v)dv ~ Au, I ioU so that a(u) = - s(v)dv ~ A as u ~ 00. 
u 0 

Thus s(·) is Cesaro limitable to A. 
In case (ii) we set t = l/u and rewrite fCl/u) as 

fCl/u) = (CO- e-Vdvs(vu). 
10-

The kernel k(v) = e-v and the slowly decreasing function s(·) satisfy the conditions 
of Boundedness Theorem 20.1 [with f(1/u) in place of F(u)]; cf. Remark 20.2. It 
follows that s (.) is bounded, so that s (.) is Cesaro limitable to A just as in case (i). 
The Cesaro summability Theorem 18.1 now shows that s(u) ~ A as u ~ 00. 

STIELTJES TRANSFORM. The (first order) Stieltjes transform of the measure ds(·) on 
[0, 00) is formally given by 

1CO- ds(v) 
g(x) = --. 

0- x + v 
(21.4) 
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Let us assume that s( v) vanishes for v < 0, is locally of bounded variation and 
continuous from the right. If s (v) ~ e va as v ---+ 00 for some a E [0, 1), integration 
by parts shows that the transform g(x) exists for x > 0 and that 

100 s(v) 100 va 
g(x) = 2dv ~ e 2dv = e,xa- 1 

o (x + v) 0 (x + v) 
as x ---+ 00. (21.5) 

Taking x = 1, the substitution v = y / (1 - y) shows that e' = e if a = 0 and 

11 an 
e' = e ya(l - y)-ady = er(l + a)r(l - a) = e-.--

o SIll an 

if 0 < a < 1; cf. Whittaker and Watson [1927/96] (section 12.4). 
Tauberian theorems for Stieltjes transforms may be obtained by repeated appli

cation of theorems for the Laplace transform. We restrict ourselves to the first-order 
case here; higher-order results will be discussed in Sections IV.9 and VII.18. 

Theorem 21.2. Let s (v) vanish for v < 0, be nondecreasing, continuous from the 
right and such that the Stieltjes transform g (x) in (21.4) exists for x > O. Suppose 
that for some number a E [0, 1), 

g(x) ~ Axa- I as x ---+ 00. (21.6) 

Then 

s(u) ~ A'ua as u ---+ 00, where 
A sinan 

A'= =A--. 
r(1 + a)r(l - a) an 

(21.7) 

Proof. Substituting 

1 100 __ = e-(x+v)tdt 
x + v 0 

in the formula for g(x) and inverting the order of integration (which is justified by 
absolute convergence), one finds that 

g(x) = 100 e-xt f(t)dt, with f(t) = [00 e-tvds(v). 
10-

(21.8) 

Since f ::: 0, its integral f(-1)(t) = J~ f(w)dw isnondecreasing. Hence by Theorem 
15.3, relation (21.6) for the Laplace transform g = £df(-l) implies that 

f(-I)(t) = t f(w)dw ~ A t l - a 
10 r(2 -a) 

as t '\t O. (21.9) 

Now f is monotonic, so that relation (21.9) may be differentiated to give 

A 
f(t) ~ t-a as t '\t 0; reI - a) 

(21.10) 

cf. Section 17. Having (21.10) for f = Cds, one may use Theorem 15.3 (if a > 0) 
or Theorem 21.1 (if a = 0) to establish the desired result (21.7). 
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Remarks 21.3. In his book [1949] (section 7.10), Hardy showed how part (ii) of 
Theorem 21.1 can be derived from Theorem 15.1. In that way one can avoid the 
'heavy' Boundedness Theorem 20.1. 

Theorem 21.2 is due to Hardy and Littlewood [1929], who also considered higher
order Stieltjes transforms. The simple method of proof above is due to Doetsch [1930] 
and Karamata [1931]. The latter showed that the condition 'sO nondecreasing' in 
Theorem 21.2 can be relaxed. Assuming sO to be locally of bounded variation, it is 
sufficient if s(v) ~ -eva when 0 < ex < 1, and slowly decreasing when ex = 0; cf. 
Section VII.18. 

Valiron [1914] and Titchmarsh [1927] had already used arguments of Tauberian 
character for transforms of Stieltjes type in their early work on the zeros of entire 
functions of regular growth; cf. Section 111.19. 

22 General Dirichlet Series 

As we saw in Section 8, such series have the form 

00 

f(t) = Lane-Ant, with 0 = AO < Al < ... and An -+ 00. (22.1) 
n=O 

If the Dirichlet series converges for t > 0 and f(t) -+ A as t "- 0, the numerical 
series I: an is sometimes called (A, A) summable; cf. Hardy's book [1949] (section 
4.7). One may write 

f(t) = roo
- e-tvds(v), 

10- where s(v) = Lan. 
An:O: V 

(22.2) 

What would the Tauber-type Theorem 14.1 give here? In the present case, condi
tion (14.4) for convergence s(u) -+ A becomes 

1/I(u) = ioU vds(v) = L Anan = o(u) as u -+ 00. 

o An:O:U 

As a corollary one obtains an early result of Landau [1907]: 

Proposition 22.1. Suppose that 

as n -+ 00, (22.3) 

and that the sum function f(t) in (22.1) tends to A as t "- O. Then I:go an converges 
to A. 

Indeed, if Ak is the largest number An ::s u, then under condition (22.3) 
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k k 

t/I(U) = LAnan = LO(An - An-I) = o(Ad = o(u) as u --* 00. 

n=1 n=1 

The following refinement had its origin in work by Littlewood and Hardy; for the 
complicated history, see Remarks 22.3 below. 

Theorem 22.2. Let the general Dirichlet series (22.1) converge to the sum f (t) for 
t > 0 and let f(t) --* A as t ">I O. Suppose that the coefficients an satisfy at least 
one of the following two conditions (22.4), (22.5): 

A -A I 
la I < C n n- n >_ 1·, 

n - An' 
(22.4) 

An - An-I 
an :::: - C An ,n :::: 1 AND lim inf an :::: O. 

n---+oo 
(22.5) 

Then s N = L:=o an --* A as N --* 00. 

Observe that in the classical case An = log n (n :::: 1), one has the sufficient condition 

an:::: -Cj(nlogn), n:::: 2. 

Proof. Here we establish only the sufficiency of condition (22.5). To that end we apply 
Theorem 21.1 to the present function f(t) which we represent as in (22.2). It is then 
enough to show that s(·) is slowly decreasing. One may assume C > 0 and for given 
£ > 0, take B > 0 so large that an > -£ for An > B. Next, let u > B, v = (I + £)u 
and choose p = p(u), q = q(v) such that Ap_1 ::::: u < Ap and Aq ::::: v < Aq+l. 
Then by (22.5) 

q 

s(v) - s(u) = L an = ap + L an 
U<An:O'V n=p+1 

q An - An-I 
> -£ - C L An :::: -£ - (CjU)(Aq - Ap) 

n=p+1 
> -£ - (Cju)(v - u) = -(I + C)£. (22.6) 

It follows that sO is indeed slowly decreasing. D 
For the sufficiency of condition (22.4) we refer to Section 11.15 (where we prove 

a more general result), or to Hardy's book (p. 176). 

Remarks 22.3. Littlewood [1911] proved the sufficiency of the two-sided condition 
in (22.4) under the hypothesis that An+1 jAn --* 1 asn --* 00. For the same case, Hardy 
and Littlewood [1914b] proved the sufficiency of the first condition in (22.5). That 
(22.4) is sufficient by itself was proved by Ananda-Rau [1928]; cf. also our general 
Theorem 11.15.1. The first condition in (22.5) is not enough by itself; the combined 
condition is due to Szasz [1929], [1936]. For more details see Hardy's book (theorems 
103, 104 and comments). 
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23 The High-Indices Theorem 

We now tum to general Dirichlet series (22.1) in which the indices An > 0 increase 
at least geometrically: 

An+l ~ pAn (n ~ 1) for some number p > l. (23.1) 

One speaks of high indices An, Hadamard sequences {An} or Hadamard gaps 
(An, An+d. Here the Tauberian condition an = O({(An - An-l)/AnD of (22.4) re
duces to an = 0(1). However, in the present case no order condition on the sequence 
{an} is necessary! Hardy and Littlewood[1926]) proved: 

Theorem 23.1. Let the sequence {An} with AO = 0 satisfy the high-indices condition 
(23.1), let the corresponding series of powers 

converge to f(x) for 0 ::'S x < 1 and let f(x) --+ A as x/I. Then 

n 

Sn = Lak --+ A as n --+ 00. 

k=O 

(23.2) 

The original proof was simplified by Ingham [1937]. He used peak functions of 
the type {4x(1 - x)}q to show that the sequence {an} is bounded and in fact, tends 
to zero. To complete the proof he then applied Proposition 22.1. Our proof is similar, 
but more direct. Like Ingham we start with finite linear combinations of powers, but 
we deal directly with the partial sums Sn = L~=o ak. 

Proposition 23.2. (Boundedness theorem) Let 

N 

f(x) = fN(X) = LanxAn , 

n=O 

where the exponents An satisfy condition (23.1). Then there is a number C p depending 
only on p such that 

def 
where M = sup If(x)l. (23.3) 

O:",x<l 

The proof will be based on integrated peak functions or 'ramp functions': smooth 
monotonic approximations to a unit step function. Such functions were used by Zyg
mund [1959] (chapter 3, (l.38» in a proof for Littlewood's Theorem 7.1; cf. also 
Tietz and Zeller [1998a]. 

Lemma 23.3. For given 0 < ex < 1/2 < f3 < 1 and arbitrary 8 > 0, there is a 
polynomial P which is increasing on [0, 1] and such that 

(i) O::'S P(x) ::'S 1 for 0 :s x :s 1, 
(ii) P(x) :s 8x for 0 :s x ::'S ex, 
(iii) 1 - P(x) :s 8(1 - x) for f3 :s x :s 1. 
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One may take the polynomial P of the form 

P(x) = I)kXk = f~ pq(y)dy , where p(y) = 4y(1 - y), (23.4) 
k fo pq(y)dy 

andqisapositiveintegerdependingona, f3, 8.ForusebelowwewriteLk Ibkl = Bq , 

a number which behaves roughly like sq. The proof of the Lemma will be completed 
later. 

Proof of Proposition 23.2. With P as above we define 

N 

F(x) = I:>nP(XAn) = LanbkxAnk = Lbd(xk). 
n=O n,k k 

It follows that 
sup IF(x)l::5 M L Ibkl = BqM. 

O::::x<1 k 
(23.5) 

Suppose now that Sm is the partial sum Sn = Lk=O ak of maximum absolute 
value (or one of those partial sums). If m = 0 one has ISn I ::5 M for all n since 
Iso I = lao I = If (0) I. From here on we assume m > O. Clearly Ian I ::5 21sm I for all n. 
Thus for 0 < x < I 

ISm - F(x)1 = I L an{l - p(xAn)} - L anP(xAn)1 
I::::n::::m m<n::::N 

(23.6) 

We will choose a, f3 and x in (0, I) such that x An 2: f3 when 1 ::5 n ::5 m and x An ::5 a 
when n > m. To this end we take xAm = f3 and a = f3 P, so that X Am+1 = fJAm+l/Am ::5 
fJP = a. 

Observe that 1 - e-t < t and e-t < I/t when t > O. We thus have 

1 - x An < An Iog(l/x) = (An/Am)Am log(l/x) 

::5 pn-m 10g(1 / f3) for 1::5 n ::5 m, 

x An < l/{An 10g(1/x)} = (Am/An)/{Am log(l/x)} 

::5 pm-n / log(l / fJ) for n > m. 

A good choice for 10g(I/ f3) will be (1/ y'P) log 2, which makes 

x Am = f3 = 2- 1/.[15, a = 2-.[15. 

(23.7) 

(23.S) 

Using inequalities (iii) and (ii) of the Lemma and the monotonicity of P, we conclude 
from (23.6)-(23.S) and (23.5) that 

ISm - F(x)l::5 2lsml{ L 8(I-xAn) + L 8X An }, 
I::::n::::m n>m 
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ISml.:::: !F(X)I+28 ISml { Lpn-m-l/2log2+ Lpm-n+l/2/l0g2} 
n~m n>m 

00 

.:::: BqM + 581sml L p-v-l/2 = BqM + 58IsmIJP/(P - 1). (23.9) 
v=O 

In Lemma 23.3 we now take 8 such that the coefficient of ISm I in the last member of 
(23.9) is equal to 1/2. The final conclusion is that for sufficiently large q depending 
onp, 

ISml .:::: 2BqM = 2Bq sup If(x)l. 
O:::;x<l 

Observe that the coefficient 2Bq of M depends on p but not on N. o 
We also need an extension of Proposition 23.2 to infinite sums: 

Proposition 23.4. (Boundedness theorem) The inequality for the partial sums Sm = 
Lk<m ak in Proposition 23.2 is also true for the case of infinite series L~o anx An , 
whose sum function f(x) is bounded on the interval {O .:::: x < I}. 

Proof. Choose any 8 > ° and any r E (0, 1). Then the series for f(rx) converges 
uniformly for ° .:::: x .:::: 1. Thus we can find No = NO(8, r) such that for N :::: No 

N 

If(rx) - LanrAnxAnl.:::: 8, Vx E [0, 1]. 
n=O 

(23.10) 

It follows in particular that 

N 

I I>nrAnxAnl.:::: M +8, Vx E [0,1], 
n=O 

where M = sUPo:::;x<i If(x)l. Hence by Proposition 23.2 

I tanrAn I.:::: Cp(M + 8), Vm,:::: Nand N :::: NO(8, r). 
n=O 

The desired inequality for (fixed) Sm follows by letting 8 go to ° and r to 1. 

Proof of Theorem 23.1. We will use the convergence f (x) -+ A as x /' 1 to conclude 
that s N -+ A as N -+ 00. Define f ( 1) = A, so that the function f becomes uniformly 
continuous on [0, 1]. Then for given 8 > ° we can choose r E (0, 1) such that 

If(x) - f(rx)1 .:::: 8, V x E [0, 1]. (23.11) 

Now for x E [0, 1), 

If(x) - f(rx)1 = If. an (1 - rAn)x An I, 
n=O 



23 The High-Indices Theorem 53 

hence by Proposition 23.4 applied to f(x) - f(rx), 

N 

1 I>n(l - rAn)1 :::: Cpt:, V' N. 
n=O 

(23.12) 

ForN::o: No(t:,r) itthus follows from (23.10) and (23.11) with x = 1 that 

N N N 

1 ~an - fO)1 :::: 1 ~an(l - rAn)1 + I ~anrAn - f(r)1 
n=O n=O n=O 

+ If(r) - fO)1 :::: (Cp + 2)t:. 

o 
Proof of Lemma 23.3. We take P as in (23.4). Then P is increasing on [0, 1] and 
part (i) of the Lemma is an immediate consequence. As to part (ii), for 0 :::: y :::: x :::: 
a < 1/2, 

On the other hand, for q ::0: 2, 

11 [(1/2)+I/(2q) ( I )q 1 ( 1 )2 
Iq = pq(y)dy::o: 1-2" dy::o:- 1- 2 >-. 

o (l/2)-I/(2q) q q 2 2q 

Hence 
P(x) :::: 2q{4a(1 - a)}qx, which is :::: 8x 

when q is sufficiently large. Part (iii) follows by a similar argument: for 1/2 < f3 :::: 
x :::: y :::: lone has p(y) :::: 4f3(l - f3), so that 

1- P(x) = Ix' pq(y)dy / Iq :::: 2q{4f3(1- f3)}qo - x) :::: 8(1- x) 

when q is sufficiently large. o 
Remarks 23.5. Meyer-Konig and Zeller [1956J gave a proof for the high-indices 
theorem with the aid of functional analysis; cf. Section V.2l. See also the extension 
in Meyer-Konig and Zeller [1960a]. There is an interesting proof of Theorem 23.1 by 
Halasz [1967a] which is based on complex analysis; cf. Section VII.II and Landau 
and Gaier [1986] (appendix 2, section 1 E). The gap condition (23.1) cannot be relaxed; 
see Proposition 24.3 and Remarks 24.4 below. 

One may ask for which functions g on [0, 1] there is a 'high-indices theorem' 
involving series 

DO 

hex) = ~ang(XAn) (23.13) 
n=O 
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with Hadamard indices An. The Lambert kernel (Example 2.5) provides an admissible 
function g, because the Lambert summability of any series L an implies its Abel 
summability; cf. Remarks 10.3. For other functions g the following observation may 
be useful. Boundedness of sum functions h on [0, 1) will imply boundedness of the 
corresponding sequence {an} if (and only if) the L oo approximation to g(xAn) by 
linear combinations of other functions g(X Ak ) is uniformly bad: 

(23.14) 

Indeed, if an f= 0, 

cf. Korevaar [1970], [2001c]. In the case of 'bad approximability' one will thus have 
a high-indices theorem for series (23.13) with Hadamard exponents if boundedness 
of the sequence {an} is a Tauberian condition for such series. For the latter see Section 
11.15. 

Levinson [1938], [1940], [1964a] obtained refined high-indices theorems for se
ries related to Wiener kernels. Even for 'non-Wiener' kernels there may be a high
indices theorem for special sequences {An}; cf. Halasz [1967b], Johansson [1979]. 

High-indices theorems involving (weighted) absolute convergence were obtained 
by Zygmund [1944] and Waterman [1950], [1999]; see also Johansson [1981] for a 
generalization. The so-called high-indices theorem for Borel summability involves 
index sequences with much smaller gaps ('square-root gaps'); see Section VI.I5. 

24 Optimality of Tauberian Conditions 

Simple constructions will show that the Tauberian conditions in the most important 
theorems for power series are optimal conditions of their kind. 

Proposition 24.1. In Littlewood's Theorem 7.1, the condition lanl .::: C/n is an op
timal order condition. indeed, for every positive increasing function ¢ (n) tending to 
00, there is a DIVERGENT Abel summable series Lgo an such that 

lanl .::: ¢(n)/n, 'in. (24.1) 

Proof. Let 0 < ¢(n) /' 00. We will construct a generating function f(x) 
L~o anxn by adding nonoverlapping blocks of the form 

¢(p) p+! p+q p+q+! p+2q ) f (x) = --(x + ... + x - x - ... - x 
p,q p + 2q 

¢(p) p+! (1 - xq)2 
= -- x , with integers p, q 2:: 1. (24.2) 

p+2q I-x 
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It is clear that the coefficients an of the powers xn in the polynomial fp,q (x) satisfy 
inequality (24.1). The corresponding partial sums Sn are::: O. They attain their max
imum for n = P + q while Sn = 0 at the end of the block. We want max Sn close 
to I: 

q¢>(p) ~ 
sp+q = --- ~ 1 for large p. 

p+2q 
(24.3) 

Replacing the original function ¢> by a smaller positive function ¢> / CXl if necessary, 
one may assume that 1 ::: ¢>(n)/n -+ O. We now ensure (24.3) by taking 

q = [p/¢>(p)] (the integral part). (24.4) 

For 0 :::: x < 1, (24.2) and (24.4) give the inequality 

(24.5) 

Now define the power series for f by 

00 00 

f(x) = I>n xn = L fpkoqk(X), (24.6) 
n=O k=1 

where qk = [pk!¢>(Pk)] and the sequence {pd is chosen such that 

PHI::: Pk + 2qk and (24.7) 

Then the sets of powers in the different blocks fp,q do not overlap, so that for the 
calculation of an and Sn one never has to deal with more than one block. Hence 

lim sup Sn = 1, 
n-'>OO 

lim inf s" = 0; 
n-'>OO 

cf. (24.3). Finally, by dominated convergence, see (24.5) and (24.7), 

00 

f(x) = L fPk,qk(X) -+ 0 as x/I 
k=1 

(24.8) 

(24.9) 

because each term here has limit O. Thus the divergent series Lgo an is Abel summable 
to O. 

The series Lgo an is also Cesaro summable to 0: 

(so + SI + ... + sn-])/n -+ O. 

This may be shown by direct estimation, or one may appeal to Theorem 7.3 which 
implies that an Abel summable series with uniformly bounded partial sums is Cesaro 
summable. 
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Proposition 24.2. In the 'Abel to Cesaro' Theorem 7.3 of Hardy and Littlewood, the 
condition Sn ::: -C is an optimal order condition. Indeed,for every positive increasing 
function ¢ (n) / 00, there is an Abel limitable sequence {sn} such that 

(24.10) 

which FAILS to be CESARO limitable. 

Proof. Let 0 < ¢ / 00. Using the same method as before we now construct a 
function g(x) = L~o snxn from blocks 

gp,q(x) = ¢(p)(x p+1 + ... + x p+q - x p+q+1 - ... - x p+2q ) 

(1 - xq)2 
= ¢(p) x p+1 (24.11) 

1 - x 

In g p,q the coefficients Sn of the powers xn satisfy (24.10). The sums 

s~-l) =SO+SI +",+sn (24.12) 

are::: 0 and attain their maximum for n = p + q; at the end of the block s~ -I) = o. 
We want 

s~~~ = q¢(p) ~ p as p ~ 00. (24.l3) 

To ensure this we again take 1 ::: ¢ (n) / n ~ 0 and q = [p I¢ (p)]. Then by (24.11) 

4q2 4 
0::: (l - x)gp,q(x) ::: ¢(p)xP(l - xq)2 < ¢(p)-----p2 ::: ¢(p)' (24.14) 

Using sequences {pd and {qd as in the preceding proof, we now define the power 
series for g by 

00 00 

g(x) = I>n xn = L gPk,qk (x). (24.15) 
n=O k=1 

Then the numbers Sn satisfy (24.10) and by dominated convergence, the sequence 
{sn} is Abel limitable to 0: 

00 

(l - x)g(x) = (1 - x) L snxn ~ 0 as x / 1; 
n=O 

cf. (24.14). However, the sequence {sn} is not Cesaro limitable: 

(-I) 
Sn 

lim sup -- = I, 
n-HX) n 

(-I) 
. . . Sn 

hmmf -- =0. 
n-+oo n 

Proposition 24.3. In the High-Indices Theorem 23.1, Hadamard sequences (23.1) 
are optimal. Indeed, for any positive increasing sequence An / 00 for which 

I· . f An+1 1 lmm -- = , 
n--'>OO An 

(24.16) 
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there is a DIVERGENT series L~l an which is (A, A) summable to 0: 

00 

f(x) = LanxAn ---+ 0 as x /1. (24.17) 
n=! 

Proof. Let 0 < An /00 be as in (24.16). Setting An+l = An + ILn one has 

(24.18) 

We will focus on values of n for which ILn/An goes to O. More precisely, we choose 
a subsequence {Ank } of {An} such that 

(24.19) 

Now define f by the following series of powers: 

00 00 

f(x) = LanxAn = L(XAnk _X Ank +1). (24.20) 
n=! k=! 

By (24.18) and (24.19) f(x) ---+ 0 as x / I (again by dominated convergence), but 
the series Lf' an, which consists of terms ± I, is of course divergent. 

Remarks 24.4. Littlewood [1911] proved the optimality of his order condition Ian I ::: 
C / n as part of a more general result which involves condition (22.4) for a class of 
Dirichlet series (22.1). The order condition Ian I ::: C / n is still optimal for the impli
cation 'Abel summability =} convergence' if one imposes the additional requirement 
that f (x) = L8" anxn be of bounded variation on [0, 1], or even on all radii of the 
unit disc; see H.S. Shapiro [1965], Kennedy and Sziisz LI966], and Piranian [1966]. 
However, weaker order conditions may suffice for convergence of L an if one has 
more information on the behavior of f (x) for x close to 1; cf. Fatou's theorem in 
Section III. 12 and a certain convergence condition in Example VII.2.4. 

It is interesting that the order condition an = 0(1/ n) is the 'right' Tauberian 
condition also for some very different summability methods. We mention the sta
tistical convergence which was studied from a Tauberian point of view by, among 
others, Fridy [1985] and Maddox [1989]: Sn = Lk=O ak ---+ A statistically if the set 
{n EN: ISn - A I 2: [O} has density zero for every number [0 > O. (The concept goes 
back to Fast [1951] and Schoenberg [1959].) 

The one-sided condition an 2: -C / n in Theorem 7.2 is a fortiori optimal as to 
order. Similarly, the Schmidt condition of slow decrease of the partial sums Sn (7.1) 
is an optimal condition. Cf. the corresponding result for general Wiener kernels in 
Section 11.16. 

Incidentally, several authors have found (unusual) Tauberian conditions which 
work for Cesaro summability but not for Abel summability; see Pitt [1955], Butzer 
and Neuheuser [1965], Kuttner [1977]. Cf. also M6ricz [1994]. 



58 I The Hardy-Littlewood Theorems 

Although by Proposition 24.2 the one-sided condition Sn ::: -C is an optimal 
order condition in the 'Abel to Cesaro' Theorem 7.3, it may be replaced there by a 
weaker average-type condition given by Bingham [1985]: 

lim inf inf ~ L Sk::: O. 
m-+oo, p'\,l m<n~pm m 

m<k~n 

(24.21) 

There is a related 'Abel to (C, k)' result by Badiozzaman and Thorpe [1996]. 
Concerning Proposition 24.3: the optimality of Hadamard sequences or gaps in 

the high-indices theorem has been proved by various constructions; cf. Rudin [1966], 
P. Borwein and Erdelyi [1995] (theorem 6.2.7). 

In a series of papers, Lorentz [1948], [1949], [1951] developed a general theory 
of permissible Tauberian conditions; cf. Peyerimhoff [1969]. 

For many Tauberian problems so-called little o-conditions are easy to obtain. They 
are rarely optimal, but may be used as the starting point for new (weaker) Tauberian 
conditions. Thus the condition nan = 0(1) in Tauber's first theorem can be relaxed 
to (al + 2a2 + ... + nan)/n = 0(1) in his second theorem (Section 5), as well as 
to nan = 0(1). Results related to the former hold for all regular linear sumrnability 
methods; see Meyer-Konig and Tietz [1967], [1968], [1969]. This work was extended 
by Stieglitz [1969] and Leviatan [1971]. 

Kangro [1970] proposed a general approach to the problem of the relaxation of 
little 0-Tauberian conditions; cf. Baron [1966/77] (section 27). Several authors have 
pursued these ideas, among them S6rmus [1982]. 

25 Tauberian Theorems of Nonstandard Type 

In this section we discuss some Tauberian theorems of Classical Form 2.7: 

Lan is Q-summable & T{an} => Lan is P-summable 

for the case where not all P-summable series are Q-summable, although method Q 
is more powerful at least in the sense that it sums many series whose terms grow too 
rapidly for method P. It will tum out that in many cases, the rapid growth is the only 
'obstruction' . 

In a different sense, Wiener's principal Tauberian theorem (Section 11.8) is also 
of nonstandard type. 

The first example below involves Dirichlet series with different index sequences 
A = {An} and the corresponding (A, A) summabilities (Section 22). We mention only 
a special case; more general results are in Hardy [1910] and Cartwright [1930]; cf. 
Hardy [1949] (section 4.8 and appendix 5), Korevaar [1954e], and D. Borwein [1990]. 

Theorem 25.1. Let L~l an be Abel summable, or (A, n) summable, to A: 

00 

L ane-nt converges to f(t) for t > 0 and f(t) -+ A as t '\t O. 
n=l 
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Suppose that 
00 L an 

converges for x > 0, to g(x), say. 
nX 

n=1 

Then L'f' an is (A, logn) summable to A, that is, g(x) -+ A as x\. O. 

Proof. The result will be derived from the formula 

x> 0, (25.1) 

which will be justified below. Since 1/ r (x) = x / r (x + I) we have to show that 

gl (x) = x fooo f(t)t X - ldt -+ A as x\. O. 

By changing alone may assume A = O. Then to given E: > 0 one can choose 
8 E (0, 1) such that If(t)1 < E: for 0 < t ::: 8. There will be constants Mj such that 
If(t)l::: Ml forO < t::: I and If(t)I::: M2e-t fort> I. Hence if 0 < x < I, 

Igl(x)1 < E fo8 xtX - ldt + Ml 11 xtX- ldt + M2X i oo 
e-tdt 

<E+Ml(l-8X)+M2X<3E forO<x<xQ. 

Hence gl (x) -+ A = 0 as x \. O. 
The termwise integration in (25.1) is delicate and deserves comment. For 0 < 

b < B < 00 it is clear that JbB L'f' = L'f' J::. For large B, J: L'f' will be small. 
To show that L'f' J: is small one may observe that 

after which one can use standard partial summation. In the case of L'f' Ji with small 
b one can base partial summation on the remainders rll in the series Lan / nX , setting 
an/nx = rn-l - rn. 0 

There are series L'f' an which are (A, log n) summable but not (A, n) summable. 
An example is given by Lan = L n -1-iy with y i= O. Here 

00 

g(x) = I:>-I-X-iY = ~(l + x + iy) -+ ~(I + iy) as x\. 0, 
n=1 

since the zeta function is finite and continuous everywhere except at the point I (cf. 
Section 26). However, by Littlewood's Theorem 7.1, the series L an with terms that 
are 0(1/ n) cannot be Abel summable, because it is not convergent. Indeed, 
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N N N N 
L n - 1- iY = f v-1-iYd[v] = f v-1-iYdv + f v-1-iYd([v]- v) 

1 1- 1 1-

N-iy I IN . 
= -.- + ~ + I + (l + iy) ([v] - v)v-2- 'Ydv 

-IY ly 1 

N-iv ( I ) 
= -iy +¢(y)+O N ; (25.2) 

the first tenn on the right fails to have a limit as N ---+ 00. Here we have written 

I 100 
. ¢(y) for ~ + 1+(1 + iy) ([v]- v)v-2- 'Y dv, 

ly 1 

which is in fact equal to ~ (1 + i y); cf. formula (26.4) below. 

Our second example involves a result of Doetsch [1931]: 

Theorem 25.2. Let L~ an be Borel summable to A and let L~ antn converge for 
It I < l. Then L~ an is Abel summable to A. 

Proof. By the definition of Borel summability (Example 2.4) 

00 

F(x) = e-x LSn(xn/n!) ---+ A as x ---+ 00. (25.3) 
n=O 

By the hypothesis the numbers an and hence also the numbers Sn will be O{ (1 + E)n} 
as n ---+ 00 for every number E > O. One may then form the Laplace transform 
fey) = £F(y) by termwise integration when y > 0: 

fey) = 10 00 F(x)e-yxdx 

= ~ Sn [00 xne-(I+y)xdx = ~ Sn . 
L n' Jo L (1 + y)n+1 o . 0 

(Justification by absolute convergence of the sum of integrals.) Now by (25.3) 

1<00 F(x)e-yxdx 
yf(y) = 0 00 ---+ A as y '\. O. fo e-yxdx 

(25.4) 

(25.5) 

Thus if we set 1/(1 + y) = t so that y = (1 - t)/t, relations (25.4), (25.5) show that 

1-t ~ 
yf(y) = -- LSntn+1 ---+ A as t ? 1. 

t 0 

It follows that L~ an is Abel summable to A: 

00 00 

Lantn = (I-t) LSntn ---+ A as t? l. 
o 0 

o 
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One may derive from Section 3 that the series Lgo zn is Borel summable for 
certain numbers z of absolute value greater than 1. (It is sufficient if Re z < 1.) The 
terms of such a series grow too rapidly for Abel summability. There are also Abel 
summable series which are not Borel summable. Indeed, there are divergent Abel 
summable series L an with an = O( I / .Jii); cf. Proposition 24.1. Such series cannot 
be Borel summable or else they would have to converge; see the Hardy-Littlewood 
Theorem 9.1. More on the relation between Abel and Borel summability may be 
found in Karamata [1938], Shawyer and Watson [1994] (chapter 9). 

There are related nonstandard theorems for integrals of which we mention a special 
case involving Gauss and Abel summability. For a more general result of this type 
see Bochner and Chandrasekharan [ 1949] (chapter 1, section 14). 

Let a(·) be locally integrable on (0, 00). The formal integral fooo a(v)dv may be 
called Gauss summable to A if 

g(s) = 100
- a(v)e-S2V2 dv exists for s > 0 and g(s) -->- A as s "'" O. (25.6) 

Theorem 25.3. Let fooo a(v)dv be Gauss summable to A and suppose that the 'Abel 
means' 

f(t) = 100 a(v)e-tvdv, t > 0 

exist as absolutely convergent integrals. Then fooo a(v)dv is Abel summable to A, that 
is, f(t) -->- A as t "'" O. 

Proof. Following Bochner and Chandrasekharan we derive a suitable integral repre
sentation: 

e-a = - ---dx = - cosaxdx e-(1+x )Ydy 2 £00 cos ax 2 £00 £00 2 
Jr 0 1 + x 2 Jr 0 0 

= ~ roo e-Y dy roo e-yx2 cos ax dx, 
Jr 10 10 a:::: o. 

Here the first step may be verified by Fourier inversion or complex integration. The 
final inner integral can be evaluated by moving a path of integration from a line parallel 
to the real axis back to the axis: for y > 0, 

2 roo e-yx2 cosaxdx = 100 e-yx2+iaxdx 
10 -00 

= e-a2 /(4y) ( e- y{x-ia/(2y)}2 dx = e-a2 /(4y) ( e-YZ2 dz 
1rr:t 1rr:t-ia/(2y) 

= e-a2 /(4y) k e-YZ2 dz = le-a2 /(4Y). 

It follows that 

(25.7) 

e- I /(4w 2) 

hew) = r;; 2 . (25.8) 
yJrW 
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Observe that h is in L 1 (0,00) and Jooo h(w)dw = 1. 
By (25.8) and (25.6) one may thus write 

roo roo roo 2 2 2 
f(t) = 10 a(v)e-tvdv = 10 a(v)dv 10 h(w)e-t v W dw 

= 100 
h(w)g(tw)dw 

(justified by absolute convergence). By the hypotheses g is bounded and g(tw) ---+ A 
for every number w > 0 as t \. O. Hence by dominated convergence 

f(t) ---+ A 100 h(w)dw = A as t \. o. 

26 Important Properties of the Zeta Function 

We first discuss the analytic character of ~ (z) for Re z :::s 1. 

Theorem 26.1. The analytic function 

def I 
F(z) = ~(z) - --I' Rez> I 

z-
(26.1) 

can be continued analytically to the whole complex z-plane. One special value of 
interest is 

F(l) = lim {~(z) __ I_} = y, 
z~1 Z - 1 

(26.2) 

Euler's constant. 

Proof. The definition of ~ (z) as the sum of the Dirichlet series Lf n -z for Re z > I 
(4.1) may be changed to integral form as follows: 

~(z) = roo v-Zd[v] = z roo [v]v-Z-1dv. 
11- 11 

Comparison with the formula 

foo 1 
v· v-z-1dv = -

I Z - I 

shows that for Re z > I, 

F(z) = ~(z) - -- = 1+ z ([v] - v)v-Z-1dv. I foo 
z - 1 1 

(26.3) 

(26.4) 

Since [v] - v is bounded this formula gives an analytic continuation of F (.) to the 
half-plane {Re z > OJ. We now introduce the periodic function 
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1 ~ sin 2nnv 
w(v) = [v] - v + - = L 

2 nn 
n=1 

( v -I integer) 

and its periodic anti derivatives w( -k) (v) with average zero, 

(-k) _ ~ sin(2nnv - kn/2) 
w (v) - 2 L HI' 

(2nn) 
n=1 

Starting with (26.4) one may express F in terms of wand then apply repeated inte
gration by parts. Step by step one thus obtains an analytic continuation of F(z) to 
every half-plane {Re z > -k}: 

F(z) = 1 - - + z w(v)v-Z-Idv 1 Joo 
2 I 

= ~ _ w(-I)(l)Z + z(z + 1) roo w(-I\v)v-z- 2dv = ... 
2 JI 

(26.5) 

= (polynomial in z) + z(z + 1)··· (z + k) i oo 
w(-k)(v)v-z-k-Idv. 

The value F(l) may be derived from (26.4): 

F(l) = lim F(z) = I + roo ([v] - v)v-2dv 
z->I 11 

= 1 + lim r ([v] - v)v-2dv 
n->oo 11 

= 1 + lim (I: k (HI v-2dv - log n) 
n->oo k=1 Jk 

= lim (1 + ~ + ... + ~ - log n) = y. 
n->oo 2 n 

(26.6) 

What can one say about the zeros of S-(z)? The Euler product shows that S-(z) is 
free of zeros in the half-plane {Re z > I}; cf. Section 4. 

Theorem 26.2. Thefunction S-(z) has no zeros on the line {Rez = I}. 

This theorem was obtained by Hadamard [1896] and de la Vallee Poussin [1896] 
as an important step in their proofs of the prime number theorem (PNT). It has been 
an essential ingredient of all subsequent proofs for the PNT except the so-called 
elementary proof by Selberg [1949] and Erdos [1949a]; cf. Chapters II and III. 

In a sense, Theorem 26.2 is equivalent to the PNT - it can be derived from the 
PNT; see Section III.3. The following is essentially Hadamard's proof of Theorem 
26.2 as simplified by Mertens [1898]. 

Proof of Theorem 26.2. For z = x + iy with x > lone may represent S-(z) by the 
Euler product TIp 1/(1 - p-Z) taken over all primes p; cf. (4.2). Thus 
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00 1 
log Is(x + iy)1 = Re L -log(1 - p-Z) = Re L L k p-kz 

p p k=1 

1 
= L k p-kx cos(ky log p). 

p,k 

(26.7) 

One now uses the wonderful relation 

3 +4cosB + cos2B = 2(1 + cosB)2 ~ 0 for all (real) B. 

For the values B = ky log P it shows in combination with (26.7) that 

3 log sex) + 410g Is(X + iy)1 + log Is(X + 2iy)1 ~ 0, 

so that 
(x > 1). (26.8) 

Suppose for a moment that the analytic function s (-) would have a zero at the point 
1 + iy (naturally, with y i- 0). Then S4(-) would have a zero there of order ~ 4, so 
that S4(x + iy) = O{(x - 1)4} as x \. 1. Since sex) = O{I/(x - I)}, the left-hand 
side of (26.8) would then tend to 0 as x \. 1, an obvious contradiction! D 

Remark 26.3. The zeta function has zeros at the points -2, -4, -6, .. '. All its other 
zeros lie in the so-called critical strip {O < Re z < I}. The famous Riemann hypothesis 
asserts that all these zeros lie exactly on the central line {Re z = 1/2}. For more 
information about the zeta function, see Titchmarsh [1951/86], H.M. Edwards [1974], 
Ivic [1985] or Patterson [1988]. 



II 

Wiener's Theory 

1 Introduction 

One of the most interesting results of Hardy and Littlewood was their Tauberian 
theorem for Lambert summability [1921]; see Section 1.10, or Theorem 12.1 below. 
This result implies the prime number theorem (PNT), but the proof made use of 
estimates from number theory somewhat stronger than the PNT! There was another 
Tauberian-type theorem which implies the PNT and whose state was unsatisfactory. 
That was Landau's complex Tauberian theorem [1908], [1909] for Dirichlet series, 
which required more information about the Riemann zeta function in the half-plane 
{Re z ~ I} than seemed reasonable (see Section m.2). 

Around 1925, Wiener was developing his general harmonic analysis. There he 
encountered a problem which required the comparison of two different 'asymptotic 
averages' of the same function. While held up on the problem, he talked to Ingham 
during a stay in GoUingen. Noticing the resemblance of Wiener's question to certain 
Tauberian theorems of Hardy and Littlewood, Ingham suggested that Wiener look at 
their work. Subsequently Wiener [1927a] solved his special problem by direct rep
resentation of one 'limitation kernel' in terms of another. His tools were convolution 
and Fourier transformation (see Example 6.4 below). 

In Germany, Wiener also met R. Schmidt, who had developed a unified Tauberian 
theory [1925a], [1925b] based on the theory of moments. However, Schmidt could not 
deal with the 'Lambert Tauberian'. He encouraged Wiener to investigate if he could 
extend his Fourier integral theory so that it would include that important theorem. 

Adding LI approximation by 'good' kernels to his arsenal, Wiener achieved the 
desired breakthrough [1927b], [1928]. The Lambert Tauberian theorem and hence 
the PNT now followed directly from the nonvanishing of S'(z) on the line given by 
{Rez = I}. Moreover, Wiener's student Ikehara [1931] at M.LT. could use the new 
method to eliminate the vexing growth condition on ((z)/ S'(z) in Landau's theorem; 
see Chapter III. 

Removing unnecessary restrictions on his limitation kernels, Wiener published a 
definitive paper on his theory in the Annals of Mathematics [1932]. The long article 
contains a powerful unified treatment of Tauberian theory based on Fourier transforms. 
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The central theme remained the comparison of different asymptotic averages. A simple 
illustration is provided by the step from Abel to Cesaro limitability of a (bounded) 
sequence {sn}; see Example 6.3. An important addition to Wiener's theory by Pitt 
[193Sa] later provided a more direct link to Tauberian theorems such as Littlewood's. 
Whereas Wiener's principal Tauberian theorem is not of the classical form described 
in Section 1.2, the 'Wiener-Pitt theorem' is. 

Wiener's work has had tremendous impact. The Tauberian theorems found wide 
application. His 'Lemma' on the reciprocal of an absolutely convergent Fourier series 
led to the theory of Banach algebras. At the hands of a variety of authors, the Tauberian 
theory was extended to the setting of topological groups. 

Wiener's Tauberian work has been discussed in many books (cf. Section 8) and 
was reproduced in volume 2 of his 'Collected works with commentaries' [1979]. For 
historical remarks, see also volume 2 of Wiener's autobiography [1956], Levinson's 
article [1966], the author's commentary (Korevaar [1979]), and the Proceedings of 
the 1994 Wiener centennial meetings, listed under Wiener [1997a], [1997b]. 

In the following exposition, Wiener kernels - L I kernels for which one has a 
Wiener-type Tauberian theorem - are introduced with the aid of a testing equation. 
The equation was mentioned by Karamata [1937a], [1937b] and used by Carleman 
[1944] and Beurling [1945]. We derive the testing equation in connection with Pitt's 
form of Wiener's problem. The aim is to go directly from 'limitability' to convergence 
(Sections 2, 3). The Wiener-Pitt theorem is then made the basis for the Wiener theo
rems which compare different asymptotic averages (Sections 4, 5). Section 6 shows 
how the principal Hardy-Littlewood theorems for Abel summability can be obtained 
from simple Wiener theory. 

The reader who is interested primarily in the final form and the more important 
applications of Wiener theory may skip most of the material in Sections 2-7. The 
principal Wiener theorems are collected in Section 8. 

Wiener's characterization of 'good' kernels in terms of Fourier transforms is 
derived both classically (Sections 7-10) and with the aid of distribution theory (Sec
tion 11). The author's distributional approach works especially weIl in the case of 
families of kernels. A more algebraic treatment of Wiener theory is given in Chapter 
V. In Section 16 we construct examples which show that the Tauberian conditions in 
Wiener theory are essentially optimal. 

We will discuss several applications, among them a general form of the Lambert 
Tauberian theorem for Stieltjes integrals (Section 12). Wiener's so-called 'second 
Tauberian theorem', which involves measures, is discussed in Section 13. It is used in 
Section 14 to obtain a Wiener Tauberian theorem for series and will also be applied 
in subsequent chapters. The Wiener theorem for series readily implies the standard 
form of the Lambert theorem. It is used in Section 15 to obtain an extension of the 
Tauberian theorem for general Dirichlet series to series involving Wiener kernels. 
Next we derive Tauberian theorems for 'Landau-Ingham asymptotics' and Ingham 
summability (Sections 17, IS). The latter also lead quickly to the prime number 
theorem. The final Section 19 contains an application of Wiener theory to harmonic 
functions. 
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Ikehara's theorem - sometimes called the Landau-Ikehara theorem, but more 
properly called the Wiener-Ikehara theorem - will be treated in Chapter III, in the 
context of complex Tauberian theory. Extensions of Wiener theory may be found in 
Chapters IV and V, and applications to Borel summability are made in Chapter VI. 

As usual, functions which occur under an integral sign are supposed to be mea
surable. 

2 Wiener Problem: Pitt's Form 

Some of the classical Tauberian theorems encountered in Chapter I may serve as in
troduction to the general theory. Cesaro summability, Abel sumrnability and Lambert 
summability of a series Lgo an to the value A can be described by the respective limit 
relations 

00 

L an (1 - nt) -+ A, 
n:'Ol/t 

L nt 
an--- -+ A 

ent - 1 
as t '\. 0; 

n=O 

cf. Section 1.13. An appropriate Tauberian condition for each method was 

(2.1) 

If one sets t = l/u, the limit relations take the form 

feu) ~ tanko (~) -+ Ako(O) as u -+ 00, 

n=O 

(2.2) 

with, respectively, 

{
I - v for 0 ::::: v ::::: 1 and 0 for v > 1 (Cesaro), 

ko(v) = e-v for v ::: 0 (Abel), 
v/(eV - 1) for v > 0 and 1 for v = 0 (Lambert). 

At this point one may ask the following general Tauberian question. 

Question 2.1. For which kernels ko on [0, 00) do the conditions (2.2) and (2.1) imply 
convergence of Lgo an to A ? 

In terms of the partial sum function 

s(v) = Lan, -00 < v < 00, 

n:'Ov 
(2.3) 

(for which s(v) = 0 when v < 0), relation (2.2) may be written with the aid of an 
improper Stieltjes integral: 

feu) = (oo- ko (~) ds(v) = (oo- ko(v)dvs(uv) -+ Ako(O) as u -+ 00; 
Jo- u Jo-

(2.4) 
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cf. Section 1.13. For suitable ko and s one can integrate by parts to obtain an (absolutely 
convergent) ordinary integral for f, 

feu) = 10 00 
kl(V)S(uv)dv, where kl(v) = -kb(v). (2.5) 

In the classical cases considered, the representation (2.5) is valid with, respectively, 

11 for 0 :S v < I and 0 for v > I (Cesaro), 
kl(v) = e-v for v:::: 0 (Abel), 

{-v/(e V - I)}, for v:::: 0 (Lambert); 
(2.6) 

cf. Corollary 1.13.2. Since ko(O) = 1000 kl (v)dv, relation (2.4) now becomes 

feu) = 10 00 
kl (v)s(uv)dv ~ A 100 

kl (v)dv as u ~ 00. (2.7) 

In the special cases above, the boundedness of the function f in (2.2) and the 
Tauberian condition (2.1) imply that the function s is bounded; cf. Sections 1.5 and 
1.6. For the following theory it is convenient to replace condition (2.1) by the weaker 
condition that s (-) be slowly oscillating on lR+ = (0, 00): 

s (p v) - s (v) ~ ° as v ~ 00 and p ~ 1; (2.8) 

cf. Definition 1.16.l. Under this condition the boundedness of f still implies the 
boundedness of s for a large class of kernels; see Section 1.20. 

After this introduction it is natural to pose the following 

Problem 2.2. (Wiener-Pitt question formulated for JR+) Determine the kernels k(·) 
in L 1(0, 00) for which one has a Tauberian theorem of the following form: The limit 
relation 

[00 (V) dv [00 [00 10 k ; s(v)--;; = 10 k(v)s(uv)dv ~ A 10 k(v)dv as u ~ 00 (2.9) 

for bounded functions s and corresponding constants A, together with the Tauberian 
condition 

s(·) slowly oscillating (on lR+), (2.10) 

implies 
s(u) ~ A as u ~ 00. (2.11 ) 

Observe that in the 'Abelian direction', the conditions 'IsO I :S M' and 's(u) ~ A 
as u ~ 00' imply (2.9) whenever kO is in LI(O, 00). This follows by dominated 
convergence: one would haves(uv) ~ Aasu ~ 00 for every v > O,andlk(v)s(uv)1 
would be majorized by the integrable function Mlk(v)l. 

The Tauberian problem becomes nicer if it is formulated for lR = (-00,00) 
instead of lR+ and this is what one usually does. For the translation of Problem 2.2 to 
lR we set 
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u = eX, v = eY, s(v) = s(eY) = S(y), (2.12) 

k (~) duV = k(eY-X)eY-Xdy = K(x - y)dy, or k(v)dv = K(-y)dy. 

The condition 'k in L 1 (JR+), is equivalent to 'K in L 1 (JR)'. [If one starts out with a 
kernel K E Ll (JR), it is sometimes more natural to define the kernel k(v) as K( -y) 
or K(y). In that case k(v) is of class Ll(JR+, w) with weight function w(v) = l/v; 
cf. Section 14. The class Ll (JR+, w) occurs naturally in connection with convolution 
on JR+; cf. Remarks IV.9.S.] 

The requirement that s should be slowly oscillating takes on a new form appro
priate to lR: 

Definition 2.3. (Tauberian conditions for JR) A function S(·) on JR is called slowly 
oscillating on JR (towards +(0) if 

S(y) - Sex) -+ 0 as x -+ 00 and y - x -+ O. 

Similarly, S is said to be slowly decreasing on JR if 

liminf {S(y) - Sex)} ~ 0 for x -+ 00 and 0 < y - x -+ O. 

Finally, we say that S satisfies the step function condition on JR if S is piecewise 
constant, with the intervals of constancy having length ~ c > O. 

If S is differentiable and I S' (x) I :s: C, then S is uniformly continuous and a 
fortiori slowly oscillating on R Notice that for slowly decreasing functions, omy the 
decrease is limited, not the increase. If S is differentiable and its derivative is bounded 
from below, S'(x) ~ -C, then S is slowly decreasing on R 

In view of (2.12), Problem 2.2 now has the following equivalent formulation for 
JR (cf. Pitt [1938aD: 

Problem 2.4. (Wiener-Pitt question for JR) Determine the functions (,limitation ker
nels') K in L lOR) for which one has a Tauberian theorem of the following form: The 
limit relation 

kK(X-Y)S(Y)dY = kK(Y)S(X-Y)dY-+A kK(Y)dY as x-+oo (2.13) 

for bounded functions S and corresponding constants A, together with the Tauberian 
condition 

SO slowly oscillating (on JR), (2.14) 

implies 
Sex) -+ A as x -+ 00. (2.15) 

A kernel k( v) in L 1 (JR+) will be admissible in Problem 2.2 if and only if the 
corresponding kernel K(y) = k(e-Y)e-Y in Ll (JR) is admissible in Problem 2.4. 

Observe that K cannot be admissible if its Fourier transform 
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K(t) = k K(y)e~itYdy, -00 < t < 00 (2.16) 

vanishes at some point t = a. In that case the bounded function S (x) = eiax satisfies 
(2.13) with A = 0 and (2.14), but not (2.15). 

For a first form of the answer to Problems 2.4 and 2.2 see Theorem 3.4. It will 
ultimately follow from Section 8 that K is admissible in Problem 2.4 if and only if 
K (t) -I 0 for all t (Wiener's condition). 

Wiener had actually asked a different question (which has the same answer); see 
Problem 4.1 below. 

3 Testing Equation for Wiener Kernels 

We begin with a reduction of Problem 2.4 to a testing equation for admissible kernels. 
Such an approach to Wiener theory was sketched in slightly more general context by 
Beurling rI 945]; cf. also Karamata [1937a], [1937b], Delange [1950] and Korevaar 
[1955]. Widder [1971] used the testing equation as the basis for a limited Tauberian 
theory without Fourier transforms; cf. Section 6. 

Reduction 3.1. Suppose that the L 1 kernel K is not admissible in Problem 2.4 for 
lR (the Wiener~Pitt Problem). Then there is a bounded function SO which satisfies 
(2.13) for some constant A and (2.14), but not (2.15). Replacing this function S(·) by 
SO - A we may and will assume in the following that A = O. Then 

k K(y)S(x - y)dy -+ 0 as x -+ 00, (3.1) 

but Sex) does not tend to 0 as x -+ 00. Thus there exist a number {3 > 0 and a 
sequence Xn -+ 00 such that 

IS(xn)1 :::: {3, n = 1,2, .... (3.2) 

The 'slow oscillation' of S means that for every E > 0, there are positive numbers 
B = B(E) and 0 = O(E) such that 

IS(y) - S(x)1 :: E whenever x :::: Band Iy - xl :: O. (3.3) 

We now consider the sequence of functions {Sn} defined by 

Snex) = S(xn + x), -00 < x < 00, n = 1,2, .... 

For this sequence one has 

ISn(O)1 :::: {3, n = 1, 2, ... ; 

the family {Sn} is uniformly bounded (I Sn (x) I :: M = sup IS (y) I for all x) and it has 
a property closel y related to equicontinuity on every interval [ - C, 00) (although the 
functions Sn need not be continuous!): 
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ISn(Y) - Sn(x)1 = IS(xn + y) - S(Xn + x)1 :::: c 

for x ~ B - Xn and Iy - xl :::: 8. One now chooses a subsequence {Sn) of {Sn} 
which converges at all rational points on (-00,00). By the standard proof of ArzeHt's 
theorem for bounded equicontinuous families, such a subsequence will converge 
uniformly on every finite interval; cf. Rudin [1953/76] (section 7.23), Korevaar [1968] 
(section 2.5.8). We define 

<I>(x) = lim Sn(x), -00 < X < 00. 
j->oo J 

(3.4) 

The function <I> will be bounded, it is uniformly continuous: 

1<I>(y) - <I> (x) I :::: c for Iy - xl:::: 8, (3.5) 

but it is not the zero function: 
I <I>(O)I ~ {J. 

Finally, by (3.1), 

[ K(y)<I>(x - y)dy = ,lim [ K(y)Snj(x - y)dy 
J~ J->ooJ~ 

= lim [ K(y)S(xn , + x - y)dy = 0, \:f x E R (3.6) 
j->oo J~ J 

Indeed, for fixed x the sequence {Sn j (x - y)} is pointwise convergent to the function 
<I> (x - y) and the products I K (y) Sn j (x - y) I are majorized by the integrable function 
MIK(y)l· 

We thus have the following 

Conclusion 3.2. Suppose that the L 1 kernel K is not admissible in the Wiener-Pitt 
Problem 2.4 for JR. Then the TESTING EQUATION 

K * <I>(x) = k K(x - y)<I>(y)dy = k K(y)<I>(x - y)dy = 0, \:f x E JR (3.7) 

has a bounded uniformly continuous solution <I> =1= O. 

If equation (3.7) has a bounded (measurable) solution <I>, one may verify by 
substitution into (3.7) that 

[Y+C t 
\II(y) = Jy <I>(z)dz = Jo <I>(y + w)dw (3.8) 

is also a solution for any fixed c > O. Such a function \II is bounded and uniformly 
continuous, and if <I> is not equal to 0 almost everywhere, one may choose c such that 
\II =1= O. 

The reduction of Problem 2.4 to the testing equation works also if in the Tauberian 
condition, slow oscillation is replaced by the step function condition of Definition 2.3. 
In that case the limit function <I> will also be piecewise constant. 
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We now tum things around. By Conclusion 3.2, the absence of a nonzero bounded 
solution <I> of the testing equation (3.7) for K ELI (JR.) implies that K is admissible 
in the Wiener-Pitt Problem 2.4, so that there is a Tauberian theorem for the kernel K. 
At this stage it is convenient to give a first definition of Wiener kernels. Equivalent 
descriptions of such kernels (including Wiener's own definition in terms ofthe Fourier 
transform) will be given in subsequent sections. 

Definition 3.3. A function K on JR. will be called a WIENER KERNEL, denoted K E 

W, if K is in Ll(JR.) and the testing equation (3.7) has no bounded (continuous or 
measurable) solution <I> other than the zero solution. 

Similarly, a function k will be called a Wiener kernel for JR.+, denoted k E W+, if 
k is in L I (JR.+) and the corresponding testing equation 

(Xl (V) dv [00 10 k -;,; ¢(v)---;; = 10 k(v)¢(uv)dv = 0, (3.9) 

has no bounded solution ¢ other than the zero solution. 

The relation K(x) = k(e-X)e-X sets up a one-to-one correspondence between 
kernels k E W+ and kernels K E W; see (2.12) and the respective testing equations. 

By the preceding we have the following Tauberian theorem; cf. Pitt [1938a] (the
orema). 

Theorem 3.4. (i) Let K E Ll(JR.) be a Wiener kernel according to Definition 3.3. 
Then the limit relation 

L K(x - y)S(y)dy -+ A L K(y)dy as x -+ 00 (3.10) 

for a bounded, slowly oscillating function S on JR. implies that S (x) -+ A. 
(ii) Equivalently, let k be in W+ [so that in particular k is in L I (JR. +)]. Then k is 

admissible in the Wiener-Pitt Problem 2.2, so that the limit relation 

1000 k(v)s(uv)dv -+ A 1000 k(v)dv as u -+ 00 (3.11) 

for a bounded, slowly oscillating function s on JR.+ implies that s (u) -+ A. 
In each part the condition of slow oscillation may be replaced by the appropriate 

step function condition from Definition 2.3 or 1.16.2. 

4 Original Wiener Problem 

Suppose that one starts again with a limit relation (3.1 0) or (3.11) involving an L I 
function and a bounded function. Then it may be that one is interested not in conver
gence, but in another kind of summability, for example, Cesaro summability; cf. also 
Wiener's special problem in Example 6.4 below. More generally Wiener wanted to 
compare asymptotic averages involving arbitrary L 1 kernels. 
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Problem 4.1. (Wiener's question) Determine the functions ('limitation kernels') K E 

L lOR) for which one has a Tauberian theorem of the following form: The limit relation 

l K(x - y)S(y)dy = l K(y)S(x - y)dy ~ A l K(y)dy as x ~ 00 (4.1) 

for bounded functions S and corresponding constants A implies 

l H(x - y)S(y)dy = l H(y)S(x - y)dy ~ A l H(y)dy as x ~ 00 (4.2) 

for EVERY function ('limitation kernel') H in LI (1R). 

Wiener's work [1932] implies the following Tauberian theorem for which proofs 
are given below. 

Theorem 4.2. Suppose that K ELI (1R) is a Wiener kernel according to Definition 
3.3. Then K is admissible in Problem 4.1, so that the limit relation (4.1) for bounded 
S and corresponding A implies (4.2) for every function H in L I (1R). 

As in Problem 2.4, K cannot be admissible in Problem 4.1 if k (a) = 0 for some 
real number a. In that case S (x) = eiax satisfies (4.1) with A = 0, but it will not 
satisfy (4.2) unless fI (a) = O. 

It will tum out that the condition K E W is necessary and sufficient for the 
admissibility of K in Problems 4.1 and 2.4; see Section 8. 

We give two proofs for Theorem 4.2 which both provide additional information. 
The first proof is functional-analytic, while the second (in Section 5) is based on 
Theorem 3.4. 

First proof. Let S be bounded. Replacing SO by SO - A we may and will assume 
that (4.1) holds with A = O. Observe that (4.2) will then hold for every finite linear 
combination HI(y) = Lj bjK(y - Aj): 

1m HI (y)S(x - y)dy = .L:)j l K(y - Aj)S(x - y)dy 
IR. j IR. 

= Lbj 1m K(z)S(x - Aj - z)dz ~ 0 as x ~ 00. (4.3) 
j IR. 

More generally suppose that H belongs to the closed (linear) span I:(K) of the 
translates of K in L I , that is, for every number € > 0 there is a linear combination 
HI such that 

Then 

I ~ {H(y) - HI (y)}S(x - Y)dyl ~ € sup IS(z)l, 
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hence by (4.3) 

lim sup / r H(y)S(x - Y)dY / ::: £ sup IS(z)l. 
x---+oo Jffi. 

(4.4) 

This proves (4.2) for all functions H in :E(K). 
By the Hahn-Banach theorem, a function H(y) is the Ll limit of finite sums 

L b j K (y - A j) if and only if every continuous linear functional on L 1 which vanishes 
on all translates of K also vanishes on H; cf. Rudin [1966/87], Korevaar [1968]. Now 
these functionals have the form 

I(F) = lep(F) = l F(y)<f> (y)dy with bounded <f>, 

and lep = 0 if and only if <f> = O. Hence the condition for H to be in :E (K) is that the 
relation l K(y - A)<f>(y)dy = 0, VA E JR (4.5) 

should imply 

lep(H) = l H(y)<f> (y)dy = 0 for every bounded <f>. (4.6) 

In particular :E (K) = L 1 if and only if (4.5) for bounded <f> implies lep = 0 or <f> = O. 
Renaming <f> (y) : \II ( - y) and setting A = -x one finds that (4.5) is equivalent to 

the testing equation (3.7): the condition 

0= l K(y + x)\II( -y)dy = l K(x - z)\II(z)dz, V x E JR 

for bounded \II should imply \II = O. Conclusion: :E (K) = L 1 if and only if K is in 
W, and then relation (4.1) implies (4.2) for all functions H in L 1 . 

Corollary 4.3. Let K be in Ll (JR). Then the limit relation (4.1)forbounded S implies 
(4.2) for all functions H in :E(K), the closed span of the translates of K. 

Furthermore, the function K is a Wiener kernel if and only if the finite linear 
combinations of its translates are dense in Ll (so that the translates of K 'span'the 
space Ll). 

Cf. Wiener [1932]. For the functional-analytic approach to the spanning property, cf. 
Carleman [1944]. 

5 Wiener's Theorem With Additions by Pitt 

Theorem 3.4 does not handle the important one-sided Tauberian condition nan ~ - C 
encountered in Sections 1.6, 1.7 and 1.10. That condition implies that the partial sum 
function s(v) = Ln~v an is slowly decreasing on JR+ (Definition 1.16.3): 

liminf {s(pv) - s(v)} ~ 0 for v -+ 00 and 1 < p -+ 1. (5.1) 
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For a second proof of Theorem 4.2 we choose the equivalent result for JR+ and 
we include Pitt's important addition [1938a] for slowly decreasing functions s. 

Theorem 5.1. Suppose that k is in W+ according to Definition 3.3, so that in partic
ular k is in L 1 (JR+). Then the limit relation 

100 
k(v)s(uv)dv ---+ A 100 

k(v)dv as u ---+ 00 

for bounded functions s and corresponding constants A implies 

100 
h(v)s(uv)dv ---+ A 100 

h(v)dv as u ---+ 00 

for every function h in L 1 (JR+). 

(5.2) 

(5.3) 

Furthermore, if a bounded function s satisfies (5.2) and is in addition slowly 
decreasing on JR+ (5.1) or satisfies the step function condition for JR+ of Definition 
1.16.2, thens(u) ---+ A asu ---+ 00. 

Pitt also obtained convergence s(u) ---+ A under more general (but complicated) 
Tauberian conditions; cf. Pitt [1938a] (theorem 8), [1940] and [1958] (chapter 4, 
theorem 10) for the case of R 

Proof of the Theorem. Let k be in W+ and let s be bounded and satisfy limit relation 
(5.2) with A = O. 

(i) In order to establish conclusion (5.3) it will be enough to treat the special case 
where h is the step function m: 

m(v) = { 1 for 0 < v ~ 1, 
o for v> I. 

Indeed, if (5.3) holds for h(v) = m(v), then it holds also for h(v) = me (v) = m(v/c) 
with c > O. Moreover, every function h in L 1 (JR+) is the limit, in L 1, of piecewise 
constant functions with bounded support. The latter are (almost everywhere) equal to 
finite linear combinations of simple step functions me. 

For h = m the left-hand side of (5.3) becomes the Cesaro mean a of s introduced 
in Section 1.13: 

1000 101 1 iou m(v)s(uv)dv = s(uw)dw = - s(v)dv = a(u). 
o 0 u 0 

(5.4) 

We will show that a satisfies conditions (2.9), (2.10) of Problem 2.2 with A = O. 
First of all, 

1000 
k(v)a(uv)dv = 1000 

k(v)dv 10 1 
s(uvw)dw 

= 10 1 
dw 1000 

k(v)s(uvw)dv ---+ 0 as u ---+ 00. (5.5) 
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Indeed, fooo k(v)s(uvw)dv ---'; 0 pointwise and boundedly on {O < w < I} as 
u ---'; 00. It is clear that la (.) I is bounded by sup Is (-) I. The function a is also slowly 
oscillating: by (5.4), pva(pv) - va(v) = f: v s(w)dw, so that 

la(pv) - a(v)1 = i~ l pV 
s(w)dw - (p - l)a(pv)i 

s2Ip-llsupls(w)I---,;0 asp---,;1. (5.6) 

Theorem 3.4, part (ii) applied to a now shows that a(u) ---'; A = 0 as u ---'; 00. Thus 
(5.3) holds for h = m (with A = 0) and this completes the proof of part (i). 

(ii) The relation a (u) ---'; 0 corresponds to Cesaro limitability of s with Cesaro 
limit 0; cf. Section I.18. If s is slowly decreasing or satisfies the step function condition, 
convergence s (u) ---'; 0 now follows from Theorem I.l8.1. 

o 
PROBLEMS OF BOUNDEDNESS. For the application of Wiener theory under general 

Tauberian conditions one must be able to establish boundedness of the functions S or 
s. In the case of positive monotonic kernels one may appeal to the general boundedness 
theorem of Section I.20. 

The following Wiener-type Tauberian for positive kernels, given in Hardy [1949] 
(section 12.12), is useful if one knows that s is bounded/rom below: 

Theorem 5.2. Let k(·) be in W+, k(·) 2: 0 on lli.+ and k(v) 2: f3 > O/orO < v < a. 
Let s(-) be 2: -C and such that fooo k(v)s(uv)dv exists, is bounded on {O < u < oo} 

and tends to A fooo k(v)dv as u ---'; 00. Then the Cesaro means a(u) = f01 s(uv)dv 
tend to A as u ---'; 00. 

Proof. Adding C to sO if necessary one may suppose that sO 2: O. Then 

1000 k(v)s(uv)dv 2: loa f3s(uv)dv = f3 10 1 
s(uaw)adw = f3aa(au) 2: 0, 

and hence a(·) is bounded, say by b. Thus by (5.4) 

a'(u) = {s(u) - a(u)}/u 2: -b/u almost everywhere, 

so that a is slowly decreasing; cf. (5.1). Finally, by (5.2) 

10 00 
k(v)a(uv)dv ---'; A 1000 

k(v)dv as u ---'; 00; 

cf. the derivation of (5.5). Applying the final part of Theorem 5.1 to a one concludes 
that a(u) ---'; A. 0 

For other results under a one-sided Tauberian condition, see Pitt [1938b], Diamond 
and Essen [1978]. In Chapter V we will treat a boundedness theorem of Pitt for rapidly 
decreasing kernels. 
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6 Direct Applications of the Testing Equations 

The testing equations in Section 3 may be used to treat a number of kernels without 
Wiener's 1932 Fourier method. 

Example 6.1. For Cesaro summability, the kernel k(v) is equal to 1 on the interval 
{O :S v < I} and equal to 0 for v > 1; see (2.6). Here the testing equation (3.9) for 
jR+ becomes 

fal ¢(uv)dv = 0 or fau ¢(w)dw = 0, Vu > O. 

By differentiation this implies that ¢(u) = 0 almost everywhere, hence the Cesaro 
kernel is in W+. 

Example 6.2. In the case of Abel summability, the kernel k(v) is equal to e-v ; see 
(2.6). Here the testing equation for jR+ becomes 

LX! e-V¢(uv)dv = 0 or faoc ¢(w)e-W/Udw = 0, Vu > o. (6.1) 

In other words, one requires that the Laplace transform of ¢ should be equal to zero. 
It is well-known that this condition implies ¢ = O. To verify this, note that by (6.1) 
for u = lin, 

faoo ¢(w)e-nwdw = 0 or fal ¢(log(l/x)}xn-1dx = 0, n = 1,2, .... 

An appropriate moment theorem then shows that f(x) = ¢{log(l/x)} is (equivalent 
to) the zero function on (0, 1). Indeed, by integration by parts, the continuous func
tion F(x) = f~ f(y)dy will also be orthogonal to the powers 1, x, x 2, ... , hence 

fol F(x)P(x)dx = 0 for all polynomials P. One may then derive from Weierstrass's 

approximation theorem that F is orthogonal to itself, fol FE' = 0, so that F(x) == O. 
Conclusion: f(x) = F'(X) = 0 almost everywhere on (0,1). 

It follows that k(v) = e-v is in W+. One can now use Theorems 5.1 and 5.2 
to derive the principal Hardy-Littlewood theorems for Abel summability. In Little
wood's Theorem I.7.1 one knows that Inanl :S C, hence the partial sum function 
s(v) = Ln<v an is slowly oscillating. To verify its boundedness one may use Corol
lary I.5.2. In the Hardy-Littlewood Theorem 1.7.2 one has nan 2: -c, so that s(·) 

is slowly decreasing. The boundedness of s(·) can again be derived from Section 
I.5; cf. Wiener [1933] (section 16). Under the weaker Schmidt condition of slowly 
decreasing {sn} or sO one may appeal to Boundedness Theorem I.19.1; cf. Remarks 
I.! 9.4. 

The 'Abel to Cesaro' Theorem I.7.3 provides the simplest illustration of Wiener's 
comparison of asymptotic averages: 
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Example 6.3. Let the sequence {sn} be Abel limitable to A, or equivalently, let 
Lan = L(Sn - Sn-I) have Abel sum A. By Example 6.2, the relevant kernel 
k ( v) = e - v is in W+. Hence if the sequence {s n} is bounded, the first (Wiener) part 
of Theorem 5.1 implies its Cesaro limitability to A: just take h (v) = I for 0 :s v < I 
and ° for v > 1. If one knows only that the sequence {sn} is bounded from below, 
Sn ~ -C, its Cesaro limitability follows from Theorem 5.2. 

Theorem 1.21.1 for the Laplace transform can be derived from the same theorem. 

Example 6.4. Before he developed his general theory, Wiener [1927a] dealt with the 
following problem which arose in his work on general harmonic analysis; cf. Levinson 
[1966] (pp. 17, 18). Let sO be integrable over every finite interval (0, B). Does the 
existence of one of the asymptotic averages 

1 iou 10 1 lima(u) = lim - s(v)dv = lim s(uv)dv, 
u 0 0 

(6.2) 

2 10 00 (Sinv/U)2 10002sin2v lim - --- s(v)dv = lim --2-s(uv)dv 
rru 0 v/u 0 rrv 

(6.3) 

as u -+ 00 imply the existence of the other, and their equality? In the desired appli
cation the function s is nonnegative. 

In (6.2) the relevant kernel is the Cesaro kernel which is in W+, but the kernel 

2 sin2 v 
k(v) = --2-

rrv 
(6.4) 

in (6.3) is a little more difficult. We will use Example 6.2 to verify that k is also in 
W+. Thus one may apply Theorems 5.1 and 5.2 to treat Wiener's 1927 questions. 

Let ¢ be any bounded solution of the testing equation (3.9) for k. Then 

1000 k(tv)¢(uv)dv = 1000 k(w)¢(uw/t)dw/t = 0, Vt, u > 0. (6.5) 

Below we will determine f ELI (0, 00) such that 

10 00 tf(t)k(tv)dt = e-v . (6.6) 

Multiplying equation (6.5) by tf(t) and integrating over ° < t < 00, one may deduce 
from (6.6) that ¢ satisfies equation (6.1). Hence ¢ = ° and k is indeed in W+. 

The condition on f may be written as 

1000 1 - cos2vt 2 
f(t) dt = v e-v , 

o rrt 

so that by differentiation with respect to v, 

21000 - f(t) sin 2vt dt = (2v - v2)e-v . 
rr 0 
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The final equation can be solved by Fourier inversion; the solution 

also satisfies equation (6.6). 

8t(12t2 - 1) 
f(t) = (4t2 + 1)3 (6.7) 

Remarks 6.5. For our treatment of the Hardy-Littlewood theorems in Example 6.2, 
cf. Delange [1949] and Widder [1971]. 

Bochner and Hardy [1926] answered half of Wiener's questions in Example 6.4: 
they showed that lim a(u) = A in (6.2) implies that the limit in (6.3) exists and 
is equal to A. In his complete treatment of the problem, Wiener [1927a] used the 
solution (6.7) to equation (6.6). In the terminology of Hardy's book [1949] (sections 
12.10,12.12), the kernel k in (6.4) defines Riemann summability of order two. 

7 Fourier Analysis of Wiener Kernels 

In order to decide whether a given L 1 function K is a Wiener kernel according to 
Definition 3.3, we have to investigate if the zero function is the only bounded solution 
<I> of the testing equation 

K * <I>(x) = k K(x - y)<I>(y)dy = 0, \Ix E R (7.1) 

FOURIER TRANSFORMATION. Before we discuss the testing equation we list some basic 
facts about Fourier transformation on L 1 = L 1 (JR) which will be used later on. Proofs 
may be found in many books, for example, Titchmarsh [1937/86]. 

For F ELI the Fourier transform F is the function 

F(t) = k F(x)e-itxdx, -00 < t < 00. (7.2) 

[Some authors use eitx instead of e-itx , but this makes no essential difference in the 
theory.] By (7.2) the transform of F(x)eiex is F(t - c), the transform of F(x - c) is 
F(t)e-iet and the transform of F(x/'A) with 'A > ° is 'AF('At). 

The Fourier transform F(t) is bounded and continuous; for It I ---+ 00 it tends to ° by the Riemann-Lebesgue lemma; cf. Korevaar [1968] (section 3.2.3). If F is also 
in L lone has the inversion formula 

F(x) = - F(t)e,xtdt, 1 i ~ . 
21l' lR 

(7.3) 

valid for almost all x. In any case F can be recovered as a Cesaro-type limit: for 
almost all x, 

F(x) = lim _1 jR (1 _l!l) F(t)eixtdt. 
R-+oo 21l' -R R 

(7.4) 

Thus Fourier transformation on Ll is one to one: if F = 0, then F = 0. 
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CONVOLUTION. Assuming that both F and G are L 1 functions, the product H (x, y) = 
F(x - y)G(y) will be measurable; cf. Rudin [1966/87] (chapter 7). Knowing this, 
one may use Fubini's theorem to show that the convolution 

F * G(x) = (F * G)(x) ct,g L F(x - y)G(y)dy 

is also in L 1 . Indeed, on the basis of positivity one has 

r IH(x, y)ldxdy = r dx r IF(x - y)G(y)ldy 
J~2 J~ J~ 

(7.5) 

= L IG(y)ldy L IF(x - Y)ldx, (7.6) 

and the right-hand side is finite. This proves the existence of the inner integral in the 
second member and of the integral (7.5) for F * G (x) for almost all x, as well as the 
integrability of F * Gover lR. Fubini's 'inversion of order of integration theorem' next 
shows that the Fourier transform of F * G is equal to the product of the transforms: 

(F * Grct) = L e-itxdx L F(x - y)G(y)dy 

= L G(y)e-itYdy L F(x - y)e-it(x-Y)dx = G(t)Fet). (7.7) 

The convolution of an L 1 function F and a bounded function G exists for all x 
(and is continuous). 

Formula (7.7) implies that there is no unit element in Ll relative to convolution. 
For if there would be EEL 1 such that E * F = F for all F ELI, then the formula 
E F = F would show that E == 1, which contradicts the Riemann-Lebesgue lemma. 

Example 7.1. An important Fourier pair has as transform part the so-called triangle 
function 

~ (t) = ~ (t _ c) = { 1 - It - ellA for It - cl ::: A, 
A,C A 0 for It - cl > A, 

where c is real and A > O. The 'Fourier original' is 

DA c(x) = DA (x )eicx , 
1 lA ixt 1 - cos AX 

DA(x) = - ~A(t)e dt = 2' 
2]f -A ]fAX 

The directed family {DA }, A -+ 00, forms a so-called approximate identity relative 
to convolution: for any F ELI one has DA * F -+ F, both in L 1 and in the sense of 
almost everywhere convergence. The latter fact plays a role in the proof of formula 
(7.4). By analogy with the case of Fourier series (Section 1.3), the approximate identity 
{DA} may be called the Fejer kernel for lR. 

HEURISTICS. In view of the preceding it is natural to try to deal with the testing equation 
(7.1) by Fourier analysis. Formal application of the transformation rule (7.7) for a 
convolution gives 

(K * <I>rct) = K(t)<I>(t) = 0, -00 < t < 00. (7.8) 
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Thus if 
K (t) oF 0 for all (real) t, 

(Wiener's condition), one would hope to conclude that 

<i> = 0 and hence <P = O. 

(7.9) 

(7.10) 

The final conclusion <P = 0 is correct, but it requires a fair amount of work to validate 
the heuristic argument. In classical Fourier theory (as opposed to distributional the
ory), <i> is not defined for arbitrary bounded <P, and (7.8) does not make sense unless 
either K or <P is better than postulated. 

Theorem 7.2. A function K in L 1 (JR.) is a Wiener kernel [in the sense of Definition 
3.3 that K * <P = 0 for bounded <P implies <P = 0] if and only if the Fourier transform 
K is zerojree (on JR.). Equivalently (by Section 3), afunction k in L 1 (JR.+) is a Wiener 
kernelfor JR.+ if and only ifits 'Fourier-Mellin transform' 

v def reX) . 
k(t) = Jo k(v)v'tdv (7.11) 

does not vanish anywhere. 

[If one works with the class Ll (JR.+, w) with weight function w(v) = l/v, men
tioned in Section 2, one would obtain a somewhat different formula for the Fourier
Mellin transform; cf. Section 14.] 

Below we derive the difficult part of Theorem 7.2 from the following DIVISION 
THEOREM of Wiener [1932] (p. 18) which will be proved in Section 9. (There is a 
more general result on division in Theorem 9.3.) The author's (shorter) distributional 
proof for Theorem 7.2 will be given in Section 11. 

Theorem 7.3. (Division Theorem) Let iI and K be Fourier transforms of L I functions 
Hand K on R let iI (t) = 0 for all t outside the finite interval (a, b) and let K (t) 
be oF Of ora ::: t ::: b. Then 

H, 1 
---;;- = Q with Q E L (so that H = Q * K). 
K 

(7.12) 

Derivation of Theorem 7.2. If K(a) = 0 (for a real a), then <p(y) e iay is a 
nonzero bounded solution of the testing equation (7.1), so that K is not in W: 

k K(x - y)eiaYdy = k K(z)eia(x-z)dz = eiax K(a) = 0, V x. 

Suppose now that K (t) oF 0 for every t and that <P is a bounded solution of the 
testing equation K * <P = O. Taking 

1 - COSX icx 
H(x) = Hc(x) = Dl,c(X) = 2 e , H(t) = ~l (t - c) 

nx 
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where c is arbitrary (Example 7.1), we let Q = Qe be as in Division Theorem 7.3. 
Then by Fubini's theorem and (7.12) 

0= Qe * (K * <1» = (Qe * K) * <I> = He * <1>. (7.13) 

In particular (since He * <I> is continuous), 

0= (He * <1»(0) = [ He(-y)<I>(y)dy = [ 1 - c~sy e-ieY<l>(y)dy. 
J~ J~ ny 

(7.14) 

This holds for every real c, so that the L I function (l - cos y) <I> (y) / (n l) has Fourier 
transform identically equal to O. Hence 

(1 - cos y)<I>(y) = 0 for almost all y, 

and thus also <I>(y) = 0 almost everywhere. Conclusion: K is a Wiener kernel in the 
sense of Definition 3.3. 

Theorem 7.2 has the following corollary. 

Corollary 7.4. If the testing equation K * <I> = 0 in (7.1) has a bounded solution 
<I> t= 0, then the Fourier transform K has a zero a, so that the testing equation has 
an exponential solution <I>(y) = eiay with real a. 

8 The Principal Wiener Theorems 

We summarize what we have learned about the class W of Wiener kernels K and 
explicitly state the principal Tauberian theorems. 

Theorem 8.1. (WIENER KERNELS) Each of the following conditions may be used to 
characterize K ELI (JR) as a Wiener kernel: 

( I) The Fourier transform 

K(t) = L K(x)e-itxdx (S.l) 

of K is different from 0 for all (real) t [this was Wiener's definition]; 
(2) The testing equation K * <I> = 0 for bounded <I> implies <I> = 0 [this was our 

original definition for a Wiener kernel, Definition 3.3]; 
(3) The translates K(· - A) of K, -00 < A < 00, span the whole space L I; 

(4) K is admissible in the Wiener Problem 4.1; 
(5) K is admissible in the Wiener-Pitt Problem 2.4. 

Proof. The equivalence (1) {} (2) is Theorem 7.2. For (2) {} (3), see Corollary 4.3. 
For (2) ::::} (4) ::::} (1), see Theorem 4.2 and the observation following it. Similarly, for 
(2) ::::} (5) ::::} (1), see Theorem 3.4 and the observation following Problem 2.4. 

We can now formulate Wiener's PRINCIPAL TAUBERIAN THEOREM [1932] (the
orem S) as follows; cf. Theorem 4.2 and the lines below it. The theorem compares 
asymptotic averages: 
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Theorem 8.2. Let K be in L I. Then the condition K E W is necessary and sufficient 
in order that the relation 

~ K(x - y)S(y)dy ---+ A ~ K(y)dy as x ---+ 00, (8.2) 

for (otherwise arbitrary) bounded functions S and corresponding constants A = As, 
imply 

~ H(x - y)S(y)dy ---+ A ~ H(y)dy as x ---+ 00 

for every function H in L I (JR). 

(8.3) 

We next state WIENER'S ApPROXIMATION THEOREM [1932] (theorem 2), which 
emphasizes the equivalence (3) {:} (l) in Theorem 8.1. 

Theorem 8.3. For K ELI, the finite linear combinations of the translates K (. - A), 
A E lR are dense in L I if and only if K (t) f=. 0 for all t E lR. 

Being equivalent to Theorem 8.2, this result is also sometimes called Wiener's 
Tauberian theorem, especially in the context of extensions to groups. (This might 
appear mysterious to those looking for a direct connection with summability!) For a 
quick proof of the Theorem one may use the 'continuous linear functionals test' for 
a spanning set in Ll to obtain the testing equation (cf. Section 4), and then treat the 
latter with the aid of distributions; see Section 11. An algebraic proof of Theorem 8.3 
will be given in Chapter V. 

There is a corresponding (but simpler) approximation theorem of Wiener [1932] 
for L 2. The translates of an L 2 function K span L 2 if and only if K (t) f=. 0 for almost 
all t E R Uniform approximation has been considered by Boas and Bochner [1938]. 
In particular, if K is of bounded variation on R the translates span the space Co(lR) of 
the continuous functions which vanish at ±oo if and only if the Fourier transform dK 
does not vanish on an interval. Approximation involving special families of translates 
occurs in work of Korevaar [1947], Ganelius [1972], Atzmon and Olevskil [1996], 
and N. Nikolski [1999]; cf. also related work by H.S. Shapiro [1968]. 

Going back to L I , one may ask which functions H are in the closed span ~ (K) 
of translates of K if K does have zeros. (Such functions H can then be used to go 
from (8.2) to (8.3); cf. Section 4.) If His L 1 limit oflinear combinations of translates 
of K, then fI(t) = 0 everywhere on the zero set of K, but the latter property is not 
enough for H to be in ~(K). Wiener [1932] proved that ~(K) contains all functions 
H for which supp fI belongs to the open set where K (t) f=. 0; cf. Corollary 9.4. For 
more refined results see, for example, Rudin [1962/90] (chapter 7). 

It is useful to include a statement of Pitt's additions [1938a], [1958] to Wiener's 
theorem for R Here we use the Tauberian conditions of Definition 2.3. 

Theorem 8.4. For K in L I (lR), the condition K E W is necessary and sufficient in 
order that the limit relation (8.2),for( otherwise arbitrary) bounded, slowly oscillating 
or slowly decreasing functions S(·) on lR and corresponding constants A = As, imply 
S (x) ---+ A as x ---+ 00. 
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For K E Wand bounded S satisfying relation (8.2), the step function condition 
for S on jR also implies convergence S(x) ---+ A. 

As in the case of Theorem 8.2, the necessity of the condition' k zero-free' in 
the first part follows by considering the exponentials S(x) = eiax ; they are slowly 
oscillating. For the 'sufficiency', cf. Theorem 5.1. The optimality of the Tauberian 
conditions in Wiener theory will be discussed in Section 16. 

There are also Wiener theorems for families of kernels; see Section 10. 

RESULTS FOR jR+. We have seen in the preceding sections that the Theorems for jR 
have analogs for jR+. By Theorem 7.2 a function kin L1(jR+) is in the Wiener class 
W+ if and only if its Fourier-Mellin transform 

(8.4) 

is different from 0 for all (real) t. Because it is so often used in applications, we 
explicitly state the Wiener-Pitt theorem for jR+ (cf. Theorem 5.1): 

Theorem 8.5. Let k be in W+, let s be bounded and let 

1000 k(v)s(uv)dv ---+ A 1000 k(v)dv as u ---+ 00. (8.5) 

Then 

1000 h(v)s(uv)dv ---+ A 1000 
h(v)dv as u ---+ 00 (8.6) 

for every function h in L1 (JR+). Ifmoreover s is slowly decreasing on JR+ as in (5.1) 
or satisfies the step function conditionfor jR+ of Definition 1.16.2, then s(u) ---+ A as 
u ---+ 00. 

Remarks 8.6. (Cf. the comments in Korevaar [1979]) There are numerous expositions 
of Wiener's Tauberian theory in lesser or greater generality. Although the details of 
the derivations vary, the underlying ideas are usually the same. 

For given bounded S, the limit relation (8.2) may be extended from K to other 
kernels H by convolution and approximation. In his first paper on general Tauberian 
theorems, Wiener [1928] required not only that K be in L 1 , but also that x K (x) be in 
L I. Such a hypothesis simplifies the analysis; cf. Bochner [l933b], Levinson [1966], 
[1973]. One can achieve further simplification by requiring that (1 + x 2)K(x) be in 
L I; see Kac [1965]. This condition is satisfied in many applications, for example in 
the case of the Lambert kernel for R 

In his definitive article, Wiener [1932] made the L 1 Approximation Theorem 
8.3 the cornerstone of his general Tauberian theory. It may be remarked that he did 
not base the proof on the dual approach via the testing equation: Wiener described 
explicitly how to obtain approximating linear combinations. An important step in his 
proof was the observation that Fourier transforms of L I functions are characterized 
locally by absolutely convergent Fourier series. Division then appeared explicitly in 
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his famous 'Lemma' for such series: If / is periodic, continuous and nowhere equal to 
zero, and has absolutely convergent Fourier series, the same is true for the reciprocal 
1//. See Theorem V.5.3 in this book. 

The Lemma, and contributions by several authors, foremost among them Beur
ling [1938] and Gel'fand [1939], led to the theory of Banach algebras; see Gel'fand 
[1941a], Gel'fand, Raikov and Shilov [1964/01], Naimark [1956/72]; cf. also Palmer 
[1994]. In that context Wiener's Fourier series lemma and Ll approximation theo
rem attain a particularly elegant form; see Chapter V. There are further extensions 
in the setting of harmonic analysis on groups. See for example the books by Loomis 
[1953], Rickart [1960], R.E. Edwards [1967], Rudin [1962/90], [1973/91], Katznel
son [1968/76], Reiter and Stegeman [2000]. Chapter V also contains an extension of 
Theorem 8.3 to weighted Ll approximation, which goes back to Beurling [1938]. 

Of the alternative approaches to Wiener's general theory we also mention those 
by Pitt [1938a], Carleman [1944], Beurling [1945], [1947] and Pollard [1953]. Van 
Neerven [1997] gave a proof in the setting of operator theory. Korevaar's short dis
tributional proof [1965] is given in Section 11 below. 

Besides Wiener's own book [1933] and books already referred to, we mention 
expositions of Wiener's theory in books by Widder [1941], Hardy [1949], Hille and 
Phillips [1957/74], Pitt [1958], Goldberg [1961], Hewitt and Ross [1970], and van de 
Lune [1986]. As indicated before, most of the treatments involve related ideas, but 
one proof by Beurling is quite different: it starts with a direct proof of Corollary 7.4. 
See Beurling [1945] and cf. Garsia [1963]. 

Ganelius formulated a Wiener-type Tauberian theorem for distributions [1971] 
(section 1.4); see Johansson [1995] for a more precise statement. Wiener theory 
for distributions and various classes of generalized functions has been the subject 
of numerous papers by Stankovic and coauthors; see in particular Pilipovic and 
Stankovic [1993]. 

9 Proof of the Division Theorem 

The main purpose of this section is to prove Division Theorem 7.3. The present proof 
is essentially due to Pitt [1938a], but the basic ideas go back to Wiener, who employed 
absolutely convergent Fourier series. 

Under the norm 

IIFII = £ IF(x)ldx, (9.1) 

the linear space L 1 becomes a complete normed space or Banach space. The norm 
satisfies the inequalities 

(9.2) 

cf. formula (7.6). [One may conclude that with convolution as multiplication, L 1 

becomes a Banach algebra. More on this in Chapter Y.] Observe also that 

s~p IFet)1 = s~p I £ F(X)e-itXdxl :s IIFII· (9.3) 
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Proposition 9.1. (Division Theorem, special case) Let F and G be in L 1 with 
IIGII < 1. Then 

F A 1 
--A = P with PEL . 
1 +G 

(9.4) 

Proof. Consider the series 

Since by (9.2) 
IIF * G*nll :s 11F1I1IGlln , 

the sum of the norms of the terms in (9.5) is finite. Because L 1 is complete, it follows 
that the series (9.5) converges in Ll to a function P. Since the Fourier transform of 
the sum function P may be obtained by termwise Fourier transformation, one finds 
that P is equal to F - Fa + Fca)2 - '" = F /(1 + a). 

We will occasionally use the symbol D for the class of Fourier transforms of 
L 1 functions. Thus the assertion in Theorem 7.3 is that certain quotients if / K are in 
D. The proof will use some special functions in D and their translates. The basic 
building block is the triangle function /}.e with small £ > 0; cf. Example 7.1. It has 
support [ -£, £] and involves an isosceles triangle with base [ -£, £] and height 1; the 
Fourier original De has norm 1. We also need the elementary trapezoidal Junction 

(9.6) 

It has support [ - 2£, 2£] and has the value 1 on [ - £, £]; the slanted edges run up from 
the point (-2£,0) to (-£, 1) and down from (£, 1) to (2£,0); see Figure IL9. The 
Fourier inverse Te of Te is given by 

. . cos £x - cos 2£x 
Te(x) = De(x)(e-teX + 1 + e'SX ) = 2; (9.7) 

Jr£X 

the norm II Ts II is bounded by 311 De II = 3. 

Fig. 11.9. The function Ts 
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Proposition 9.2. (Division Theorem, special case) For K E LI with K(c) -I- 0 and 

sufficiently small £ > 0 (so that inequality (9.14) below is satisfied), one has 

I'1E (t - c) A • I 
A = R£ c(t) With RE,c E L . 

K(t) . 
(9.8) 

If KCt) -I- Of or a :S t :S bone can find £0> 0 such that there is aformula C9.8)for 
every £ :S £0 and every c E [a, b]. 

Proof. For small £ one has K (t) -I- 0 on the support [c - £, C + £] of I'1E U - c). Since 
TE(t - c) = Ion that support, we may write 

I'1EU-C)_I'1E(t-C)/[ K(t)-K(c) _) 
A - A 1 + A TE(t c). 

K(t) K(c) K(c) 

Proposition 9.1 guarantees that this quotient is in L 1 if 

A def VE.C(t) def {K(t) - K(c)}r£(t - c) 
G(t) = -A- = ----:-A----

K(c) K(c) 

(9.9) 

(9.10) 

is the Fourier transform of a function G of norm less than 1. Direct computation shows 
that VE,c(t) is the Fourier transform of 

V£.e(X) = ~ {TE(x - y) - TE(x)}K(y)eie(x-Y)dy. 

Thus 

IIVE.ell :S ~ dx ~ IT£(x - y) - T£(x)IIK(y)ldy = ~ IK(y)lpE(y)dy. (9.11) 

where 

PE(y) = ~ ITE(x - y) - T£(x)ldx = ~ I£Tl (£x - £y) - £TI (£x)ldx 

= ~ ITI(z - £y) - Tl(Z)ldz. 

By taking B large one readily verifies that 

It follows that PE(y) ~ 0 as £ "'" 0 for every y; since IITll1 :S 3, the supremum of 
PE (y) is bounded by 6. Hence by dominated convergence, the final integral 

def [ 
1(£) = 1)R IK(y)lp£(y)dy (9.12) 
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in (9.11) tends to 0 as c "- O. We record that 

IlVs,ell ::s I(c) forevery c. (9.13) 

Conclusion. Let c > 0 be so small that 

I(e) < IK(c)l. (9.14) 

Then the inverse transform G of Gin (9.10) has norm less than 1, hence by (9.9) and 
Proposition 9.1, bos(t - c)1 K(t) is in £1. (A worried reader may verify directly that 
K(t) cannot vanish on [c - e, c + e], since on that interval 

For the second part of the Proposition one takes eo so small that 

I (e) < min I K (t) I for every e ::s eo. 
ag:sb 

Proof of Wiener's Division Theorem 7.3. Multiplying the original Hand K by a 
suitable exponential eiax in order to translate fI and K, one may assume that the 
interval (a, b) in the Theorem is symmetric about the origin. Having fI(t) = 0 for 
It I 2: band K(t) f= 0 for It I ::s b we have to show that fIlK is in D. Continuing 
with the notation introduced above, we use a sum of translates of the triangle function 
bos to construct a trapezoidal function (; which is equal to 1 on [-b, b]: 

N 

(;(t) = L bos(t - ne), e = biN. (9.15) 
n=-N 

Here we takee so small (N so large) that bos(t-c)1 K(t) is in£! for every c E [-b, b]; 
cf. Proposition 9.2. Then 

~ N 
U(t) "bos(t - ne) ~ 
-~ - = ~ ~ = R(t) 
K(t) n=-N K(t) 

(9.16) 

Finally, since (; = I on the interval [-b, b] which contains supp iI, 
~ ~ 

H ~U ~~ ~ 1 
~ = H--;;- = HR = Q, with Q = H * R in L . 
K K 

o 
A slightly more general form of the Division Theorem is 

Theorem 9.3. Let fI and K be Fourier transforms of L 1 junctions, let fI have compact 
support and let K (t) be different from 0 for all t in the support of iI. Then fI I K = Q 
with Q in L1. 
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Proof. The (open) set on which K (t) oj::. 0 can be represented as a countable union of 
(disjoint) maximal open intervals. By the hypothesis, finitely many of these will cover 
supp H, say (aI, th), (a2, th), .. " with.BI :::: a2, etc. The part of supp H in (ai, .Bd 
must have positive distance to the part in (a2, ,132), etc. Tentatively writing Hj for the 
restriction of H to (a j, .Bj), one obtains a decomposition H = HI + H2 + ... such 
that supp H j belongs to a compact subinterval [a j, b j] of (a j, ,13 j ). Representing Hj 
as H· Vj with a trapezoidal function Vi which is equal to 1 on [ai, b i) and has support 
in (a j, ,13 i), one finds that Hi is in i I. With the aid of Theorem 7.3, the division of 

H = L Hi by K may now be carried out term by term. 

The following related result was also mentioned by Wiener [1932]. 

Corollary 9.4. Let Hand K be L I functions such that K (t) oj::. 0 for all t in the 
support of H. Then H belongs to the closed span ~ (K) of the translates of K in L I. 
Thus for these Hand K, relation (8.2) for bounded S implies (8.3). 

Indeed, H can be approximated in L I by functions Hw for which Hw has compact 
support contained in supp H. (One may take Hw = H * Dw with large w.) By the 
Theorem, Hw = Qw * K with Qw ELI. Thus for any bounded function <t> such that 
K * <t> = 0, also Hw * <t> = O. It follows that Hw is in ~ (K), etc.; cf. Section 4. 

10 Wiener Families of Kernels 

For some applications one needs an extension of Theorem 8.2 to the case of families 
of kernels. 

Definition 10.1. A family of functions F = {K v} on JR. will be called a Wiener family 
of kernels, notation F = {Kv} C W F, if each Kv is in LI (JR.) and the system of 
testing equations 

l Kv(x - y)<t>(y)dy = 0, V x E R V Kv E F (10.1) 

has no bounded solution <t> oj::. O. 

One can of course also consider Wiener families for JR.+. 

Theorem 10.2. The L I family F = {Kv} is in W F ifand only if the Fourier transforms 
K v have no common (real) zero. 

Classical proof. If Kv(a) = 0 for all Kv E F, then <t>(y) = eiay is a solution of the 
system (10.1). For the other direction, suppose that <t> is any bounded solution of the 
system (10.1) and that for each t, Kv(t) oj::. 0 for some Kv E :F. We will show that 
for every interval [-b, b) there is then an L I function U with V = I on [-b, b) such 
that U * <t> = O. 

Indeed, let the continuous function K v (t) be oj::. 0 for av :::: t :::: bv . Then by Propo
sition 9.2 one can find Sv > 0 such that for every E :::: sv, the quotienL~£ (t - c) / K v (t) 
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is equal to a function Re,e E LI for all c E [av, bv]. It follows that De,e = Re,e * Kv, 
hence De,c * <I> = O. One can cover [-b, b] by finitely many open intervals, and next 
by closed intervals, throughout each of which some Kv is oft O. Each closed interval 
has associated functions !le{t - c) with De,e * <I> = 0 for all sufficiently small e and 
all c in the interval. One can then obtain a suitable function U by adding congruent 
triangular functions !le(' - c); cf. (9.15). The corresponding function U is a sum of 
L 1 functions De,e and hence U * <I> = O. 

Having such a function U for arbitrary b > 0, one may convolve with He = DI,e 

for -b + I :::: c :::: b - 1 (so that HJ; = He) to conclude that He * <I> = 0 for 
every c. For the proof that <I> = 0 one may then use the final part of the derivation of 
Theorem 7.2. 

We now verify Wiener's Tauberian theorem [1932] for families of kernels. 

Theorem 10.3. Let F be afamity of LI kernels Kv. Then the condition FeW F is 
necessary and sufficient in order that the relations 

k Kv(x - y)S(y)dy ---+ A k Kv(y)dy as x ---+ 00, V Kv E F (10.2) 

for (otherwise arbitrary) bounded functions SO and corresponding constants A = 
As imply k H(x - y)S(y)dy ---+ A k H(y)dy as x ---+ 00 

for every function H in L 1 • 

(10.3) 

Proof. The necessity is clear. Suppose now that the L 1 family F = {K v} is such that 
for some bounded S and some HELl, one has (10.2) with A = 0 but not (10.3). 
Then consider T = H * S. This function is bounded and uniformly continuous, 
Kv * T(x) = H * Kv * Sex) ---+ 0 as x ---+ 00, "Iv, but for some f3 > 0 one has 
IT(xn)1 ::: f3 for a sequence Xn ---+ 00. As in Reduction 3.1 one now constructs 
a bounded uniformly continuous function <1>(.) = lim T(xnj + .) ¢ 0 for which 
Kv * <I> = 0 for all v. Conclusion: F is not a Wiener family. 

Remarks 10.4. There is of course also a Wiener approximation theorem and a 
Wiener-Pitt theorem for Wiener families; cf. Theorem 8.3 or Section V.3 and Theo
rem 8.4. The results for families also have analogs for jR+. 

11 Distributional Approach to Wiener Theory 

The proof of the Fourier transform characterization of Wiener kernels, Theorem 7.2, 
can be simplified if one uses distributional Fourier transforms (Korevaar [1965]). The 
argument then becomes local and requires no global division theorem. This approach 
is particularly efficient in the case of Wiener families; see below. 

DISTRIBUTIONAL FOURIER TRANSFORMATION; cf. the books Schwartz [1966], 
Hormander [1983-85]. The standard testing functions in distribution theory for jR 
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are the Coo functions ¢ of compact support, notation ¢ E CO'. For Fourier transfor
mation one enlarges this class to the Schwartz space S: ¢ E S on JR if ¢ E Coo and 
all derivatives Dq¢ are rapidly decreasing. That is, they tend to zero at ±oo more 
rapidly than any negative power of the variable. Convergence in S is defined with the 
aid of the family of seminorms 

Mpq(¢) = sup Ix P Dq¢(x)l, p, q = 0, 1,2, .... 
XE~ 

On S, Fourier transformation is one to one and onto. It is also continuous in the sense 
of S, as may be derived from the rules 

(i5¢)(t) = it;fJ(t), (x¢)(t) = iD;fJ(t). 

One now introduces the dual space S' of S of so-called tempered distributions. 
These are the continuous linear functionals T on S to C: 

T(CJ¢1 + C2¢2) = Cl T(¢l) + C2 T (¢2), 

if ¢J... --* ¢ in S, then T(¢J...) --* T(¢). 

Every locally integrable function F on JR of at most polynomial growth is represented 
in S' through the formula F (¢) = J~ F ¢. It is convenient to write T (¢) = < T, ¢ > 
and for the rules, to think of T (¢) as some kind of integral J~ T ¢. Convergence in 
S' is defined by the rule 

TJ... --* T if < TJ..., ¢ > --* < T, ¢ >, V ¢ E S. 

One says that T = 0 on (a, b) if < T, ¢ > = 0 for all ¢ E S with support in 
(a, b). If T = 0 in a neighborhood of every point C E JR, then T = 0 (on JR). For 
locally integrable functions F in S', being equal to 0 on (a, b) in the sense of S' 
means that F(x) = 0 almost everywhere on (a, b), as in the case of L 1 (a, b). 

Tempered distributions can be multiplied by Coo functions g whose derivatives 
grow at most polynomially. The product gT E S' is defined by 

<gT,¢>=<Tg,¢>=<T,g¢>, V¢ES. 

For rapidly decreasing integrable functions g there is a convolution g * T in S', given 
by 

<g*T,¢>=<T*g,¢>=<T,gR*¢>, where gR(X)=g(-x). 

For a tempered distribution T, T E S', the Fourier transform T is the tempered 
distribution (continuous linear functional on S) defined by 

< T,¢ >=< T,;fJ >, V¢ ES. 

In particular every locally integrable function F of at most polynomial growth has a 
Fourier transform in S'. If T = U then T = {I / (2rr)} (; R. Fourier transformation on 
S' is one to one, onto and continuous. For rapidly decreasing functions g, 

(g*Tf=gT. (11.1) 
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Distributional Treatment of the Testing Equation. We now give another proof 
of Theorems 7.2 and 10.2. It will be sufficient to prove the more general Theorem 
10.2. Accordingly, suppose that for the L I family of kernels F = {K v}, the Fourier 
transforms K v have no common zero. Let <1> be any bounded solution of the system 
of testing equations 

K v *<1>=O, 'v'KvEF. 

We will prove that <P = 0 (hence <1> = 0) by showing that for any given point c E JR, 
one has <P = 0 in a neighborhood of c. 

To this end we choose a 'trapezoidal' Coo function TCt) = T] (t) which is equal 
to I for It I :S I and equal to 0 for It I :::: 2. [One may, but need not, require that 
O:s T(t) :S 1 for all t.] For any E > 0 we set TE(t) = TCtIE). Observe that 

T2eCt - c) = 1 on the support of Te(t - c). 

We next choose a function K = K v in F such that K (c) =1= 0 and take E > 0 so small 
that K(t) =1= 0 for c - 2E :S t :S c + 2E. Then 

Te(t - c) 
---:--

K(c) 1 + GCt) 

A K(t) - K(c) 
G(t) = A T2e(t - c). 

K(c) 

The same argument that was used for Proposition 9.2 will show that II G II < 1 when 
E is sufficiently small. For such E, by Proposition 9.1, 

TeCt - c) A 

A = R(t) with R in LI. 
K(t) 

Let us denote the inverse Fourier transform of To (t - c) by g so that g is in S. 
Then since (RK)(t) = TeCt - c) one has R * K = g. Now K * <1> = 0, so that 

0= R * (K * <1» = (R * K) * <1> = g * <1>. 

Hence by (11.1), 0 = (g<P)Ct) = Te(t - c)<P(t). Finally, since TeCt - c) 1 for 
c - E :S t :S c + E, 

<P(t) = 0 throughout the open interval (c - E, C + E). (11.2) 

D 
Before we continue with more theory we discuss an important application. 

12 General Tauberian for Lambert Summability 

We recall the famous Tauberian theorem of Hardy and Littlewood [1921] for Lambert 
series (Section 1.10), which implies the prime number theorem as we saw. 
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Theorem 12.1. Let :LZ" an be Lambert summable to A, that is, 

00 L nt 
an --- converges for t > 0 and the sum function tends to A 

e nt - 1 
n=O 

as t ">I O. Suppose also that 

Inanl .::: C or nan ~ -C. 

Then :LZ" an converges to A. 

(12.1) 

(12.2) 

Wiener [1928], [1932] gave the first proof of the Theorem independent of prime 
number theory. His proof used only the nonvanishing of the zeta function on the line 
{Re z = 1}. Thus Wiener became the first to show that the prime number theorem is 
a consequence of that property of ~(z). 

Wiener also showed that the Tauberian conditions (12.2) may be relaxed to '{sn} 
slowly decreasing': 

liminf (sm - sn) ~ 0 for n ~ 00 and 1 < min ~ 1. 

Motivated by the special case s (v) = :Ln <van, we consider an extension of Theorem 
12.1 to the case of Stieltjes integrals with-slowly decreasing functions s(·): 

liminf{s(pv) - s(v)} ~ 0 as v ~ 00 and 1 < p ~ 1. (12.3) 

Suppose also that s(v) vanishes for v < 0, is of bounded variation on every finite 
interval, continuous from the right and such that the integral Jo~ ds(·) is Lambert 
summable to A. That is, the improper integral 

100- tv . 
---ds(v) eXIsts for t > 0 and has limit A as t ">I O. 

0- etv - 1 

Setting t = l/u and integrating by parts one arrives at the limit relation 

feu) ~ k(v)dvs(uv) = kl (v)s(uv)dv ~ A d f 100
- 100 

where 

0- 0 

v 
k(v) = --, 

eV - 1 

d -v 
kl(v) = ---; 

dv eV - 1 

cf. Section 2 or 1.13. Is it true that s(u) ~ A as u ~ oo? 

as u ~ 00, (12.4) 

(12.5) 

For the application of standard Wiener theory one needs boundedness of the func
tion s(·). In the case of series and the Tauberian conditions in (12.2), the boundedness 
may be proved by relatively simple arguments; cf. Section 1.5. In the general case 
of (12.3) one may appeal to Boundedness Theorem 1.20.1; we check the conditions. 
The kernel k(·) in (12.5) qualifies: it is positive, continuous and decreasing with 
k(oo-) = O. Furthermore, the function feu) in (12.4) is well-defined and bounded 
for u > uo. Hence by Theorem 1.20.1 our slowly decreasing s will indeed be bounded; 
cf. Remark 1.20.2. 
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Theorem 12.2. (GENERAL LAMBERT TAUBERIAN) Let s(v) vanish for v negative, be 
of bounded variation on every finite interval, continuous from the right and such that 
the 'Lambert transform' 

feu) = roo
- _v-dvs(uv) 10- eV - 1 

(12.6) 

exists for u > O. Suppose that feu) -+ A as u -+ 00 and that s is slowly decreasing 
on JR;+ (12.3). Then s(u) -+ A as u -+ 00. 

Proof. By the preceding, the relation feu) -+ A can be written in the form (12A) 
with kl (.) as in (12.5), and sO is bounded. For the application of Theorem 8.5 we 
still have to show that kl is a Wiener kernel on JR;+. This will be the case if (and only 
if) the Fourier-Mellin transform of kl is different from 0 for all real t. The transform 
is 

kl(t) = kl(V)v'tdv = - -- v'tdv. v 100 
. 100 

( d -V). ° 0 dv eV - I 
(12.7) 

It is clear that kl (0) = 1. For the computation of kl (t) we introduce an ordinary 
Mellin transform which involves a complex variable z: 

100 iB d-v g(z) = kl (v)vZ-1dv = lim vZ- 1_ --dv. ° fJ'"O, B---+oo fJ dv eV - 1 
(12.8) 

Observe that kl (t) = g(1 + it). 
The function g(z) is continuous (in fact, analytic) throughout the half-plane 

{Re z > OJ. Indeed, the limit in (12.8) exists uniformly in every strip {E :S Re z :S E} 

with E > O. In order to evaluate g (z) we take Re z > I, so that one can integrate by 
parts: 

g(z) = roo vz-ld~ = (z -1) roo ~dv 10 eV - 1 10 eV - 1 

00 roo _ oc r(z) 
= (z - 1) L 10 v,,-le-nVdv = (z - I) L---;;Z 

n=l n=1 
= (z - l)r(zn(z); ( 12.9) 

cf. the definition of the zeta function in Section IA. Now r(z) is never equal to 0: 
the function 1/ r is entire (analytic everywhere); cf. Whittaker and Watson [1927/96] 
(section 12.1). Thus it follows from (12.9) and (12.8) that G(z) = (z - In(z) has 
a continuous (in fact, analytic) extension g(z)/r(z) to the half-plane {Rez > OJ. 
[Since g (1) = r (I) = 1, so that G (I) = 1, one obtains confirmation thatthe quotient 
{(z) = G (z) / (z - 1) has a first order pole at z = 1 with residue 1; cf. Section I.26.] 

We now know that 

kl (t) = g(1 + it) = itr(1 + itn(1 + it), t =1= 0; kl (0) = 1. (12.10) 
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To show that kl (t) f= 0 for all (real) f we use the following fact about the zeta function 
which was verified in Theorem 1.26.2: 

~(z) f= 0 for Rez = 1. 

Theorem 7.2 thus shows that kl is a Wiener kernel, k E W+. We can then apply 
the Wiener-Pitt Theorem 8.5 to relation (12.4). Since the function s is bounded and 
slowly decreasing, one concludes that s(u) --+ A as u --+ 00. 

Remark 12.3. One can use a similar (but easier) argument to obtain another proof for 
Schmidt's form of the Hardy-Littlewood Theorem L7.2 involving power series. The 
relevant kernels are k(v) = e-v and kl (v) = e- v ; cf. Section 2. The Fourier-Mellin 
transform kl (f) is equal to r(1 + if); further details may be left to the reader. 

13 Wiener's 'Second Tauberian Theorem' 

In situations where one aims for convergence Sex) --+ A or s(u) --+ A, the Wiener
Pitt Theorems 8.4 and 8.5 are usually the most convenient. Prior to Pitt's work, Wiener 
[1932] had formulated several theorems to facilitate convergence proofs for series. 
An advantage of his approach is that (at least) under the simpler Tauberian conditions, 
it does not require a separate proof that S or s is bounded; see Section 14 below. 

In the following S stands for a function on lR which is locally of bounded variation. 
For such S we consider the 'Wiener Tauberian conditions' 

j X+l 
x IdS(y)1 .:::: B, -00 < x < 00, (13.1) 

j X+l 
x (ldS(y)1 - dS(y)} .:::: B, -00 < x < 00, (13.2) 

where B < 00. In the special case of series L;;o an and Sex) = Lnyx an, the 
Tauberian condition Inan I .:::: C implies a bound of the form (13.1): 

l X+1 

x IdS(y)1 = L lanl.::::C L lin --+ C as x --+ 00. 

eX <n~ex+1 eX <n::;:ex+1 

Similarly, the Tauberian condition nan:::: -C implies an inequality (13.2): 

r+1 ix {ldS(y)1 - dS(y)} = L 
eX <n::;:ex+1 

(Ianl - an) .:::: 2C L 
eX <n.::::ex +1 

lin. 

Definition 13.1. (Wiener) Let M = Ml denote the subspace of those continuous 
functions H ELI for which 

00 

IIHIIM = L sup IH(z)1 < 00. 
n=-oo n:::z:::n+l 

(13.3) 
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For HEM and S as in (13.1), the integral 

H * dS(x) = ( H(x - y)dS(y) = f fx-n H(x - y)dS(y) 
lIT!'. n=-oo x-n-I 

will exist and be bounded by II H II M B. 

Theorem 13.2. (Wiener's second Tauberian) Let K be in M. Then the condition that 
K is a Wiener kernel, K E W, is necessary and sufficient in order that the relation 

SK(X) = ~ K(x - y)dS(y) --of A ~ K(y)dy as x --of 00, (13.4) 

for functions SO satisfying the Tauberian condition (13.1) and corresponding con
stants A = As, imply 

SH(X) = ~ H(x - y)dS(y) --of A ~ H(y)dy as x --of 00 (13.5) 

for every function H in M. 

Incidentally, for K E M the nonvanishing of K also implies that the translates of 
K span the normed space M; cf. Wiener [1932] (theorem 7), Hewitt and Ross [1970], 
Reiter and Stegeman [2000]. 

Proof of the Theorem. The necessity of the condition 'K zero-free' follows by 
considering the functions S (x) = x and S (x) = eiax with real ex. 

To prove the sufficiency, we start with any function S that satisfies condition (13.1) 
and form the function SH = H * dS with HEM. Then SH is bounded and will be 
slowly oscillating (Definition 2.3). Indeed, SH will be uniformly continuous on lR: 
for every x' 

ISH(X + A) - SH(x)1 = 1 ~ {H(z + A) - H(z)}dS(x - z)1 

00 

::: B L sup IH(z + A) - H(z)l· 
n=-oo n:sz:sn+1 

Here the value of the sum is independent of x and will tend to 0 as A --of O. To verify 
this one may estimate as follows, taking N large: 

00 

L sup IH(z + A) - H(z)1 = L ... + L ... 
n=-OO n:sz:sn+1 Inl:sN Inl>N 

::: L sup IH(z + A) - H(z)1 
Inl:SN n:sz:sn+1 

+ L sup {IH(z + A)I + IH(z)l}. 
Inl>N n:SZ:Sn+1 
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One finally uses the uniform continuity of H on every finite interval and the smallness 
of the tail in the series for II H II M. 

Suppose now that K E M is in Wand that S satisfies (13.1) and (13.4). Subtracting 
Ady from dS(y) if necessary, we may assume that A = 0, so that the convolution 
SK(X) = K * dS(x) tends to zero. Then by dominated convergence 

K * SH(X) = K * (H *dS)(x) = H * (K *dS)(x) = H * SK(X) ~ 0 

as x ~ 00. It now follows from the Wiener-Pitt Theorem 8.4 that SH(X) ~ o. 
D 

It can be shown that Theorems 13.2 and 8.2 are actually equivalent - each can be 
derived from the other; cf. R.E. Edwards [1958]. 

The next result will be formulated for Wiener families ofkemels (Definition 10.1). 

Theorem 13.3. (Second Tauberian, family form) Let the functions K v be in M and 
form a Wiener family F. Let S be of bounded variation on every finite interval, satisfy 
condition (13.2) and be such that for some function HI 2: 0 (but 'I- 0) in M, the 
integral fIR HI (x - y)dS(y) exists and is boundedfrom above for x running over lR. 
Then the limit relations 

imply i H(x - y)dS(y) ~ A i H(y)dy as x ~ 00 

for every function H in M. 

Proof. By the hypotheses there is a constant C such that 

i HI (x - y)ldS(y)1 = l HI (x - y){ldS(y)1 - dS(y)} 

+ l HI (x - y)dS(y) ::: II HI 11MB + C, V x. 

(13.6) 

(13.7) 

On the other hand there will be an interval [a, b] on which HI (z) 2: f3 > O. Hence 

{ HI (x - y)ldS(y)1 2: f3 r-a IdS(y)l, V x. 
ilR ix-b 

Combination of these inequalities gives a uniform bound for J:~: IdS (y) I and this 

implies a uniform bound for fzz+1 IdS(y)l. 
One may now apply a family analog of Theorem 13.2; cf. Theorem 10.3. 

Remarks 13.4. In the case of a nondecreasing function S, the continuity requirement 
on H can be relaxed. Assuming that such an S satisfies condition (13.4) or (13.6) and 
(13.1), conclusion (13.5) will hold for all functions H which satisfy condition (13.3) 
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and are locally Riemann integrable (or equivalently, continuous almost everywhere); 
cf. Benes [1961]. Thinking of S as normalized so that it is continuous from the right, 
one would interpret dS as a positive measure and H * dS(x) as a Lebesgue-Stieltjes 
integral. A function H as described can be approximated from above and below by 
piecewise constant functions of compact support, whose integrals are close to that of 
H. Thus it is sufficient to prove (13.5) for characteristic functions of finite intervals. 
The latter can be approximated from above and below by trapezoidal functions, which 
are in M. 

Applications of Wiener's (extended) second theorem will be given in Sections 
IV.18 and VI.13. Bingham [1989] has used the extension to give a simple proof for 
Blackwell's [1953] renewal theorem. 

14 A Wiener Theorem for Series 

The following results are contained in Wiener [1932] (theorems 12, 13); cf. also the 
exposition in Bochner [1933b]. 

Starting with a continuous nondecreasing function K on lR such that K (-00+) = 
o and K (00-) = 1, we consider the family of nonnegative functions 

Kv(x) = K(x + v) - K(x), 0 < v < 00. (14.1) 

Notice that the functions K v are in M (Definition 13.1). We will assume that for some 
constant a > 0, 

K(x) = O(e-a1xl ) as x -+ -00, K(x) = 1 - O(x- 1- a) as x -+ 00. (14.2) 

Then the two-sided Laplace transform 

£K(z) = l K(x)e-ZXdx (14.3) 

fo 100 1 = K(x)e-ZXdx + {K(x) - l}e-ZXdx +--00 0 z 

exists and is analytic in the strip {O < Re z < a}. In terms of this transform, 

£Kv(z) = L {K(x + v) - K(x)}e-ZXdx = (e VZ - 1)£K(z). 

By (14.2), £K (z) -1 / z has a continuous extension £K (i t) -I / (i t) onto the imaginary 
axis {z = it}. In terms of it, £Kv(z) has the continuous extension given by 

£Kv(it) = KvCt) = (e ivt - 1)£K(it), t =1= 0; 

£Kv(O) = Kv(O) = v. (14.4) 

We suppose that £K (i t) =1= 0 for all t t- O. Then the functions K v of (14.1) form a 
Wiener family: the Fourier transforms K v have no common zero. 
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We now wish to apply Theorem 13.3. It is convenient to require that S be of 
bounded variation on every interval (-00, C] and that S( -00+) = 0. We impose 
the Tauberian condition (13.2) and require that the integral fIR K(x - y)dS(y) exist 
and define a bounded function on lR; as a result, the functions K v * d S will also be 
bounded. We finally suppose that 

L K(x - y)dS(y) --+ A as x --+ 00, 

so that L Kv(x - y)dS(y) --+ ° as x --+ 00, V\!> 0. 

Then by Theorem 13.3 

L H(x - y)dS(y) --+ ° as x --+ 00, V HEM. 

For given E: > ° one may in particular take 

I K(x) for -00 < x < -E:, 

H(x) = K(x) - 1 - x/E: for -E: :s x < 0, 
K(x) - 1 forO:s x < 00; 

it follows from (14.2) that the continuous function H is in M. Conclusion: 

[ IX jx+e ( X y) JIR {K(x - y) - H(x - y)}dS(y) = -00 dS(y) + x 1 + -E:- dS(y) 

1 jX+£ = - S(y)dy --+ A 
E: x 

as x --+ 00. (14.5) 

We will formulate the result as a theorem, but first change variables and notation: 

x = logu, y = logv, S(y) = s(v), 

K(x - y) = K (lOg ~D = k (~), K(-y) = k(v), 

LK(z) = L K(-y)eZYdy = 100 
k(v)vZ-1dv = k*(z). (14.6) 

[Observe that the change of variables differs slightly from the one in Section 2. The 
function k* corresponds to the Mellin transform of k encountered in formula (12.8). 
Later we will prefer to call k* (-z) the Mellin transform of k; cf. Sections III.3, 1V.9.] 

Theorem 14.1. (Wiener's second Tauberian, special form) Let k(·) on [0, 00) be con
tinuous, non increasing and such that 

k(v) = 1 - 0(1 log vi-I-a) as v"", 0, k(v) = O(v-") as v --+ 00 (14.7) 

for some constant a > 0. Then the analytic function 
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k*(z) = k*(x + it) = la oo k(v)vZ-1dv, 0 < x < a (14.8) 

has finite boundary values k* (i t) for all t -I- 0: we suppose that they are -I- O. Let 
s(v) vanish for v < 0, be of bounded variation on every finite interval, continuous 
from the right and such that 

r u Ju {lds(v)1 - ds(v)} :::s B < 00, 1 :::s u < 00. (14.9) 

Finally, making k( v) continuous on some interval ( -8, 0], suppose that for this func
tion s(·), the general-kernel transform Jo~ k(v/u)ds(v) exists as a boundedfunction 
for 0 < u < 00 and that 

Ia~ k(v/u)ds(v) --+ A as u --+ 00. (14.10) 

Then for every number p > 1, 

1 l pU dv -- s(v)- --+ A 
logp U v 

as u --+ 00. (14.11) 

Proof. For the case s(O) = 0 the proof follows from the preceding discussion; the 
case s(O) -I- 0 may be reduced to this special case. 0 

One may apply Theorem 14.1 to the case of series L~o ank(n/u), setting s(v) = 

Ln::v an . 

Theorem 14.2. Let k satisfy the conditions in Theorem 14.1, including the nonva
nishing of the boundary values k*(it) for t -I- O. Let L~oank(n/u) converge for 
o < u < 00 to a bounded sum-function and let 

Suppose that 

Then 

00 

Lank(n/u) --+ A as u --+ 00. 

n=O 

nan 2: -C, V n. 

00 

Lan = A. 
o 

(14.12) 

(14.13) 

(14.14) 

Proof. We verify condition (14.9). By (14.13), negative numbers an are in absolute 
value bounded by C / n, hence 

ru Ju {lds(v)l- ds(v)} = L (Ianl- an):::s L 2C/n:::s 4C 
U u<n:s.eu u<nSeu 

for u 2: 1. 

It is clear that the other conditions of Theorem 14.1 are satisfied. By another appli
cation of (14.13) 
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v-u+l 
s(v) :::: s(u) - C when v> u. (14.15) 

u 

Hence by (14.11) for u --+ 00, 

A -limsups(u) = liminf {_l_ (PU s(v) dv _ S(U)} :::: -C(p _ 1). 
logpju v 

Since this holds for every p > 1 it follows that lim sup s (u) :s A. One similarly shows 
that lim inf s(u) :::: A. 0 

Applications 14.3. Wiener [1928], and more explicitly, Bochner [1933b], obtained 
the Lambert Tauberian Theorem I.10.1 from Theorem 14.2 by taking 

In this case 

v 
k(v) = --. 

eV - 1 

k*(z) = --dv = r(z + 1){(z + 1), 100 VZ 

o e V - 1 
Rez > 0, 

so that k*(it) = r(1 + it){(1 + it) "10 for all real t; cf. Section 12. Assuming the 
convergence of the Lambert series below for u > 0, the conditions 

LOO n/u 
ao + an / --+ A as u --+ 00 

en u - 1 
n=] 

and nan:::: -C imply Lg" an = A. 
This derivation of Theorem I.l 0.1 does not require a separate proof for the bound

edness of the partial sums Sn = Lk<n ak, as was necessary in Section 12. 
If one takes k(v) = e~v one obtains another proof for Theorem 1.7.2 of Hardy 

and Littlewood. The choice k(v) = 1/(1 + v) gives a Tauberian theorem for 'Stieltjes 
series' L~o an/(l + n/u); cf. Section I.2l. 

15 Extensions 

We next use Wiener's Theorem 14.1 to extend Theorem 14.2 to arbitrary series of the 
form 

00 

LankU.n/u), where 0 = AO < A1 < ... and An --+ 00. (15.1) 
n=O 

The series reduces to a general Dirichlet series when k( v) = e~v. As in Section I.22 

we set s(v) = LA <van· 
n~ 
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Theorem 15.1. Let the kernel k satisfy the same conditions as in Theorems 14.2 and 
14.1. Let the series (15.1) converge to a bounded function feu) on (0,00) and let 
feu) tend to A as u -+ 00. Suppose that the coefficients an satisfy at least one of the 
following two conditions (15.2), (15.3): 

(15.2) 

An - An-I 
an > -C , n::: 1 AND lim inf an ::: O. 

- An n-HXJ 
(15.3) 

Then s(u) -+ A as u -+ 00. 

Proof. In the proof of Theorem 1.22.2 for Dirichlet series we restricted ourselves to 
condition (15.3); we now suppose that condition (15.2) is satisfied. Then 

leu Ids(v)1 = L lanl S ~ L (A/l - An-I) S Ceo 
U<An::::eu U<An::::eu 

This implies condition (14.9); the other conditions of Theorem 14.1 are clearly ful
filled. We may thus use conclusion (14.11). 

In order to derive the convergence of s(u) to A we distinguish between values of 
u in larger and smaller gaps of the sequence {An}. Taking u ::: Al we determine m 
such that Am S U < Am+1 and choose 8 > O. If Am+1 is larger than (1 + 8)Am, it 
follows from (14.11) with p = 1 + 8 and interval of integration {Am S V S pAm} [so 
that s(v) = s(u)] that s(u) is close to A when u is large. 

In the case where Am+1 S (1 + 8)Am we will have a suitable analog to (14.15). 
Indeed, by (15.2) 

" Ian I S C " An ~nAn-1 Is(v) - s(u)1 S L L A 

U<An::::V U<An::::V 

< C V - Am < C V - U + Am+1 - Am V - U 
-----'------ < C-- + C8. - u - u - u 

A short calculation now gives 

I 1 lPU dv I -- s(v)- - s(u) S C(p - 1) + C8. 
log p u V 

(15.4) 

Since 8 could be any positive number and p may be taken close to 1, we thus conclude 
from (14.11) that s(u) -+ A also when u goes to 00 through the 'smaller' gaps 
[Am, Am+I). D 

For the case of Hadamard gaps, that is, An+ 1/ An ::: p for a constant p > 1 and all 
n, (15.2) implies that boundedness of the sequence {an} is a Tauberian condition. The 
high-indices theorem (Section 1.23) shows that in this case, there is a class of kernels 
for which no order condition is required on the coefficients all' For general high-indices 
theorems involving Wiener kernels, which require considerable technique, we refer 
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to Levinson [1938], [1940], [1964a]; cf. Redheffer's commentary in Levinson [1997]. 
See also the references in Remarks I.23.5. 

One can formulate another companion to Theorem 14.2, which extends the Hardy
Littlewood Theorem I.7.4; cf. Wiener [1932], Bochner [1933b]: 

Theorem 15.2. Let k( v) be nonnegative on (0, (0), continuous and such thatfor some 
constant a > 0, 

k(v) = 0(1 log vi-I-a) both for v ~ 0 andfor v -* 00. 

Also suppose that 

k*(z) = 1000 k(v)vZ-Idv =1= 0 for z = it. 

Leta be positive. Suppose that the series L~I n-aank(n/u) converges to a bounded 
sum-function on the half-line {O < u < oo}. Then the limit relation 

as u-*oo 

and the condition 

imply that 
n 

Sn = La} ~ (A/a)na. 
}=I 

The Hardy-Littlewood theorem follows by taking k(v) = vae-v , for which k*(it) = 
r(a +it). The choice k(v) = va+I /(e V -1) gives a corresponding result for Lambert 
series. Like the former, the latter result can be obtained without Wiener theory or 
Fourier analysis; cf. Korevaar [1946]. 

16 Discussion of the Tauberian Conditions 

In the principal Wiener Theorem 8.2, the boundedness of S (outside a set of measure 
zero) is a natural condition: without boundedness, the convolution H * S in (8.3) 
would not exist for all functions H in L I. 

However, for special K and H there may also be unbounded functions S which 
satisfy (8.2) and for which H * S exists. Even so, some kind of boundedness of S 
may be necessary for conclusion (8.3); cf. Proposition I.24.2 for the case of Abel 
and Cesaro limitability. Of course, for special K the boundedness of S may be a 
consequence of other Tauberian conditions; cf. Section V.l O. 

We will see that in the Wiener-Pitt Theorem 8.4, it is essential to have some 
condition on S such as slow decrease or increase. If S is slowly decreasing, then for 
every number 8 > 0 there are positive numbers Band 8 such that 

S(y) - S(x) ~ -8 whenever x ~ B and 0 < y -x ~ 8. (16.1) 
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For differentiable S the condition is satisfied if lim infx--->:>o S' (x) 2: -C, but this 
cannot be relaxed to S' (x) 2: -¢ (x) with ¢ (x) -+ 00 as x -+ 00. 

Proposition 16.1. Always requiring that S be bounded, the condition in Theorem 8.4 
that S be slowly decreasing cannot be relaxed to a condition of the form 

S(y) - Sex) 2: -(y - x)¢(x) for y > x, with 1.:::: ¢(x) -+ 00, (16.2) 

for ANY Wiener kernel K on lR. 

Proof. For given K E Wand 1 .:::: ¢ -+ 00 we will construct a bounded function S 
which satisfies the limit relation K * S (x) -+ 0 and condition (16.2), but which fails 
to tend to 0 at 00. Observe that ¢ may be assumed nondecreasing: before starting the 
construction, one may replace ¢(x) by its minorant infx::':t ¢(t). Our function Swill 
be obtained as an infinite sum of simple 'zigzags' Z = Z)...8 with nonoverlapping 
supports [A, A+48]. On its support, each zigzag function Z consists of two contiguous 
congruent isosceles triangles, one above the axis and one below (see Figure 11.16): 

!
(X-A)/8 forA,::::x'::::A+8, 
-(x - A - 28)/8 for A + 8 .:::: x .:::: A + 38, 

Z)..,s(x)= (x-A-48)/8 forA+38,::::x'::::A+48, 

o for x .:::: A and x 2: A + 48. 

Fig. 11.16. Two zigzags Z)...s 

(16.3) 

Any infinite sum S = L Z)..,8 of nonoverlapping zigzags will satisfy the conditions 

-1 .:::: S .:::: 1, lim sup S = 1 at 00 and lim inf S = - 1, (16.4) 

so that S has no limit at 00. Also 

IS'(x)1 = IZ~,81 .:::: 1/8 almost everywhere for A':::: x .:::: A + 48. ( 16.5) 

Since we want to satisfy condition (16.2) we take 1 18 = ¢ (A). Finally, the terms in 
the series for S will be chosen such that 

K * Sex) = l K(x - y)S(y)dy -+ 0 as x -+ 00. (16.6) 
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For the construction of S we use the basic relation 

p(O) = L IK(z +0) - K(z)ldz ---+ 0 as 0 ~ 0, (16.7) 

which may be derived from the fact that K can be approximated in L 1 by (uniformly) 
continuous functions with compact support. Observe that for Z = ZA,8 one has 
Z(y + 20) = -Z(y) when A :S y :S A + 20, hence 

1
1.+48 (11.+28 11.+48) 

K * Z(x) = K(x - y)Z(y)dy = + ... 
A A 1.+28 
{H28 (H28 

= iA K(x - y)Z(y)dy - iA K(x - y - 20)Z(y)dy. 

It follows that 

IK * Z(x)1 :S L IK(x - y) - K(x - y - 20)ldy = p(20). (16.8) 

We also need the simple inequality 

IK * Z(x)1 :S jX-A IK(z)ldz. 
x-A-48 

(16.9) 

Now let S be any function of the form 

00 

Sex) = L ZAn ,8n (x), where 
n=1 

00 

On = 1/rP(An) ~ 0, An+l 2: An +40n, LP(20n) < 00. (16.10) 
n=1 

By (16.5) S will satisfy condition (16.2). We finally verify the limit relation (16.6). 
For given EO > 0, take Band N so large that 

loo IK(z)ldz < EO and 

Then by (16.9) and (16.8) 

N 

IK * S(x)1 :S L I(K * ZAn ,8n (x)1 + L .. , 
(16.11) 

whenever x 2: B + AN + 40N. o 
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We comment briefly on the results in Sections 13, 14. In Theorem 13.2 the Tau
berian condition (13.1) is necessary to ensure the existence of H *dS for all functions 
HinM. 

In Theorem 14.2, the Tauberian condition an :::: - C / n is optimal as to order for 
all 'reasonable' kernels k(·): 

Proposition 16.2. Let kO be any non increasing kernel on IR+ with k(O) = I and 
k(oo-) = 0 as in Theorem 14.2, but with the additional property thatfor some finite 
constant M, 

w-v 
k(v) -k(w) S M-- for 0 < v < w < 00. 

v 
(16.12) 

Then for every function 0 < ¢ ? 00, there is a DIVERGENT series 'Ego an such that 
'E~oank(nt) converges to a bounded sum function F(t) on (0,00) which tends to 
o as t """ 0, while 

lanl S ¢(n)/n, \In. (16.13) 

Proof. One may use essentially the same construction as in Section I.24 for the case of 
power series, where k( v) = e-v . Again adjusting ¢ to ensure that 1 :::: ¢ (n) / n -+ 0, 
one starts with the basic building block 

¢(p) 
Fp,q(t) = p + 2q [k{(p + l)t} + ... + k{(p + q)t} 

-k{(p + q + l)t} - ... - k{(p + 2q)t}]. (16.14) 

For q = [p!¢ (p)] it follows from (16.12) that 

¢( ) p+q 2 M 
0:::: Fp,q(t):::: ~ L [k(mt)-k{(m+q)t}] S M¢(P)Q2 S,J,( )' (16.15) 

p m=p+l p 'f' p 

One proceeds to define F with the aid of nonoverlapping blocks Fp,q for which 
'Ep 1!¢(p) < 00. The coefficients an ofthe functions k(nt) will satisfy the inequality 
in (16.13), the partial sums Sn will have lim sup = I and lim inf = 0, and F (t) -+ 0 
as t """ 0 by dominated convergence. 0 

Remarks 16.3. Proposition 16.1 for IR is similar to a result for IR+ which Lorentz 
[1951] (p. 253) obtained as a consequence of his general theory of Tauberian condi
tions. 

The method used for Proposition 16.2 can also be used to show that the Tauberian 
conditions in Theorem 15.1 are optimal as to order whenever An+l/An -+ 1 as 
n -+ 00. For the special case of Dirichlet series this optimality may be derived from 
a result in Littlewood [1911]. 

17 Landau-Ingham Asymptotics 

With the aid of Wiener theory, Ingham [1945] obtained two Tauberian theorems which 
are important in number theory. In fact, Theorem 17.3 (and a more special early result 



17 Landau-Ingham Asymptotics 107 

of Landau) quickly lead to the prime number theorem. For biographical information 
on Ingham, see Burkill [1969]. 

Definition 17.1. We will say that a function S on [1,00) has Landau-Ingham asymp
toties of type (A, B) if 

def '""' (U) F(u) = ~S -;; =Aulogu+Bu+o(u) asu-+oo. 
t::,,:n::,,:u 

(17.1) 

Examples 17.2. By the definition of Euler's constant y, the function S(v) = v has 
asymptotics of type (1, y); cf. formula (1.26.6). 

The Chebyshev function S(v) = 1/I(v) = Lk<v A(k) has asymptotics of type 
(1, -1). Indeed, by Example 1.4.2 and Stirling's formula, 

F(u) = L 1/1(~) = L L A(k) = L L A(k) 
n 

n::,,:u n::,,:u k::,,:u/n m::,,:u nk=m 

= L logm = log([u]!) = u logu - u + o(u). (17.2) 
mS:.u 

Theorem 17.3. Let S have Landau-Ingham asymptotics of type (A, B) and suppose 
that S is nonnegative and nondeereasing, or at least, that S (v) +C[ v] has that property 
for some constant C. Then 

S(v) ~ Av as v -+ 00 (17.3) 

and 

/

00- S(v) - Av 
---;;2:--- dv = B - Ay. 

t V 
(17.4) 

Using a strong number-theoretic estimate, Landau [1909] (p. 599) obtained (17.3) 
from an estimate (17.1) with a smaller remainder term. Cf. also Gordon [1958], who 
obtained (17.3) from (17.1) with an intermediate remainder by using a Selberg-type 
formula. 

The function v 
S(v) = log(v + 2)' v ~ 1 

is nonnegative, nondecreasing and o(v). Once the Theorem has been established, 
(17.4) shows that this function S cannot have Landau-Ingham asymptotics. 

Proof of the Theorem. Let Shave asymptotics of type (A, B). It is convenient to set 
S ( v) = 0 for v < 1; for the time being we suppose also that S is nonnegative and 
nondecreasing. 

(i) An argument used in number theory (well-known in the case S = 1/1) will show 
that S(u) = CJ(u). Indeed, by (17.1) and since S(uln) is nonincreasing as a function 
ofn, 

S(u) - S(uI2) + S(uI3) - ... = F(u) - 2F(uI2) = Au log 2 + o(u), 

S(u) - S(uI2):5 Au log 2 + o(u) :5 A'u, 1:5 u < 00, 

S(u) :5 S(uI2) + A'u :5 S(uI4) + A'(u + u12) :5 ... :5 2A'u. 
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It follows that 
s(u) ~ S(u) :::: 2A'. 

u 
(ii) Let [.J denote the usual 'integral part' function. We wish to estimate 

(17.5) 

feu) ~ fooo [~] s(uv)dv = l;u [~] s(uv)dv = ~ lu [;] s(w)dw. (17.6) 

Using (17.1) in the final step below one finds that for u ~ 00, 

j u U jU () jUln 
1 [-;] s(w)dw = 1 n~w 1 s(w)dw = ~ 1 s(w)dw 

l u 1 (V) l u (V) dv jU dv = I: ;;s;; dv = I: S ;; -; = F(v)-; 
n;'5'u n 1 n;'5'v 1 

= A(u logu - u) + Bu + o(u). 

Thus it follows from (17.6) that 

f(u) = foOO[~]S(UV)dV( = l:···)=AIOgU-A+B+O(1). (17.7) 

(iii) The function k(v) = [1/vJ is not integrable over JR+, but the difference 

Relation (17.7) now shows that 

fooo ki.(v)s(uv)dv = feu) - f (~) ~ A log A as u ~ 00. (17.9) 

It will follow from (iv) below that log A = 1;0 ki.(v)dv. 
(iv) The next step is to compute the Fourier-Mellin transform 

For Rez > 0, 

- vZdv = [x]x-Z- 2dx = ; 10 00 [1] 10 00 ~(z + 1) 
o V 0 z+1 

cf. formula (1.26.3). Thus by (17.8) 
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For z = x + it and x ~ 0, the conclusion is that 

k).(t) = (1 - A -it) ~(1 +.it) for t =1= 0, k).(O) = 10gA. 
1 + It (17.10) 

Let us take A =1= 1. Since ~(1 + it) =1= 0 (cf. Theorem 1.26.2), the only zeros of k).(t) 
then are the points t = n21l' / log A, n = ±1, ±2, .. '. Thus the family {k).}, A E jR+ 
is a Wiener family for jR+; cf. Section 10. 

(v) We finally show that s is slowly decreasing. For w > v > 0, by (17.5), 

Sew) S(v) Sew) - S(v) Sew) w - v 
sew) - s(v) = -- - - = - -- --

w v v w v 
w-v 

~ -2A' -- -+ 0 as v -+ 00 and w/v ~ 1. (17.11) 
v 

From (17.9)-(17.11) and the Wiener-Pitt theorem for Wiener families on jR+, we 
conclude that s(u) -+ A as u -+ 00; cf. Theorem 8.5. This proves the first part of the 
Theorem, formula (17.3). 

(vi) If S(v) = v or s(v) = 1 (for v ~ 1), then F(u) = u log u + yu + o(u), hence 
feu) = logu - 1 + y +0(1); see (17.7). We now use (17.6) and (17.7) fors(·) - A 
instead of sO: 

~ i U 
[:] {sew) - A}dw = A log u - A + B - A (log u - 1 + y) + 0(1) 

= B - Ay + 0(1). 

If one replaces [u/w] in this formula by u/w one finds that 

~ [U ~{s(w) _ A}dw = B - Ay + 0(1) 
u 11 w 

because the error is majorized by 

as u -+ 00, 

1 jU 
- Is(w) - Aldw = 0(1). 
u 1 

Formula (17.12) implies (17.4). 

(17.12) 

(vii) We will verify that for So(v) = [v] one has (17.1)withA = 1 and B = 2y-1: 

F(u) = L [~] = L L 1 = L L 1 
n::;u n::;u k::;u/n m::;u nk=m 

= L d(m) = ulogu + (2y -l)u + o(u); (17.13) 
m::;u 

cf. formula (1.4.9). For So relation (17.3) is obviously correct and (17.4) is valid by 
part (vi) or formulas (1.26.4) and (1.26.2). It follows that the condition'S nonnegative 
and nondecreasing' at the beginning of the proof may be relaxed to the corresponding 
condition for S(v) + C[v] with some constant C. 0 
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Application 17.4. By (17.2) the function S = 1jJ has asymptotics of type (1, -1). 
Hence by Theorem 17.3 

1jJ(v) ~ v as v ~ 00, f OO- 1jJ(v) - vd - 1 v - - - y. 
1 v2 

The first relation is equivalent to the prime number theorem, Theorem 1.10.2. A 
related derivation of the PNT has been given by Levinson [1964b]. Once again the 
prime number theorem has been obtained as a consequence of the nonvanishing of 
~(z) on the line {Re z = I}. 

Remark 17.5. One may avoid the use of Wiener families in the proof of Theorem 
17.3 by employing the single kernel 

By (17.10) its Fourier-Mellin transform is given by 

. . r(1 + it) 
met) = (2 - Tit - rll) ~ I + it ' t t= 0; m(O) = log 6. 

The transform is free of (real) zeros since 2- il and 3-it (both of absolute value 1) 
cannot be equal to 1 at the same time when t t= O. This is so because log 3/ log 2 is 
irrational. 

18 Ingham Summability 

References: Ingham [1945], Hardy [1949] (appendix 4). 

Definition 18.1. One says that L~l an is Ingham summable to A if 

(18.1) 

Theorem 18.2. Let L~l an be Ingham summable to A and suppose that 
nan ::: -C. Then L~l an converges to A. 

Proof. Set 
Lnan = S(v) = vs(v), Lan = s*(v). 
n~v n::;v 

Since nan::: -c the function S(v) + C[v] is nonnegative and nondecreasing. The 
Ingham summability (18.1) implies that S has Landau-Ingham asymptotics of type 
(0, A): 

F(u) = LS (~) = L L kak = Lkak [~] = Au + o(u). 
n:::;:u n:::;:u k:::;:u/n k:::;:u 
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Hence by Theorem 17.3 with A = 0 and B replaced by the new A, 

Now 

S(u) 
s(u) = -- --+ 0 

u 
j u S(v) 

and -2-dv --+ A as u --+ 00. 
I V 

j u S(v) jU dv 1u dv 
----:;;x-dv = L:nan;z = L:nan v2 

I I n::;v n::;u n 

'" n * = L...,an (1- -) = s (u) -s(u). 
U 

n~u 

It follows that 

j u S(v) 
s*(u) = s(u) + -2-dv --+ A as u --+ 00. 

I v 

D 

Application 18.3. Let us take an = {A(n) -l}/n. It follows from (17.2) and (17.13) 
that I:~I an is Ingham summable to -2y: 

~ A(n~ -1 ~ [~] = ~ I~A(n) [~] - ~[~] I 
= logu -1- (logu +2y -1) +0(1) --+ -2y. 

Hence by Theorem 18.2, the series I:~I an is convergent (to -2y). As we know 
from Section 1.10, the convergence ofthe series implies the prime number theorem. 

Remarks 18.4. In his article, Ingham showed that his summability implies Cesaro 
summability, but the proof of this 'Abelian' result made use of number-theoretic 
estimates somewhat stronger than the prime number theorem; cf. Hardy [1949] (ap
pendix 4). It follows that the Tauberian condition in Theorem 18.2 can be relaxed to 
'sn = I:%=I ak slowly decreasing' (but that could also be proved more directly). 

Ingham mentioned also that there are convergent series which are not summable 
in the sense of Definition 18.1. Explicit examples have been published by Pennington 
[1955] and Rajagopal [1955]. Ingham or related summability was also considered by 
Wintner [1943], [1957] and Karamata [1958]. 

S.L. Segal has written a number of articles on asymptotics of Landau-Ingham type 
and Ingham summability. We mention Segal [1969], [1979]; cf. also Jukes [1974], 
Geluk [1979], Rangachari [1985]. 

19 Application of Wiener Theory to Harmonic Functions 

Following Rudin [1978], we use Wiener theory to discuss a converse of one of Fatou's 
theorems for harmonic functions. If U is a positive harmonic function in the unit disc, 
it has a Poisson-Stieltjes (or Herglotz) representation 
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U(reZe ) = d{L(¢). 
. j7f 1 _ r2 

-7f 2Jr(1 - 2r cos(O - ¢) + r2) 

Here d{L(¢) = (L(d¢) is a finite positive measure; equivalently, one may think of 
(L(¢) = (d{L)[ -Jr, ¢] as a bounded nondecreasing function on [-Jr, Jr]. More gener
ally, let U be the Poisson integral of a complex measure d {L of finite total variation on 
[-Jr, Jr]. Suppose now that the corresponding function (L has a symmetric derivative 
at the point ¢ = 00: 

D (Ll) ~ 1· (L(Oo + 8) - (L(Oo - 8) - A 
s{L 00 - 1m - . 

8-.0 28 

Then by a theorem of Fatou [1906], U tends to A for radial approach to the point eieo : 

U(reieO ) ---+ A as r ? 1. 

If (L has ordinary derivative (L'(Oo) = A, the limit of U(reie ) is equal to A under 
arbitrary 'nontangential' approach to the point eilio ; cf. Zygmund [1959]. 

For the discussion of a converse it is convenient to consider an analog of Fatou's 
theorem for a half-plane, and more generally, for the half-space 

lR~+1 = {(x, y): x E lRn , y > OJ. 

The corresponding Poisson kernel has the form 

cy 
P(x, y) = (lxl2 + y2)(n+l)/2' (19.1) 

where c = c(n) is such that 

[ P(x, y)dx = [ P(x, l)dx = 1. 
J~n J~n 

(19.2) 

[Although we do not need the actual value of c(n), we mention that it is 2/an+l, 
where a p stands for the area of the unit sphere in lRP , that is, a P = 2Jr P /2/ rep /2).] 

Positive harmonic functions U in the half-space lR~+ 1 may be characterized by a 
representation 

U(x, y) = by + [ P(x - g, Y){L(dg), 
J~n 

(19.3) 

where b :::: 0 and {L is a positive measure on lRn such that the Poisson integral is 
convergent. References: Loomis and Widder [1942] for the case n = 1, Rudin (loc. 
cit.) and E.M. Stein [1970] (sections 7.1-7.4) for general n. 

Let Br denote the ball B(O, r) in lRn, let IBr I = IBllrn [= (an/n)rn] denote its 
volume, and set 

mer) = (L(Br ). 
IBrl 

(19.4) 

The symmetric derivative of (L at the origin of lRn is defined by 

Ds{L(O) ~ lim mer), 
r'\.O 

(19.5) 
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provided the limit exists (and is finite). By an analog of Fatou's theorem, the existence 
of Ds J-L (0) implies that U has a 'normal' limit at x = 0, 

lim U(O, y) = DsJ-L(O). 
y\..O 

This result does not require that J-L be positive, but for positive J-L the converse is true: 

Theorem 19.1. Let U (x, y) be the Poisson integral of a positive measure J-L on lRn 

which is finite for one, and hence every, point (x, y) E lR~+ I. Suppose that U (0, y) 
has finite limit A as y "" O. Then DsJ-L(O) = A. 

For n = I this was proved by Loomis [1943]; Theorem 19.1 is due to Rudin (loc. 
cit.). 

Proof of the Theorem. We show that it is enough to suppose that a suitable average 
of V(y) = U(O, y) has limit A. Let 

d f l y=r MOl VCr) ~ r-a V(y)dya ~ A as r "" 0 
y=O 

(19.6) 

for some number a > O. Then for fJ > 0, 

(19.7) 

as is shown by inversion of the order of integration. By (19.6), the left-hand side of 
(19.7) applied to V has limit (fJ - a)A as r "" O. It follows that MfJ VCr) ~ A 
as r "" 0 for every fJ > O. Thus we may assume that (19.6) holds for the value 
a = n, which will tum out to be convenient. The average (Mn V)(r) can be rewritten 
as follows: 

Observe that J-L can be replaced by its restriction to a neighborhood of the origin 
without affecting the hypothesis or the conclusion of the Theorem. Thus one may 
assume that J-L (lRn) is finite. 

We have to prove that the averages mer) in (19.4) tend to A and will begin by 
showing that they are bounded. If I~I < r then P(~, y) > cy/(r2 + y2)(n+l)/2, so 
that the final inner integral in (19.8) is larger than 

r ncyndy t nctndt 
10 (r2 + y2)(n+I)/2 = 10 (1 + t2)(n+l)/2 = Cl (n) = Cl, 

say. Hence 

(19.9) 
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Relation (19.6) for a = n now shows that the function mer) remains bounded as 
r '\. O. The inequality mer) ::::: IItLli/IBrl gives boundedness for r :::: 8> O. 

The next step is to convert the relation Mn VCr) --* A to a Wiener-type limit 
relation involving mer). To this end we substitute y = I~ Iv in the final inner integral 
of (19.8) and introduce the kernel 

c2(n) 
k(v) = (1 + v2)(n+l)/2' c2(n) = nclBll [= 2an/an+l]' (19.10) 

This gives 

Hence 

1 lr/'~' 
Mn VCr) = tL(d~) P(~, 1~lv)nl~lnvn-'(dv)/rn 

JR.n 0 

1 lr/'~' dv 100 dv ~ = tL(d~) k(v) = k(v)-- tL(d~) 
JR.n 0 IB,I(r/v)n 0 I Br/v I 1~I<r/v 

= k(v) / dv = k(v)m(r/v)dv. 100 tL(Br v) 100 

o IBr/vl 0 
(19.11) 

Here the inversion of the order of integration may be justified by the boundedness of 
mO, which in particular shows that tL contains no point mass at the origin. The limit 
relation for Mn VCr) implies that the final member of (19.11) tends to A as r '\. O. 

Can we noW apply Wiener's theorem for ~+, Theorem 8.5 ? Setting r = l/u and 
mer Iv) = m{I/(uv)} = s(uv), we obtain a limit relation of the right kind: 

1000 
k(v)s(uv)dv --* A = A' 100 

k(v)dv as u --* 00. (19.12) 

Here k is given by (19.10), s(·) is bounded and A' = A/k(O). But is k a Wiener 
kernel for ~+? The relevant Fourier-Mellin transform k(t) = Jooo k(v)vitdv can be 
computed by the change of variables 1 + v2 = 1/ w, which gives a beta-function: 

k(t) = c2(n) 10' w(n-2-it)/2(1 - w)(-i+it)/2dw/2 

r{(n - it)/2}r{(1 + it)/2} 
= c2(n) 2r{(n + 1)/2} . (19.13) 

Thus the kernel k is in W+ since the Gamma function is free of zeros; cf. Whittaker
Watson [1927/96] (section 12.1). Conclusion: as r = l/u '\. 0, 

1000 
h(v)m(r/v)dv = 1000 

h(v)s(uv)dv --* A' 1000 
h(v)dv (19.14) 

for every function h in L 1 (~+). 
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We will use a special property of m (.) to deduce that m (r) ~ A' as r ~ O. Take 
y > l. Since rnm(r) = JL(Br)/IBll is nondecreasing, one finds that 

m(r/v) .::: vnm(r) .::: ynm(r) for 1 .::: v .::: y. 

Now let h be any nonnegative function with support in [1, y] for which 1000 h(v)dv = 
l. Then 

hence by (19.14) 
liminf ynm(r) 2: A'. 

r'-.,.O 

Since this holds for every y > 1, lim inf m (r) 2: A'. Working with the interval 
[1/y, 1] and appropriate h, one similarly finds that limsupm(r) .::: A'. Thus 

lim m(r) = A', DsJL(O) = A' = A/k(O). 
r'-.,.O 

(19.15) 

It remains to show that A' = A. To that end we could use Fatou's theorem or we 
could compute k(O) directly, but it is simpler to consider the special case where JL is 
Lebesgue measure. Then the Poisson integral U(x, y) of JL(dn = d~ is identically 
equal to 1, so that A = lim U(O, y) = l. Likewise m(r) == 1, hence (DsJL)(O) = 
A' = l. Since A' = A/k(O), it follows that k(O) = l. Thus (DsJL)(O) = A' = A for 
all positive measures JL whose Poisson integral satisfies the conditions of Theorem 
19.1. This completes the proof. 

Several authors have obtained converses of Fatou's theorem for non-normal ap
proach in jRn+l. We mention Loomis (loc. cit.) and Gehring [1957], [1960] for the 
case n = 1, and Brossard and Chevalier [1990], [1995] who treated general n. Ramey 
and Ullrich [1982] considered pluriharmonic functions (real parts of holomorphic 
functions) in en. 
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Complex Tauberian Theorems 

1 Introduction 

In the course of Chapters I and II, the notion of 'Tauberian theorem' has evolved. We 
would now say that such a theorem involves a class of objects S (functions, series, 
sequences) and a transformation T. The transformation is an 'averaging operation' 
with attendant continuity property: certain limit behavior of the original S implies 
related limit behavior of the image T S. The aim of a Tauberian theorem is to reverse 
the averaging, or pass to a different average. One wants to go from a limit property 
of T S to a limit property of S, or another transform of S. Such theorems typically 
require an additional condition, a 'Tauberian condition', on S and perhaps a condition 
on the transform TS. 

We recall some examples from Chapter I; cf. Hardy's book [1949]. By Abel's 
theorem [1826], convergence L~o an = A, or Sn = LZ=o ak ---+ A, implies that 
the 'Abel transform' 

00 

00 L sn xn 

f() '""' n _n=_O _ 
X = ~anx = 00 

n=O L xn 
n=O 

has limit A as x/I. 

Tauber [1897] proved that the condition nan ---+ 0 as n ---+ 00 is sufficient for a 
converse; cf. Section 1.5. A corresponding optimal order condition requires that the 
sequence {nan} be bounded (Littlewood [1911)); see Section 1.7. It is appropriate to 
mention another Tauberian theorem involving power series f (x) = L~o anx n that 
are known to converge for Ix I < 1. By a continuity theorem of Frobenius [1880], the 
asymptotic relation Sn ~ An implies that 

00 A 
f(x) = (1 - x) '""' snxn ~ -- as X/I. 

~ I-x 
n=O 
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(Cf. the computation in Example 1.2.3.) In this case there is a Tauberian converse 
under the condition an ::: 0 (Hardy and Littlewood [l914a)); see Sections 1.7 and 
1.11. 

The situation is more delicate in the case of (classical) Dirichlet series f*(x) = 
L~ 1 an I nX , which are important in number theory. If such a series converges for 
x > 1 and Sn = Lk=l ak '" An, then 

A 
rex) '" -- as x\. 1; 

x-I 

see Theorem 3.1. However, in this case one needs much more for a converse than the 
condition an ::: O. Here it is desirable to consider the behavior of the sum function 
f*(x) for complex values of x; cf. Section 2. 

Tauberian theorems in which complex-analytic or related boundary properties of 
the transform play an important role are called complex Tauberians. The first results of 
that kind were Tauberian theorems avant la lettre. For power series there was Fatou's 
theorem [1905], [1906]: If the transform fez) = Lgo anZn of the series Lgo an exists 
for Izl < 1 and is analytic at the point z = 1, then the 'Tauberian' condition an -+ 0 
already implies the convergence of Lgo an. Cf. Littlewood's condition an = O(lln) 
if one knows only that f(x) -+ A! Marcel Riesz [1909], [1911], [1916] extended 
Fatou's theorem to general Dirichlet series L~o ane-JLnz . Both power series and 
Dirichlet series can be considered as special cases of (possibly improper) Laplace
Stieltjes transforms 

1000- loB 
F(z) = £dS(z) = e-ztdS(t) = lim e-ztdS(t), 

0- B---+oo 0-
(Ll) 

which play an important role in Tauberian theory. 

Number theoretic questions have inspired a great deal of complex Tauberian the
ory for Dirichlet series and Laplace transforms. The early proofs of the prime number 
theorem (PNT), by Hadamard [1896] and de la Vallee Poussin [1896], required ana
lytic information about the Riemann zeta function S-(z) (Sections 1.4, 1.26) on and to 
the left of the line {Re z = I}. The best estimates known today for the prime counting 
function n(u) still make use of such information. And, for one of the quickest proofs 
of just the prime number theorem: 

u 
n(u) '" -- as u -+ 00, 

logu 
(1.2) 

Littlewood [1971] went right across the 'critical strip' {O < x = Re z < I} for the 
zeta function! 

Since 1900, mathematicians have aimed for simple proofs ofthe PNT which use 
as little about the zeta function as possible. The ingenious 'elementary' proofs by 
Selberg [1949] and Erdos [1949a] avoid the zeta function altogether, but they do not 
qualify as simple. Of numerous expositions of these proofs, we mention Levinson 
[1969], Diamond [1982], and Nathanson [2000] (section 2.9). See also the general 
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surveys by Schwarz [1969b], Lavrik [1984], Bateman and Diamond [1996], Apostol 
[2000], Narkiewicz [2000], and Tenenbaum and Mendes France [2000]. 

Besides simple analytic properties, the minimal information about the zeta func
tion required for a complex proof of the PNT is the nonvanishing of S (z) on the line 
{Re z = I}. (The latter property is actually a consequence of the PNT; see Corollary 
3.2 or Ingham [1932].) For his relatively simple proof, Landau [1908], [1909] had to 
know in addition that (z)/s(z) does not grow faster than a power of z as z -+ 00 

in the half-plane {Re z :::: I}; cf. Section 2. Hardy and Littlewood [1918] could relax 
this to an exponential order condition, but the real breakthrough came with Wiener's 
Tauberian theory [1928], [1932], [1933] (see Chapter II) and the work of his student 
Ikehara [1931]. Applying Wiener's early Tauberian theory, Ikehara could dispense 
with the growth condition in the complex approach. The resulting 'Wiener-Ikehara 
theorem' has long provided the preferred way to the PNT. We discuss two proofs of 
the Theorem. The traditional proof in Section 4 is based on an approximate identity, 
and this method will be important for us later on. The elegant newer proof by Gra
ham and Vaaler [1981] in Section 5, which adds precision, is based on one-sided L1 
approximation by Fourier transforms of functions with bounded support. 

A very attractive approach to the PNT is due to Newman [1980]. He could prove 
a useful Tauberian theorem for Dirichlet series with bounded coefficients by simple 
contour integration. Substituting Laplace transforms of bounded functions, we de
scribe Newman's way to the PNT in Sections 6-8; cf. Korevaar [1982] and Zagier 
[1997]. This material is largely independent of Sections 2-5. 

In the 1930's the Wiener-Ikehara method was refined and extended by a number 
of authors, most notably Ingham [1935], [1936], [1941]. The first paper contains 
the Tauberians just referred to, as well as stronger one-sided versions, and includes 
refinements of Fatou's theorem. Sections 9-12 cover such results, with partly new 
proofs. The 1941 paper will be discussed in Sections IV.21, IV.22. 

Sections 13-15 are devoted to more recent developments in the Fatou-Riesz and 
Laplace transform area, which were motivated by operator theory and semigroups. In 
this introduction we only signal the seminal papers by Katznelson and Tzafriri [1986], 
Allan, O'Farrell and Ransford [1987], and Arendt and Batty [1988]. The (partly new) 
refinements in this book involve local HI and pseudofunction boundary behavior of 
transforms. Their development was aided by Newman's contour integration method 
which, in tum, can benefit from the use of pseudofunctions; see Theorem 14.6. For 
numerous other results and applications, see the book by Arendt, Batty, Hieber and 
Neubrander [2001]. 

There is a large body of Tauberian remainder theory involving conditions in the 
complex domain. We present notable examples where 'complex' information gives 
much stronger results than exclusively 'real' information. Sharp remainder estimates 
for the theorems of Fatou and Riesz were first discussed by the author in [1954b]; cf. 
Section 17 where we give a more transparent proof. In the 1950's, Freud, the author and 
others obtained remainder estimates in Hardy-Littlewood theorems for power series 
under real conditions; cf. Section 18 and see Chapter VII for a detailed discussion. In 
Section 18 we discuss stronger estimates under complex conditions, due to Postnikov 
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[1953] and Subhankulov [1960], [1964]. Finally we consider complex Tauberian 
results for the Stieltjes transform, due to Malliavin [1962] and Pleijel [1963], which 
can be applied to study the zero distribution of entire functions and the distribution 
of eigenvalues (Section 19). For other aspects of remainder theory, see the books by 
Ganelius [1971], Postnikov [1980], and Subhankulov [1976] (Russian), as well as 
Chapter VII. 

Analyticity of transforms in a strip plays a role in certain Tauberian theorems 
involving 'regular variation', see Section IV.9 and the book by Bingham, Goldie and 
Teugels [1987]. For multidimensional complex Tauberians we refer to the book by 
Vladimirov, Drozhzhinov and Zav'yalov [1986]. Several authors have added some
thing to 'real' Hardy-Littlewood theorems by interesting complex variable proofs. In 
this context we mention Delange [1952], lurkat [1956a], [1957], and Halasz [1967a]; 
cf. Landau and Gaier [1986] (appendix 2) and Section VII. 1 I. 

2 A Landau-Type Tauberian for Dirichlet Series 

Landau [1908], [1909] (section 66) derived the prime number theorem from a Tau
berian result of the following type. 

Theorem 2.1. Let fez) be given for Re z > 1 by a convergent Dirichlet series, 

00 

" an fez) = L z' n 
n=! 

(2.1) 

in which the coefficients satisfy the Tauberian condition' an 0:: O. Suppose that for 
some constant A, the analytic function 

A 
g(z) = fez) - --1' Rez> 1, 

z-
(2.2) 

has an analytic or just continuous extension (also called g) to the closed half-plane 
{Re z 0:: I}. Finally, suppose that there is a constant M such that 

g(z) = O(lzI M ) for Rez 0:: 1. (2.3) 

Then 
lIn 
-Sn = - L ak -+ A as n -+ 00. 

n n k=! 

(2.4) 

Proof. One may start with the formula 

1 ra+ioo etz { 1 - e-t for t > 0 
2ni Ja-ioo z(z + 1) dz = 0 for t ~ 0' 

(a > 0), which is an easy application of the residue theorem. We now set Ln<v an = 
s(v) (so that s(v) = 0 for v < 1) and take a > 1, u > O. Then by absolute 
convergence, 
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1 10'+iOO U Z 1 10'+ioo 00 an U Z 

-. fez) dz = -. L -; dz 
2Jrl O'-ioo z(z + 1) 2Jrl O'-ioo n' z(z + 1) 

n=l 

r lr 
= Lan(l - n/u) = 10 0 - v/u)ds(v) = - 10 s(v)dv. 

n::::u 0 U 0 

Again by the residue theorem, 

1 10'+ioo 1 UZ {(U _1)2/(2u) foru:::: 1, 

2Jri O'-ioo z -1 z(z + l)dz = 0 forO < u < 1. 

Subtracting A times the last identity from the preceding and multiplying by u, one 
obtains from (2.2) that 

1 10'+ioo uz+1 {s(-llcu) - A(u - 1)2/2 for u :::: 1, 
- g(z) dz = 
2Jri O'-ioo z(z + 1) 0 forO < u < 1, 

(2.5) 

where we have written s(-l)(u) for J; s(v)dv; cf. Ingham [1932]. Integrating k - 1 

times with respect to u from 0 on and then dividing by uk+ I, one concludes that for 
u :::: 1 and a > 1, 

S(-k)(U) _ A (1 _ ~)k+l 1 10'+ioo uZ-1g(z)dz (2.6) 

uk+l (k+l)! u =2Jri O'-ioo z(z+I) ... (z+k) 

Here s( -k) (u) denotes the k-times iterated integral, 

We finally use the hypothesis (2.3). Taking k > M and invoking dominated con
vergence, one may let a go to 1 in (2.6). The resulting right-hand side with z = 1+ iy 
is an absolutely convergent Fourier integral, involving the exponential exp(i y log u). 
By the Riemann-Lebesgue lemma (cf. Rudin [1966/87] or Korevaar [1968]), this 
right-hand side will tend to 0 as u -+ 00. One thus obtains the asymptotic relation 

A 
s(-k)(u) ~ uk+1. 

(k + 1)! 

By the monotonicity of sO, one may differentiate k times to conclude that 

s(u) ~ Au, (2.7) 

which implies (2.4). (The differentiation may be justified by repeated use of the 
mean-value theorem; cf. Lemma I.17.1.) 

Derivation of the PNT. For Re z > 1, logarithmic differentiation of the Euler product 
for the zeta function, S-(z) = ITp I/O - p-Z) over the primes p, gives the formula 
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fez) = f A(n) = _ (z). 
n=l nZ {(z) 

(2.8) 

Here A(n) = log p if n = pf3 (f3 2: 1) and A(n) = 0 if n is not a prime power; 
cf. Section 1.4. One knows that {(z) can be continued analytically across every point 
of the line {Rez = I} except the point z = 1, where {(z) has a simple pole with 
residue 1; cf. Section I.26. We also need the crucial fact that {O has no zeros on the 
line {Rez = I}, which was verified in Theorem I.26.2. It follows that -(z)/{(z) 
likewise is analytic at every point of the line {Re z = I} with the exception of a simple 
pole at z = 1 with residue 1. Thus 

1 (z) 1 
g(z) = fez) - - = -- - -

z-1 {(z) z-l 
(2.9) 

has an analytic extension to the closed half-plane {Re z 2: I}. If one knows that this 
function g indeed satisfies a growth condition (2.3), the conclusion from Theorem 
2.1 is that 

def,", '"' 1jf(u) = ~ A(n) = ~ logp ~ u; (2.10) 

cf. (2.7). This relation for Chebyshev's function 1jf is equivalent to the PNT (1.2); cf. 
Section 1.1 O. 

For a proof of a suitable growth condition we refer to Landau or Ingham (loc. 
cit.). However, Wiener's Tauberian theory and Ikehara's article [1931] showed that 
no growth condition is necessary: 

Theorem 2.2. Let fez) be givenfor Rez > 1 by a Dirichlet series (2.1) with an 2: 0, 
and let g(z) = fez) - AI(z -1) have a continuous extension to the closed half-plane 
{Re z 2: I}. Then 

n 

Sn = L ak ~ An as n -+ 00. 

k=l 

(2.11) 

The result is sometimes called 'Landau-Ikehara theorem', but the name Wiener
Ikehara theorem seems more appropriate. By the preceding, the Theorem readily 
provides a proof of the prime number theorem based solely on the nonvanishing of 
{(z) on the line {Re z = I}. For a proof of the Wiener-Ikehara theorem, see Section 
4. The Tauberian condition an 2: 0 may be relaxed to an 2: -C. [One may apply the 
above result to f*(z) = fez) + C{(z).] 

3 Mellin Transforms 

Instead of sums of Dirichlet series, one may more generally consider functions f 
which for Re z > 1 are given by a (possibly improper: only conditionally convergent) 
Mellin-Stieltjes transform, 
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100- IB fez) = v-Zds(v) = lim v-Zds(v). 
1- B--+oo 1-

(3.1) 

If s (.) is nondecreasing the integral will be absolutely convergent. Assuming that s (v) 
is equal to ° for v < I and locally of bounded variation, one may in any case integrate 
by parts to obtain an ordinary Mellin transform. 

Indeed, the substitution s(et ) = S(t) changes the integral (3.1) to a Laplace
Stieitjes transform CdS as in (1.1). Integration by parts in such integrals has been 
discussed in Section 1.13. Always taking Set) = ° for t < 0, we suppose that S is 
locally of bounded variation on [0, (0) and such that the integral for Cd S(z) is (at least 
conditionally) convergent for Re z = x > a ~ 0. Under this condition Set) = O(eht ) 
for every b > a, so that 

CdS(z) = (oo- e-zt dS(t) = z roo S(t)e- zt dt = zLS(Z) (3.2) 
10- 10 

whenever x > a; cf. Proposition 1.13.1. Here the final integral is absolutely conver
gent. 

We now state a 'complex' Abelian theorem in preparation for the Wiener-Ikehara 
theorem in Section 4. If s(v) = Av for v ~ I, the transform fez) in (3.1) is equal to 
AI(z - 1) for x = Re z > 1. What can one say if s(v) ~ Av? 

Theorem 3.1. Suppose that s(·) is locally of bounded variation, s(v) = Of or v < 1 
and s(v) ~ Av as v --+ 00. Then the analytic function fez) defined by (3.I)for 
x = Re z > I behaves like AI(z - I) at least for so-called angular approach to the 
point z = 1. There can be no pole type behavior for angular approach to any other 
point of the line {Re z = I}. 

Proof. Using integration by parts one finds that for x = Re z > I, 

g(z) = fez) - -- = z {s(v) - Av}v-Z-1dv. A /00 
z - I 1 

(3.3) 

The hypothesis s(v) ~ Av means that s(v) - Av = o(v) as v --+ 00. Thus 

1/00 {s(v) - AV}V-Z-1dvl ::: 100 Is(v) - Avlv-x-1dv 

=o(fOOV-XdV)=O(x~l) as x\. 1. (3.4) 

First suppose that z --+ 1 in an angle given by 1 < x < 2 and Iz - 11 < C (x - 1), so 
that Izl < 1+ C. Then by (3.3) and (3.4) 

(z - l)g(z) = a -- = 0(1). ( IZ - 11) 
x-I 

It follows that (z - I) f (z) --+ A as z --+ 1 in the angle. 
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Next take z in an angle of the form I < x < 2 and Iz - zol < C(x - 1), where 
Zo = 1 + iyo with Yo i= 0. In that case (3.4) gives (z - zo)g(z) = 0(1) as x ~ I, so 
that 

(z - zo)f(z) = (z - zo)g(z) + A(z - zo)/(z - 1) ---+ ° as z ---+ zoo 

o 
Corollary 3.2. The prime number theorem implies that ~(z) is free of zeros on the 
line {Rez = I}. 

Indeed, if in Theorem 3.1 we take s(v) = ljJ(v), then fez) = -(z)/~(z); cf. 
Section 2. Now by the PNT, ljJ(v) ~ v. Thus fez) can have no pole on the line 
{Re z = l} (different from the point 1), so that ~ (z) can have no zero on that line. 

4 The Wiener-Ikehara Theorem 

We consider an integral form of Theorem 2.2: 

Theorem 4.1. Let s(v) vanishfor v < 1, be nondecreasing, continuousfrom the right 
and such that the Mellin-Stieltjes transform 

fez) = /00 v-Zds(v) = z /00 s(v)v-Z-1dv, z = x + iy, (4.1) 
1- 1 

exists for Re z = x > 1. Suppose that for some constant A, the analytic function 

A 
g(z) = fez) - --1' x> 1, 

z-

has a continuous extension to the closed half-plane {x ~ I}. Then 

s(u)/u ---+ A as u ---+ 00. 

(4.2) 

(4.3) 

The Tauberian condition is given by the positivity of the measure ds. For the 
integration by parts in (4.1), cf. Section 3. 

It is convenient to deal with a corresponding (slightly more general) result for 
Laplace-Stieltjes transforms. For the transition we set v = et , s(et) = Set). 

Theorem 4.2. Let S(t) vanishfor t < 0, be nondecreasing, continuous from the right 
and such that the Laplace-Stieltjes transform 

fez) = £dS(z) = (OO e-ztdS(t) = Z (OO S(t)e-ztdt, z = x + iy, (4.4) 
Jo- Jo 

exists for Re z = x > 1. Suppose that for some constant A, the analytic function 

A 
g(z) = fez) - --1' x > 1, 

z-
(4.5) 
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has a boundary function g(1 + iy) in the following sense. For x ">I 1, the function 
gx (i y) = g (x + i y) converges to g (1 + i y) uniformly or in L I on every finite interval 
-A < y < A. Then 

e-tS(t) ~ A as t ~ 00. (4.6) 

Working with Wiener, Ikehara applied his mentor's early [1928] Tauberian the
ory to obtain a proof [1931]. Thus their joint effort succeeded in removing the earlier 
growth condition on f or g at infinity which was imposed in Section 2. Most sub
sequent proofs and extensions have benefited from Wiener's version [1932] of the 
proof and from Bochner's simplification [1933a] of it. See Landau [1932a], Ingham 
[1935], Wiener and Pitt [1939], as well as expositions in books by Wiener [1933], 
Doetsch [1937], [1950], Widder [1941], Chandrasekharan [1968], and Heins [1968]. 

We give two proofs for the Wiener-Ikehara theorem. The proof below is along 
traditional lines. The elegant newer proof in Section 5 gives an optimal result for the 
case where there is a good boundary function g(1 + iy) only on some finite interval 
- A < Y < A. Less precise results for that case were obtained earlier by Heilbronn 
and Landau [1933a], [1933c]; see also Landau [1932b]. 

Following Wiener [1932] and Bochner [193 3a], we base our first proof of Theorem 
4.2 on a nonnegative approximate identity {K)J, 0 < A ~ 00, for which the Fourier 
transform K).. has support in [-A, A). It is convenient to use the historical example of 
the 'Fejer kernel for~' encountered in Section 11.7: 

_ _ 1 - cosM _ A (SinM/2)2 
K)..(t) - AK(M) - JrM2 - 2Jr M/2 ' 

KA ( ) = 1 K ( ) -iytd = { 1 - Iyl/A for Iyl ::: A, 
)..y )..te t 0 ~ II ' IR lor y > 11.. 

(4.7) 

Proposition 4.3. Let a (t) vanish for t < 0, be nonnegative for t 2: 0 and such that 
the Laplace transform 

F(z) = £a(z) = 1000 a(t)e-ztdt (4.8) 

exists for Re z = x > o. Suppose that for x ">I 0, the function 

G(z) = F(z) - A/z, z = x + iy, (4.9) 

converges to a boundary function G(iy) in Ll( -A < y < A). Then the integral 

[ K)..(u - t)a(t)dt = f)..u a(u - v/A)K(v)dv 
lIR -00 

exists and tends to A t K(v)dv = A as u ~ 00. (4.10) 

Proof. For x > 0, the convolution of the Ll functions K)..(t) and a(t)e-xt has Fourier 
transform K)..(y)F(x + iy), so that by Fourier inversion 
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1m 1 lA A • KA(u - t)a(t)e-xtdt = - KA(y)F(x + iy)e'UYdy. 
ffi. 2n -A 

(4.11) 

The special function FI (x +iy) = l/(x +iy) is the Laplace transform of the function 
al which equals 1 for t ::: ° and ° for t < 0. Hence by (4.11) for al and FI, 

tx) KA(u _ t)e-xtdt = _1_ (A KA(Y)FI(X + iy)eiuYdy. 
10 2n LA (4.12) 

One now subtracts A times this identity from (4.11) and then replaces F - AFI by 
G. The result may be written as 

(4.13) 

Observe that KA is in L I , KA is continuous, while by the hypotheses G(x + iy) 
tends to G(iy) in LI(_A < y < A) as x ">l 0. It follows that the right-hand side of 
(4.13) has a finite limit as x ">l 0, hence so does the left-hand side. Since the product 
KA(u - t)a(t) is nonnegative, application of the monotone convergence theorem (cf. 
Rudin [1966/87] or Korevaar [1968]) now shows that this product is integrable over 
(0, (0). Letting x ">l 0, one obtains the 'basic relation' in the proofs by Wiener and 
Bochner, 

rOO KA(u-t)a(t)dt=A roo K A(u-t)dt+-1 (A KA(y)G(iy)eiuYdy. (4.14) 10 10 2n LA 
The Riemann-Lebesgue lemma finally shows that the last term tends to ° as u ---+ 00. 

Substituting u - t = ViA and replacing KA(v/A) by AK(v), one concludes that 

1~ 1~ lim a(u - v/A)K(v)dv = A lim K(v)dv = A. 
u---+oo -00 u-+oo -00 

Proof of Theorem 4.2. We set e-t Set) = aCt). Then for Rez = x > 0, 

F(z) ~ Ca(z) = roo S(t)e-(z+I)tdt = fez + 1), 
10 z + I 

G(z) ~ F(z) _ ~ = fez + 1) _ ~ = g(z + 1) - A; 
z z+l z z+l 

(4.15) 

cf. (4.4), (4.5). By the hypotheses of the Theorem, a, F and G will satisfy the con
ditions of Proposition 4.3, hence we have (4.10). Because {KA} is an approximate 
identity, the first member of (4.10) must be close to a(u) if a is well-behaved and A 
is large. But is our function a nice enough? 

Atthis point Wiener [1932] continued with 'Wiener theory' , but Bochner's method 
(we give Landau's version) was more direct. By the monotonicity of S, one has 
a(w') ::: a(w)eW - W ' if w' ::: w. For any number a > 0, (4.10) thus shows that 
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f
AU fa 

A = lim a(u - v/A)K(v)dv 2: lim sup a(u - v/A)K(v)dv 
u ...... oo -00 u---+oo -a 

2: lim sup a(u - a/A)e-2ajA fa K(v)dv. 
u---+oo -a 

As a result, 
e2ajA 

lim sup a(u) ::: fa A. 
u---+oo -a K(v)dv 

(4.16) 

Taking a = ,JI one obtains an upper bound for the lim sup of the form C (A) A, where 
C(A) is close to 1 for large A. Under the hypotheses of Theorem 4.2 we may indeed 
let A go to 00 to conclude that 

lim sup a(u) ::: A. (4.17) 
u---+OO 

Letting A go to 00 or not, we know now that a is bounded by some constant M. 
Taking b > 0 and observing that K(v) ::: 2/(nv2) < l/v2, one obtains an estimate 
from below: 

liminf a(u + b/A)e2bjA fb K(v)dv 2: liminf fb a(u - v/A)K(v)dv 
u---+oo -b u---+oo -b 

2: lim r ... - lim sup f- b 
... - lim sup roo ... 

u---+oo ill?. u---+oo -00 u---+OO ib 
2: A - 2M 100 (1/v2)dv = A - 2M/b. 

This gives a lower bound for lim infu---+oo a(u) which for large A and related large b 
is as close to A as one wishes. Conclusion: 

liminf a(u) 2: A. 
u---+oo 

This completes the proof. 0 
For fixed A, a more precise analysis would give a lower bound for the liminf of 

the form c(A)A, where C(A) is close to 1 when A is large; cf. Landau [1932b]. A sharp 
'finite form' of the Wiener-Ikehara theorem is given in the next section. 

Remarks 4.4. Many authors have obtained extensions of the Wiener-Ikehara theo
rem and these involve a variety of boundary behavior. We mention Raikov [1938], 
Avakumovic [1940a], [1940b], [1940c], Ingham [1941] (see Sections IV.21, IV.22 
below), Agmon [1953], Delange [1954], [1955b], Subhankulov [1973] and [1976] 
(chapter 5), Diamond [1975], Graham and Vaaler [1981], Aramaki [1988], [1996], 
Tenenbaum [1995], and Cizek [1999]. Among other things, Subhankulov allowed 
finite sums in (4.2) of the form Lm::O:l Amz/(z - 1)m instead of A/(z - 1); see also 

Cizek. Several of the authors obtained a form of the Wiener-Ikehara theorem with 
remainder. Pseudofunction boundary behavior [of g(z) = fez) - A/z - 1] is referred 
to in Remarks 14.7 below. 
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In the special case of Dirichlet series (2.1) with multiplicative coefficients an = 
¢(n) of absolute value::s 1, Hahisz [1968] could use the behavior of f (z) = f (x +iy) 
near the line x = I to obtain very refined results on the partial sums Sn = Lk<n ak. 
He could thus extend earlier number-theoretic work on the mean values of arithmetic 
functions, due to Delange and Wirsing; cf. Elliott [1979]. 

5 Newer Approach to Wiener-Ikehara 

The treatment below is based on the work of Graham and Vaaler [1981]. They were 
able to obtain a precise 'finite form' of the Wiener-Ikehara theorem with the aid of 
'extremal majorants' . The majorants are optimal, relative to L I distance, among (the 
restrictions to lR of) entire functions of prescribed exponential type. For some simple 
step functions such majorants were considered earlier by Beurling (unpublished) and 
Selberg; see the latter's Collected papers [1991] (vol. 2, pp 213-218, 22S-226) and cf. 
Montgomery [1978] (lemma S) and [1994]. Extending this work, Graham and Vaaler 
obtained extremal majorants for a larger class of functions; cf. also Vaaler [198S], 
Holt and Vaaler [1996]. 

For the present application, one has to approximate the function 

E(t) = {e- t fort:::: 0, 
o for t < O. 

(S.I) 

Taking A > 0 we consider majorants and minorants for E of type A. By this we 
mean integrable majorants MA = MA.E and minorants m A = mA,E on lR which 
are the restrictions of entire functions of exponential type ::s A. By the Paley-Wiener 
theorem [1934], the Fourier transforms MA andm A must have their support in [-A, A]. 

Theorem 5.1. Let Set) vanishfor t < 0, be nondecreasing, continuous from the right 
and such that the Laplace-Stieltjes transform 

fez) = £dS(z) = ['Xi e-ztdS(t), z = x + iy, 
10-

(S.2) 

exists for Re z = x > 1. Suppose that for some number A > 0, there is a constant A 
(necessarily:::: 0) such that the analytic function 

A 
g(z) = fez) - --1' z = x + iy, x > 1, 

z-
(S.3) 

converges to a boundary function g (1 + i y) in L I ( - A < Y < A) as x '\,. 1. Then for 
any majorant MA = MA,E and minorant m A = mA,E of E of type A, 
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Fig. 111.5. The functions E and Mr 

Proposition 5.2. Among the majorants M). = M).,E for E of type A is the function 

* SIn At e -nw (. '/2) 21 00 -nw 00 (1 1) I 
M). (t) = A/2 ?; (t _ nw)2 - ?; e t - nw - t ' (5.5) 

where w = 2n / A; see Figure IIl.5. One has 

(5.6) 

Among the minorants m). = m).,E for E of type A is the function 

(5.7) 

for which 

(5.8) 

Remarks 5.3. The proof of the Proposition will show that Mr interpolates E on the 
sequence {nw} in the 'strong' sense that 

Mr(nw) = E(nw), "In and (MD'(nw) = E'(nw), "In =1= 0 (5.9) 

(Figure III.5). Similarly mr strongly interpolates the function E which is equal to E 
for t =1= 0, but equal to 0 for t = O. 

For a class of upper-sernicontinuous L1 functions F, including F(t) = E(wt), 
Graham and Vaaler constructed 'extremal majorants' of type 2n. The general form is 

* (sinnt)21 ~ F(n) ", (1 1) I MF(t) = -- ~ 2 + ~ F (n) -- - - . 
n (t - n) t - n t 

n=-oo n;fO 

(5.10) 
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One may derive from their work that M~ in (5.5) is the unique extremal majorant for 

E of type A; it minimizes flR (MA - E), or equivalently, minimizes MA (0) = flR MI.. 
Similarly mr is the unique extremal minorantfor E of type A; it minimizes flR(E -mA) 

or maximizes mA(O). 

Theorem 5.4. Let S, f = CdS and g(z) = fez) - A/(z - 1) be as in Theorem 5.1. 
Let fJ- > 0 be the supremum of the numbers A such that g (x + i y) converges to a 
boundary function g (1 + i y) in L 1 ( - A < Y < A) as x "" 1. Then 

22~/fJ- A:s liminf e-tS(t):s lim sup e-tS(t):s 2n/~ / A, 
e 7r /-L - 1 t-HXJ t-HXJ 1 - e- 7r /-L 

(5.11) 

where the bounds should be read as A if fJ- = 00. The bounds in (5.11) are sharp. 

Proof of Theorem 5.1. Take t > O. Aiming for an upper bound of e-t Set) = 
e-t f~- dS(u), we initially insert a factor e-(x-I)u with x > 1 into the integral to 
facilitate the analysis. By the definition of E and a majorant MA for E of type A, 

e-t t e-(x-l)udS(u) = t e-(t-u)e-xUdS(u) 
Jo- Jo-

= [00 E(t _ u)e-XUdS(u):s [00 MA(t _ u)e-XUdS(u). 
Jo- Jo-

(5.12) 

[The second equality holds for all t > 0 for which SO is continuous, hence outside 
a countable set; by continuity, the final member provides an upper bound for the first 
member for all t > 0.] The Fourier transform MA is continuous and has support in 
[-;: A, A]. Since M A is smooth it is pointwise equal to the inverse Fourier transform of 
M A : 

1 fA ~ .() MA(t - u) = - MA(y)e' t-u Ydy. 
2n _A 

Substitution in (5.12), inversion of the order of integration and the definition Cd S = f 
now give 

MA(t - u)e-XUdS(u) = - MA(y)eltYdy e-(X+IY)UdS(u) 100 1 11. ~ . 100 . 
0- 2n -A 0-

1 11. ~ . = - MA(y)f(x + iy)eltYdy. 
2n _A 

(5.13) 

Observe that the 'singular part' of f(x + iy) for x "" 1 and -A < y < A is 
A/(x + iy - 1), which is equal to fooo e-(x+iy)u Aeudu. In the special case where 
dS(u) = Aeudu for u ::: 0 (and 0 for u < 0), identity (5.13) shows that 

-1-11. MA(y) ~ eity dy = [00 MA(t _ u)e-XU AeUdu. 
2n _A x + ly - 1 Jo 

(5.14) 

Combining (5.12)-(5.14) with the relation f = g + singular part, one thus obtains 
the inequality 
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e-t e-(x-l)udS(u) :::: - MA(y)f(x + iy)e1tYdy it 1 fA A • 

0- 2n -A 

= - MA(y)g(x + iy)e1tYdy + A MA(t - u)e-(x-l)udu. 1 fA A • iOO 

2n -A 0 

At this point one can pass to the limit as x "-.,. 1 because g(x +iy) has 'good' boundary 
behavior for -A < Y < A and MA is in Ll. The result is 

1 fA A • ioo 
e- I S(t) :::: - MA(y)g(l + iy)e1lYdy + A MA(t - u)du. 

2n -A 0 
(5.15) 

One may finally let t go to 00. The first integral in (5.15) involves the integrable 
function MA (y)g(l +iy) and the factor e i1y , hence by the Riemann-Lebesgue lemma, 
it has limit O. The final term is equal to 

A 1:00 MA(v)dv, with limit A ~ MA(V)dv. 

Thus for t --+ 00, (5.15) gives the desired upper bound for the lim sup in (5.4): 

lim sup e-t S(t) :::: A [ MA(V)dv. 
1-+00 JITf.. 

The proof for the lower bound of the lim inf is similar. D 

We will deal with Proposition 5.2 later. 

Derivation of Theorem S.4. By Theorem 5.1 applied to the majorant Mt in (5.5) and 
by (5.6), 1 2n/A 

lim sup e- I set) :::: A Mt(t)dt = -2rr/A A. 
1-->00 ITf.. 1 - e 

(5.16) 

By the hypothesis this holds for every A < p., and thus one obtains the (smaller) upper 
bound in (5.11). The proof for the lower bound of the lim inf is similar. 

To show that the bounds are sharp, Graham and Vaaler used the function S cor
responding to the measure d S, defined by point masses A (2n / p., )e2rrk/ /L at the points 
2n k / p., for k = 1, 2, .... In this case the transfonn 

2nA/p., 
fez) = £dS(z) = e(2rr//L)(z-l) _ 1 

has simple poles with residue A at the points z = 1 + np.,i, nEZ, so that the 
hypotheses of Theorem 5.4 are satisfied. At the same time, the first and the last 
inequality in (5.11) will be equalities. 

Proof of Proposition S.2. It will suffice to consider majorants. 
(i) The change of scale t => wt replaces the problem of majorizing E (t) by 

functions MA(t) of type A by the equivalent problem of majorizing F(t) = E(wt) by 
functions of type AW = 2n. We thus set out to show that 
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M*(t) = (si:nt) 2 
Q(t), with 

00 -nw 00 (1 1 ) 
Q(t) =" e + "(_w)e-nw _ _ _ , 

~ (t - n)2 ~ t - n t 
n=O n=! 

(5.17) 

is a majorant for the function E(wt) which is equal to e-wt for t :::: 0 and equal to 0 
for t < o. 

(ii) To this end we introduce the auxiliary function 

v 
R(v) = 1 -v' forwhich 0 < R'(v) < 1, Vv E R 

-e 
(5.18) 

Straightforward calculation gives the following formulas for t < 0: 

fooo R(v + w)etvdv = e-wt Loo R(u)etudu 

= I:e-nw Lt ~ n)2 - t : n } , 
n=O 

1000 R(w) ~ w R(w)etvdv = ___ = _ ~e-nw_, 
o t n=O t 

fooo {R(v + w) - R(w)}etvdv = Q(t); 

cf. (5.17). By (5.18) one has 0 < R(v + w) - R(w) < v for v> 0, hence 

100 1 
0< Q(t) < vetvdv = 2' 

o t 
( sin nt)2 

O:so M*(t):so ~ for t < O. (5.19) 

Similarly for t positive (but different from an integer), 

i: R(v +w)etvdv = e-wt (i: + foW) R(u)etudu 

= e -wt ~ 1 ~ -nw {I w } 
~ (t - n)2 - ~ e (t - n)2 - t - n ' 

n=-oo n=O 

10 R(w) ~ w 
R(w)etvdv = __ = ~e-nw_. 

-00 t n=O t 

Combination of these relations with the identity 

00 1 n 2 

L (t - n)2 = (sinnt) 
n=-oo 

shows that for nonintegral t > 0, 

10 {R(w) - R(v + w)}etvdv = Q(t) _ e-wt (-/!-)2 . 
-00 Slllnt 
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Using the inequality 0 < R(w)-R(v+w) < Ivlforv < 0;cf.(5.18),andmultiplying 
through by {(sinrrt)/rr}2, one concludes from (5.17) that 

( sin rrt)2 o ~ M*(t) - e-wt ~ -;t for nonintegral t > O. (5.20) 

By continuity this holds also for positive integers t. 
(iii) Formulas (5.19), (5.20) show that M*(t) majorizes E(wt) for all t i=- 0; at 

the origin both functions are equal to 1. The same formulas show that M* (t) strongly 
interpolates E (wt) on the integers in the sense of (5.9) (where one now has to substitute 
A = 2rr, w = 1). 

(iv) Replacing t by t /w one concludes that M;(t) = M*(t /w) in formula (5.5) is 
a majorant for E(t). It is easy to verify that M; is in L I. It is the restriction of an entire 
function of exponential type ~ A and hence its Fourier transform will have support 
in [-A, A]. The latter may be confirmed by direct computation of the transform. The 
value of flR M;(t)dt in (5.6) may be verified with the aid of the formulas 

[(SinAt/2)2 dt = ~ [ sin2 v dv = 2rr, 
llR A/2 (t - nw)2 A llR v2 A 

[ (Sin At/2)2 ~ = O. 
llR A/2 t - nw 

o 

6 Newman's Way to the PNT. Work of Ingham 

The starting point was a theorem of Ingham [1935] for Dirichlet series. Newman 
[1980], also [1998], gave a simple proof for the theorem by contour integration. The 
Tauberian condition is given by boundedness of the coefficients: 

Theorem 6.1. Let f (z) be given in the half-plane {Re z > I} by a Dirichlet series 
L~I an/nz with Ian I ~ C for all n. Suppose that fez) has an analytic extension to 
a neighborhood of every point of the line {Re z = I}. Then 

00 

the series L an is convergent. 
n 

n=1 

(6.1) 

If not fez) itself, but g(z) = fez) - A/(z - 1) has an analytic extension to the 
closed half-plane {Re z ::: I}, or equivalently, if 

00 an - A 
h(z) = fez) - A~(z) = " -

~ nZ 
n=1 

has such an extension, the conclusion is that 

(6.2) 
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~an -A 
the series L is convergent; 

n 
(6.3) 

n=1 

cf. the weaker conclusion in Theorem 2.2 (under a weaker hypothesis). 
Newman described two ways in which the PNT can be deduced from Theorem 

6.1. The simplest was to consider the reciprocal of the zeta function. As we know, I; (z) 
is analytic and different from 0 throughout the closed half-plane {Re z 2: I}, except 
that it has a simple pole at the point z = 1; cf. Section 1.26. Thus fez) = l/l;(z) is 
analytic for Re z 2: 1. It can be expanded in a Dirichlet series as follows: 

1 n ( I) ~ [L(n) 
fez) = I;(z) = . 1 - pz = L ----;;2; 

ppnme n=1 

the coefficients [L(n) define the Mobius function; cf. Section 1.4. Since one has 
1[L(n)1 .:::: I for all n, Theorem 6.1 shows that the series L~l J.L(n)/n is conver
gent. From this fact the PNT may be obtained by appropriate manipulation, as was 
first shown by Landau [1912]. 

A somewhat more direct proof of the PNT may be obtained from an analog 
of Theorem 6.1 for Laplace transforms (Korevaar [1982]; cf. Zagier [1997], Lang 
[1999]). Set 

so that boundedness of the sequence {an} implies boundedness of the function a. 
Furthermore, formal integration by parts suggests that convergence of the series 
L~l an/n corresponds to convergence of the improper integral 1000-a(t)dt: 

~ an /00- ds(v) /00- s(v) 10 00 -L - = -- = -dv = a(t)dt. 
n 1- v 1 v2 0 

n=1 

[To make this rigorous one would have to show that s(v)/v -+ 0 as v -+ 00.] Finally, 
the original Dirichlet series will correspond to a Laplace integral involving a; see 
Sections 7, 8 for precise results. Going back to Dirichlet series, the condition on {an} 
in Theorem 6.1 can now be relaxed to an 2: - C provided s (v) = O( v); see Theorem 
8.l below. As a special case we obtain the convergence (and the sum) of the series 
L~di\(n) - l}/n; the PNT is an easy consequence (see Section 1.10). Related 
Tauberian results for Dirichlet series have been given by Delange [1997]. 

With more work, the condition Ian I .:::: C in Theorem 6.1 may actually be replaced 
by the single condition an 2: -C, provided the Dirichlet series is known to converge 
for Re z > 1; see Theorem 9.2. 

After all is said and done, the way to the PNT via the Wiener-Ikehara theorem 
remains the most direct. It is an open problem if one can derive the latter theorem by 
complex analysis, for example, for the case of Dirichlet series with bounded coefficient 
sequence {an}! 

Let us return for a moment to Theorem 6.1 with fez) = 1/ I;(z). Translation in the 
vertical direction will show thatthe series L~I [L(n) / n l+iy converges to 1/1; (1 +i y) 
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for every real y. This is interesting because the Dirichlet series L~l l/n 1+iY for 
s(l + iy) itself is divergent for every real y; cf. Section 1.25. The example 

00 

f(z) = s(z - ib) = I:>ib /nz, Rez> 1, 
n=] 

with real b f::. 0 thus shows that in Theorem 6.1 it is not enough for f(z) to have an 
analytic extension to a region {Re z ~ 1, z f::. 1 + i b}. A pole at just one point of the 
line {Re z = I} is too much, but a slightly weaker singularity would be permissible; 
cf. Remarks 7.2. 

In [1935] Ingham proved a number of complex Tauberian theorems for Laplace
Stieltjes transforms which imply results for general Dirichlet series and ordinary 
Laplace transforms. Theorem 6.1 (also with the one-sided condition) is contained 
in Ingham's theorem III and its specialization theorem 3(1) for Dirichlet series. His 
results for Laplace transforms are essentially included in Theorems 7.1, 9.2 and 10.1 
below. For his proofs, Ingham extended the method which Bochner [1933a] and 
Heilbronn and Landau [1933a], [1933c]; cf. Landau [1932a], [1932b], had used for 
the Wiener-Ikehara theorem. Besides the Fejer kernel for lR of (4.7), Ingham used 
the 'Jackson kernel' for lR (cf. Jackson [1930]), which is the (suitably normalized) 
square of the Fejer kernel. Cf. also Karamata [1936]. Our treatment is different, and 
starts with Newman's contour method. 

We add the remark that Newman's complex method has recently led to refinement 
and extension ofIngham's results; see Sections 13, 14. 

7 Laplace Transforms of Bounded Functions 

We will extend Newman's contour integration method (Newman [1980]) to derive the 
following result; cf. Korevaar [1982], Zagier [1997]. The theorem itself is contained 
in Karamata [1934] (theorem B) and Ingham [1935] (theorem III). 

Theorem 7.1. Let the function a(·) vanish on (-00,0) and be bounded on [0,00), 
so that the Laplace transform 

F(z) = Ca(z) = 1000 a(t)e-ztdt, z = x + iy (7.1) 

is well-defined and analytic throughout the open half-plane {x = Re z > OJ. Suppose 
that F (.) can be continued analytically to a neighborhood of every point on the 
imaginary axis. Then the improper integral 

1000
- a(t)dt exists and equals F(O). (7.2) 

More generally, by translation in the vertical direction, 
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1000
- a(t)e-iyt dt = F(iy) for every real number y. 

The Tauberian condition is given by the boundedness of aO. 
Proof of Theorem 7.1. Changing a on [0, 1] to a - F(O), the new F = Ca has 
F(O) = O. Dividing a by a constant, one may also assume that sup la(t)1 :::: l. For 
o < B < 00 we define 

It must now be shown that 

FB(O) = loB a(t)dt ~ F(O) = 0 as B ~ 00. 

(i) One begins with some simple estimates. For x = Re z > 0, 

(7.3) 

(7.4) 

IFB(Z) - F(z)1 = IlOO a(t)e-ztdtl :::: lOO e-xtdt = ~e-BX. (7.5) 

Similarly for x = Re z < 0, 

IFB(z)1 = 1 {B a(t)e-ztdtl:::: (B e-xtdt < ~e-Bx. (7.6) 
Jo Jo Ixl 

(ii) For given R > 0, let r be the positively oriented circle C(O, R) = {Izl = R}. 
We let rl be the part of r in the half-plane {x = Re z > OJ, r2 the part in the 
half-plane {x < OJ. Finally, let a be the oriented segment of the imaginary axis from 
+i R to -i R (Figure 111.7). Observe that for z E r, one has 

1 z 2x 
~ + R2 = R2· (7.7) 

Since F(O) = 0, the quotient F(z)/z is analytic for x ::: O. Observe also that 
FB is analytic everywhere. Formulas (7.5)-(7.7) motivate the following ingenious 
application of Cauchy's theorem and Cauchy's formula due to Newman: 

0= _1_ ( F(z) dz = _1_ { F(z)e BZ (~ + -;) dz, 
217:i irl+a z 217:i irl+a z R 

(7.8) 

FB(O) = _1_. ( FB(Z) dz = ~ { FB(z)e BZ (~ + -;) dz. 
217:1 ir z 217:1 Jr z R 

(7.9) 

Subtracting (7.8) from (7.9) and rearranging the result, one obtains the formula 

FB(O) = _1_. { {FB(Z) - F(z)}e Bz (~ + -;) dz 
217:1 irl z R 

+ -. FB(z)e z - + - dz - -. F(z)e - + - dz 1 i B (1 z ) 1 1 Bz ( 1 z ) 
217:1 r2 z R2 217:1 a Z R2 

= Tl + T2 + h (7.10) 

say. 
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i R 

C1 

o 

-i R 

Fig. 111.7. The paths of integration 

(iii) By (7.5) and (7.7) for z E rl, the integrand F*(z) in TI can be estimated as 
follows: 

!F*(z)1 = I{FB(Z) - F(z)}eBZ (~+ ~)I:s ~e-BXeBX2~ =-;. 
z R x R R 

Thus 
I i * I 2 I ITII:s - IF (z)IIdzl:s --{JrR =-. 

2Jr rl 2Jr R R 
(7.11) 

In the same way (7.6) and (7.7) for z E r2 imply the estimate 

IT21 = 1_1_. { FB(z)e BZ (~+~) dzl < ~. 
2Jrl Jr2 z R R 

(7.12) 

In order to deal with 

I JR ( I iY) iB T.l = - F(iy) -:- + - e Ydy, 
2Jr -R ly R2 

(7.13) 

one may apply integration by parts: eiBYdy = deiBy IUB), etc., or one may use the 
Riemann-Lebesgue lemma. Either method will show that for fixed R, 

(7.14) 

(iv) Conclusion. For given £ > 0 one may choose R = 1/£. One next determines 
Bo so large that I T31 is bounded by £ for all B 2: Bo. Then by (7.11 )-(7.14), 

!FB(O)I < 3£ for B 2: Bo. 

In other words, FB(O) -+ 0 = F(O) as B -+ 00. o 
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Remarks 7.2. In Theorem 7.1, the condition that F be analytic on the imaginary 
axis can be relaxed considerably. For more refined results, it is desirable to have an 
inequality for the case where F(O) =f. 0 and SUPt>o la(t)1 = M =f. 1. Estimating 
IFB(Z) - F(z)1 on fl and IFB(Z) - F(O)I on f2, where Ixle Bx S 1/(eB), one finds 
that 

IFB(O) - F(O)I (7.15) 

s 2M + IF(O)I + _1 ! fR {F(iy) _ F(O)} (~ + .2.) eiBYdY!. 
R eBR 2JT -R zy R2 

Applying this inequality to F(E + z) instead of F(z) and then letting E go to zero, one 
concludes that in Theorem 7.1, it is sufficient if F (x) tends to a limit F (0) as x "" 0 
and in addition, the quotient 

. F(x + iy) - F(x) 
Q(x + lY) = ---. ---

ly 

satisfies one of the following three conditions. (i) It can be extended continuously to 
the closed half-plane x :::: 0; (ii) the quotient tends to a limit function Q(iy) as x "" 0 
in Ll(-R < y < R) for every R > 0; (iii) Q(x + iy) converges distributionally 
on every interval {-R < y < R} to a so-called pseudofunction Q(iy) = QR(iy) as 
x "" O. For case (iii), cf. Theorem 14.6 below. If one has convergence of Q(x + iy) 
only on some interval {-R < Y < R}, analysis will give a 'finite form' of Theorem 
7.1: 

lim sup ! r a (t)dt - F(O)! S 2M; 
B-+oo 10 R 

(7.16) 

cf. Korevaar [2003] for the distributional case. In Theorem 7.1, the boundedness of 
aCt) for t :::: 0 may be relaxed to local integrability on jR+ and boundedness for 
t :::: to. For real a, the boundedness condition can be relaxed further to one-sided 
boundedness, provided the Laplace transform F(z) = 'ca(z) is known to exist for 
Re z > 0; cf. Section 9. 

8 Application to Dirichlet Series and the PNT 

Theorem 7.1 implies the following result for classical Dirichlet series. 

Theorem 8.1. Let fez) be given for Rez > 1 by a convergent Dirichlet series 
L~l an/nz with an :::: -C and s(v) = Ln:c:v an = O(v). Suppose that 

A 
g(z) = fez) - --lor h(z) = fez) - AS-(z) 

z-
has an analytic extension to the closed half-plane {Re z :::: I}. Then 

1 
-s(u) -7 A as u -7 00 and 
u 

00 a - A L:-n- =h(l). 
n 

n=l 
(8.l) 
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The Tauberian condition is essentially a positivity condition with a little extra. The 
extra condition s(v) = O(v) may be dropped, but this requires a more complicated 
proof; cf. Theorem 9.2 below. 

Proof of Theorem 8.1. Define 

(8.2) 

Then aCt) = 0 for t < 0 and a is bounded for t :::: O. For Re z > 0 the Laplace 
transform is equal to 

F(z) = £a(z) = 1000 {s(et ) - A[et]}e-(z+!)tdt 

= {s(v) - A[v]}v-z- 2dv = -- v-Z- 1d{s(v) - A[v]} / 00 1 /00 
! Z + 1 1-

= _1_ ~ an - A = fez + 1) - AS-(z + 1) = h(z + 1) (8.3) 
z + 1 ~ nZ+! Z + 1 z + 1 . 

n=! 

The hypotheses imply that the transform has an analytic extension to the closed half
plane Re z :::: O. Thus by Theorem 7.1 

100- 100- s(et) - A[et] 
a(t)dt = dt 

o 0 ~ 
(8.4) 

= roo- s(v) - A[v] dv = F(O) = h(l). 
11 v2 

(i) We will verify that the condition an :::: -C and the convergence of the integrals 
in (8.4) imply s(u) ~ A[u] ~ Au. 

Adding a suitable constant C' to the an and A, we make an > 0, 'V n and A > O. 
This adjustment makes s(u) nondecreasing. It increases s(u) by C'[u] but does not 
change the integrals in (8.4). Suppose now that lim sup s(u)/u is greater than A. Then 
there is a number 8 > 0 such that for some sequence of u's tending to 00, one has 
s(u) > (A + 28)u. As a result, 

s(v) :::: s(u) > (A + 28)u > (A + 8)v for u < v < pu, 

where p = (A + 28)/(A + 8). But then for these numbers u -+ 00, 

l pU s(v) - A[v] l pU 8 
---;;C2--dv> -dv = 8logp, 

U v u V 

and this would contradict the convergence of the third integral in (8.4). Thus 
lim sup s(u)/u s A. 

One similarly shows that one cannot have liminf s(u)/u < A. 

(ii) To deal with the sum in (8.1) we use a Stieltjes integral and integration by 
parts, together with (8.4) and the relation s(u) ~ Au: 
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N an - A fN 1 L -- = -d{s(v) - A[v]} 
n=1 n 1- V 

seN) - AN fN s(v) - A[v] 
= + 2 dv --+ h(1) as N --+ 00. 

N 1 V 

Corollary 8.2. As usual, let 1/I(u) be Chebyshev'sfunction Ln<u A(n) and let y be 
Euler's constant. Then -

~ A(n)-l 
1/I(u) ~ u as u --+ 00 and L...... = -2y. 

n 
n=1 

(8.5) 

Recall that the first relation (8.5) is equivalent to the prime number theorem, 

cf. Section 1.1 o. 

U 
7r(u) ~ --; 

logu 

Proof of the Corollary. We apply Theorem 8.1 with an = A(n), so that fez) = 
-( (z) IS (z) ands (u) = 1/1 (u); cf. Section 2 or L4. The boundedness of s (u) /u follows 
from Chebyshev's classical estimate 1/I(u) = O(u); cf. Section 11.17 or Landau 
[1909]. Since fez) and ~(z) both have a first order pole at z = 1 with residue 1, the 
difference 

((z) 
h(z) = fez) - ~(z) = - ~(z) - ~(z) 

has an analytic extension to the closed half-plane {Rez ~ I}; cf. Section 2. Thus 
we may apply Theorem 8.1 with A = 1. Formula (8.1) now implies the first relation 
(8.5) and the convergence of the series. The sum h(1) of the series must be equal to 
its Lambert sum, which was found to be -2y in Section 1.4. Alternatively, the value 
of the sum may be obtained from the expansion of the zeta function around the point 
z = I: 

I 
~(z) = -- + y + Cl (z - I) + ... , ~' (z) = -I/(z - 1)2 + Cl + ... ; 

z-I 

cf. Section L26 or Landau (loc. cit.). One thus finds once again that 

h(1) = - hm - + ~(z) = -2y. . { ((z) } 
z---+1 ~(z) 

9 Laplace Transforms of Functions Bounded From Below 

We begin with a simple addition to Proposition 4.3. 
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Lemma 9.1. Leta ~ 0, F = £0', G(z) = F(z)-AlzandA > ObeasinProposition 
4.3, so that in particular G(x + iy) --+ G(iy) in Ll (-A < Y < A) as x \. O. Then 
for every number h ~ 2n lA, 

11U+h 
ah(u) = h u a(t)dt ::s CA + 0(1) as u --+ 00, (9.1) 

with an absolute constant C < 3. 

If A can be taken arbitrarily large, then actually ah (u) --+ A as u --+ 00 for every 
h > 0; cf. Wiener and Pitt [1939], or Pitt [1958] (section 6.1) and Diamond [1972]. 

Proof of the Lemma. By Proposition 4.3 where K(v) = (1 - cos v)/(nv2), i: a(u - vIA)K(v)dv = A + 0(1) as u --+ 00. (9.2) 

Now K ~ 0, and for Ivl ::S n one has K(v) ~ K(n) > 0, hence by (9.2) 

J1f A J1f /J... 
A +0(1) ~ K(n) a(u - vlA)dv = 2nK(n)- a(u + w)dw. 

-1f 2n -1f/J... 

This inequality implies (9.1) with h = 2nlA and C = 1/{2n K(n)} < 3. Since the 
hypotheses of the Lemma are a fortiori satisfied if we replace A by a smaller number, 
conclusion (9.1) holds also for h > 2n IA. 

We can now prove an extension of Theorem 7.1 involving one-sided boundedness. 
A different proof may be obtained from Ingham [1935] (theorem III). 

Theorem 9.2. Let aCt) vanishfor t < 0, be boundedfrom below for t ~ 0 and such 
that the Laplace transform G(z) = £a(z), z = x +iy, existsfor x > O. Suppose that 
G(·) can be continued analytically to the closed half-plane {x = Rez ~ O}. Then the 
improper integral Jooo- a(t)dt exists and equals G(O). 

The proof and Remarks 7.2 will show that one does not need analyticity of G on 
the line {x = O}. It is enough to know that for some constant G(O) and every A > 0, 
the quotient {G(x + iy) - G(O)}/(x + iy) converges in Ll (-A < Y < A) to a limit 
function H (i y) as x \. o. 
Proof of Theorem 9.2. Shifting a one may assume that aCt) = 0 for t < 1; such 
a shift does not affect the value of G(O) or 1000 - a. Now choose A > 0 such that 
a ~ - A and set a = a + A on ~+, a = 0 on 1R -. Then a, F = £0' and G (z) = 
£a(z) = F(z) - Alz satisfy the conditions of Lemma 9.1 for every number A > O. 

For 0 < h ::S 1 we consider the average 

ll u+h 
ah(u) = - a(t)dt. 

h u 
(9.3) 

Then ah(u) = ah(u) - A with ah as in (9.1) when u > 0 and ah(u) = 0 for u < O. 
Also [because aCt) = 0 for t < 1], 
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1100 lu+h Ch(Z) = Cah(Z) = - e-zudu a(t)dt 
h 0 U 

1 100 [I ehz - 1 = - a(t)dt e-zudu = --C(z). 
h 0 I-h hz 

Thus C h can be continued analytically to the closed half-plane {Re Z :::: O} just like C 
and Ch (0) = C(O). By Lemma 9.1, Oh is bounded for every fixed h, hence the same 
is true for ah. We can therefore apply Theorem 7.1 to ah and its Laplace transform 
to conc.ude that 

lim r ah(u)du = C(O). B---+0010 (9.4) 

Taking B :::: 1 we next compare JOB ah with JOB a. By a short calculation 

R(h, B) = foB ah(u)du - foB a(t)dt = foB oh(u)du - foB a (t)dt 

l h h - t l B+h B + h - t 
= - a(t)--dt + a(t) dt. 

o h B h 
(9.5) 

Now aCt) = A on (0, h), hence by Lemma 9.1 

1 (B+h 
-2Ah ::::: R(h, B) ::::: 1B a(t)dt ::::: 3Ah + 0(1) as B ~ 00. 

Thus by (9.4) and (9.5), 

limsup I (B a(t)dt - C(O)I ::::: lim sup IR(h, B)I ::::: 3Ah. 
B---+oo 10 B---+oo 

Since h can be taken arbitrarily small this completes the proof of the Theorem. 

10 Tauberian Conditions Other Than Boundedness 

In this section we use ideas from the proof of Proposition 4.3 to obtain a convergence 
theorem involving more general Tauberian conditions. 

Theorem 10.1. Let a be real, equal to 0 on 1R- and such that the Laplace transform 
F(z) = Ca(z) existsfor Rez = x > O. Suppose that for x '\t 0, F(x + iy) converges 
to a boundary function F(iy) uniformly or in Lion some interval-A::::: y ::::: A with 
A > O. Then each of the following Tauberian conditions implies that a (u) tends to 0 
as u ~ 00: 

(i) a is slowly decreasing on IR (Definition II. 2.3): for any given c > 0, there 
are numbers 8 > 0 and B such that 

a(t) :::: a(u) - c whenever u + 28:::: t :::: u :::: B, (10.1) 

AND A may be taken arbitrarily large; 
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(i') a is 'very slowly decreasing' on IR. in the sense that 

liminf {aCt) - a(u)} ::: 0 for u + 1 ::: t ::: u ~ 00 (10.2) 

(while A is fixed); 
(ii) a(t) is piecewise constant, its intervals of constancy have length at least 

28 - 0(1) as t ~ 00 and A8 > b, where b is the constant determined by equation 
(10.9) below. (Additional work will give the optimal constant b = n/2, see Section 
11 and Example 10.3.) 

In the case of complex a one may apply the Tauberian conditions to a(l) = Re a 
and a(2) = Ima separately. The transfonns Fj = Ca(j) both inherit the good 
behavior of F. 

Convergence results under conditions related to (i) and (i') may be found in Kara
mata [1934] and Ingham [1935]. In Ingham [1936] there is a result on Dirichlet series 
corresponding to the step function condition (ii); cf. condition (ii) in Theorem 12.2 
below. See also Pitt [1958] (section 6.1). 

For the proof of the Theorem we first establish boundedness. 

Proposition 10.2. Let a and F = Ca be as in the first four lines of the Theorem. 
Then each of the following conditions implies that a is bounded: 

(i) a is slowly decreasing orat least, (10.1) holdsforsoME 8, 8, B (no condition 
on A required); 

(ii) a and A are as in part (ii) of the Theorem. 

Proof of the Proposition. (i) Suppose for simplicity that inequality (10.1) can be 
satisfied for arbitrarily small 8 > 0, although this is not necessary for the proof that 
a is bounded. For convenience, set 

(x > 0). 

[Not to be confused with ah in (9.1).] We verify first that ax (t) is bounded (and in fact, 
tends to 0) as t ~ 00 for every x > O. Indeed, suppose ax(u) ::: 28 for a sequence 
of u ~ 00. Then for u + 28 > t ::: u ::: B, since also a(u) ::: 28, 

ax(t) ::: e-X1{a(u) - e} > e-2xOe-XUa(u)/2 

= e-2XO ax(u)/2::: e-2xo8. (10.3) 

But then fuu+20 ax (t)dt would fail to tend to 0 as u ~ 00, contradicting the conver
gence of Ca(x). Similarly, one cannot have ax(u) ::: -28 for a sequence of u ~ 00. 

Changing a (.) on a finite interval if necessary, we may assume that a is locally 
bounded. Then 

fJx = sup lax(t)1 < 00, V x > O. 
1>0 

(1004) 

Let K;...(v) = AK(AV) again be the Fejer kernel of (4.7). By the hypothesis that the 
Laplace transfonn F(x + iy) of a has good boundary behavior for -A ::: y ::: A, 
there is a constant M such that 

j~ K;...(v)ax(u + V)dvj = j2~ i: K;...(y)F(x + iy)eiUYdyj ::: M (10.5) 
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for all x > 0; cf. formula (4.11). We may assume that f3x = SUPt ax(t). If a is 
unbounded (as we may suppose for the moment) and x is small, then f3x is large and 
hence the values of t for which ax(t) is close to its supremum must be large. For 
given c' > 0 we now choose u - 8 c:: B such that ax(u - 8) c:: f3x - c' and we take 
u + 8 > t c:: u - 8. Then by 00.1); cf. (10.3), 

Thus by 00.5) 

M c:: .L KA(v)ax(u + v)dv 

c:: [0 KA(v)ax(u + v)dv - f3x [ KA(v)dv 
J-o J1vl>0 

c:: {e- 2xo f3x - c - c'} [00 KA(v)dv - f3x (1 - [00 KA(V)dV) 

> (0+e- 2XO ) [:KA(V)dV-1)f3x-c-c" (10.6) 

For fixed 8 we may take x = 1]/(28), where 1] is small so that e-'1 is close to 1. We 
may then rewrite (10.6) as 

M> (0 + e-'7) I:: K(w)dw - .L K(W)dW)f3x - c - c'. (10.7) 

Now by (l 0.1) we may take 8 as large as we like provided we enlarge c correspond
ingly. For large 8 and associated x the coefficient of f3x in (l 0.7) will be positive and 
independent of x. 

Conclusion: for small x > 0, the absolute value ofax(t) = e-xta(t) has upper 
bound f3x = f3 independent of x, hence aCt) is bounded. 

(ii) For piecewise constant a as described, the proof of (10.4) is easy; cf. the lines 
following (10.3). Supposing a unbounded, we continue roughly as before. Decreasing 
the original 8 just a little (if necessary), we can change a on a finite interval and 
at isolated points in such a way that all the intervals of constancy have the form 
u - 8 S t < u' with u' c:: u + 8. Choosing such an interval fu - 8, u') for which 
ax (u - 8) c:: f3x - c', we again get (10.6) and (10.7) (now with c = 0). For small x 
or 1], the coefficient of f3x in (10.7) can be made positive if and only if 

2 [1.0 K(w)dw > [ K(w)dw. LAO JJR 
(10.8) 

This condition requires (for the new or the original 8) that A8 be larger than the 
constant b for which 

2 [b K(w)dw = [ K(w)dw. 
Lb JJR 

(10.9) 
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Since for our kernel 

1
71:/2 171:/2 4 sin2(w/2) 

2 K(w)dw = 2 dw < 1, 
~71: /2 ~71: /2 n w 

the constant b determined by (10.9) will be larger than n/2. However, one can use 
another kernel to show that in the Theorem, it is sufficient to have A8 > n /2; see 
Section 11. 

Proof of Theorem 10.1. By Proposition 10.2, f3 = sup la(u)1 is finite; we have to 
show that f3* = lim sup la (u) I as u --+ 00 is equal to O. For given £' > 0 we can 
change a on a finite interval [0, B] in such a way that f3 < f3* + £' for the new a 
while condition (i), (i') or (ii) is preserved. The new a and F = La will still satisfy 
the other conditions of the Theorem. Since a is bounded and F(x + iy) has good 
boundary behavior, one can let x go to 0 in (10.5) to obtain the relation 

Application of the Riemann-Lebesgue lemma then shows that 

Mu = i~ K)Jv)a(u + V)dVi = 0(1) as u --+ 00. 

Proceeding as before we may now use (10.6) and (10.7) with x = 0, replacing M by 
M u , f3x by f3 and e~2x8 = e~T} by 1. Under each of the conditions (i), (i') and (ii) 
we can ensure (without undue increase in £'s) that AO is large enough for (10.8) to be 
satisfied. Taking u large, one concludes that f3 is small and, finally, that f3* = O. 

Example 10.3. We will show that part (ii) in the Proposition and Theorem fails if 
A8 < n /2. For an example we may change the scale to make 28 = 1, after which we 
choose A < n. Now consider the series 

Then a (t) = Ln:Sf an is piecewise constant and the intervals of constancy have length 
28 = 1. For z = x + i Y with x > 0, the sum of the series is equal to 

(DO e~Zfda(t) = z (DO a(t)e~Zfdt. 
10~ 10 

Thus 
1 - e~Z 

F(z) = La(z) = ----::-; 
Z (1 + e~z)2 

for x "\. 0 and -A ::: y ::: A, the functions Fx(iy) = F(x + iy) are uniformly 
convergent to a boundary function F(iy). Hence, if part (ii) of Proposition 10.2 
would hold for our value of AO, the function a would have to be bounded - but it is 
not! 
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11 An Optimal Constant in Theorem 10.1 

We will show that one may take b = n /2 in part (ii) of Theorem 10.1. For this we 
deal with the following extremal problem: 

Problem 11.1. Determine the infimum b* of the constants b > 0 for which there is 
an L I kernel K on lR'. with the following properties: K is positive on a neighborhood 
of[-b,b], 

21b K(t)dt = [ IK(t)ldt, 
~b lIT?,. 

(11.1) 

and the Fourier transform K has its support in [-1, 1]. For convenience we also 
impose the normalization K (0) = 1. 

Proposition 11.2. For b = n /2 the conditions in Problem 11.1 are satisfied by the 
kernel K, given by 

2cost 
K(t)= 2 2' n - 4t 

K( ) = {cOS(JrY/2)for IYI:::: 1, 
Y 0 for lyl > 1. 

( 11.2) 

No smaller constant will work, hence b* = n /2. 

That the function K in (11.2) is the Fourier transform of K may be verified by 
Fourier inversion. With different scaling the kernel K occurs in an article by Ingham 
[1936] on trigonometric inequalities and Dirichlet series. A closely related extremal 
problem has been treated by Johansson [1993]. His work implies that the extremal 
kernel is unique. 

Proof of the Proposition. (i) Let K be as in (11.2). Then K > 0 on the interval 
(-3n/2,3n/2) and K has support [-1, 1]. We next verify (11.1) with b = n/2. 
For the following computation, cf. Pitt [1958] (section 4.3). Consider the difference 
between the first and the second member of (11.1), 

j nf2 i /::"K = 2 K(t)dt - IK(t)ldt 
~n/2 IT?,. 

1rr / 2 100 00 = 2 K(t)dt - 2 IK(t)ldt = 2/0 - 2 LIn, 
o rr/2 n=O 

say, where the integration in In will be from (4n + l)n /2 to (4n + 5)n /2. Then 

1rr / 2 1 11 cos(nv/2) 
/0 = K(t)dt = - 2 dv 

o n 0 I-v 

1 l' (1 1) 1 II cos(nw/2) = - cos(nv/2) -- + -- dv = - dw, 
2n 0 I + v 1 - V 2n ~ 1 w + 1 

_j(4n+SJrr/2 _ 1 14n+s I cos(nv/2)1 
In - IK(t)ldt - - 2 dv 

(4n+1Jrr/2 n 4n+' v-I 
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1 (1 4n
+

3 14n
+

5
) (1 1) = - + Icos(rrv/2)1 -- - -- dv 

2rr 4n+1 4n+3 v-I v + 1 

1 11 (1 1) = - cos(rrw/2) - dw. 
2rr _ I W + 4n + 1 w + 4n + 5 

It follows that 11K is equal to the following expression: 

1 11 {I 00 (1 1) } - cos(rrw/2) -- - - dw. 
rr _ I W + 1 L w + 4n + 1 w + 4n + 5 

n=O 

Thus via a telescoping series under the integral sign, 11 K = O. This proves (11.1) for 
the kernel K of (11.2) and b = rr /2. With this we have established the first part of 
Proposition 11.2. 

(ii) We will verify that no constant b < rr /2 can work in Problem 11.1 after we 
make an application of the first part of Proposition 11.2. 

Proposition 11.3. In part (iO of Theorem 10.1 and Proposition 10.2 it is sufficient to 
take AD > rr /2. 

Proof. It will be enough to consider the case of Proposition 10.2. Observe that in its 
proof, the Fejerkernel K).Jv) may be replaced by any other kernel KJ..(v) = AK(AV) 
such that K has the properties listed in Problem 11.1. Indeed, K J.. will then have its 
support in [-A, A] so that (10.5) is valid for K J... We next fix AD just a little larger than 
b so that KJ..(v) > 0 on (-0,0). In (l0.6) one now replaces 

Thus (10.7) becomes 

M> {(l +e- IJ ) I:: K - k IKI}fix -8 -8'. 

For sufficiently small rJ = 20x, the coefficient of fix will then be positive by (11.1). 
In this way one obtains an upper bound for fix independent of (our small) x, and this 
bound will also work for 10" I. Hence, whenever b is admissible in Problem 11.1, the 
piecewise constancy condition in Proposition 10.2 works as soon as AO > b. [One 
can always decrease A or 0 so that AD is only a little larger than b.] 

We know that b = rr /2 works for the kernel K of (11.2), so that the final part of 
Proposition 10.2 is valid for AO > rr /2. 

Proof of the Second Part of Proposition 11.2. Suppose that there would be a kernel 
K which satisfies the conditions in Problem 11.1 with b < rr /2. In Example 10.3 
(where 20 = 1) we could then take 2b < A < rr (so that AO > b). The conclusion 
from the proof above would be that the function 0" in that example must be bounded 
- but it is not! 
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12 Fatou and Riesz. General Dirichlet Series 

Fatou's original theorem [1906] (p. 389) may be stated as follows: 

Theorem 12.1. Let fez) = L8" anzn, where the coefficients satisfy the 'Tauberian' 
condition an ~ 0, so that in particular f is analytic in the unit disc. Suppose also 
that f is analytic at the point za = eito E C (0, 1), or more precisely, that f has 
an analytic continuation (also called f) to a neighborhood of za. Then the series 
L8" anzo converges to f(za). 

Proofs. Marcel Riesz gave several proofs [1909], [1911], [1916] for Fatou's theorem; 
cf. Zeller and Beekmann [1958/70] (p. 93). The simplest proof goes as follows. One 
may take Za = 1 and choose 'A > 0, R > 1 such that f is analytic on the closed 
circular sector V : {O :::: Izl :::: R, -'A :::: arg z :::: 'A}. Setting Sn (z) = L~=a akzk , one 
considers the analytic functions 

( ) _ fez) - Sn(Z) ( iA)( -iA) V 
gn Z - zn+l Z - e z - e , z E . (12.1) 

If one can show that gn (z) ~ 0 uniformly on r = a V as n ~ 00, the maximum 
principle will imply that gn (1) ~ 0 and hence Sn (1) ~ f (1). To prove the uniform 
convergence gn (z) ~ 0 on r, one considers different parts of r separately. On the 
segments z = re±iA with 0 :::: r < I, the smallness of the numbers ak for k > n 
together with one of the factors z - e±iA gives the desired result. On the segments 
z = re±iA with I :::: r :::: R and on the circular arc in r, one combines suitable bounds 
on the numbers ak for k :::: n with the effect of the denominator zn+l and the factors 
z - e±iA. More details may be found in Landau and Gaier [1986] (section 18); cf. 
also Section l3 below. 

Fatou himself used Riemann's localization principle for trigonometric series S 
of the form L~oo aneint with an ~ 0 as In I ~ 00. Let T be the generalized or 
distributional sum of the series: 

(12.2) 

[T is a so-called pseudofunction; cf. Section 14.] Suppose now that T = g on (a, f3), 
where g is a periodic integrable function which is pointwise equal to the sum of its 
Fourier series L~oo bneint . If one represents g as ba + D2 G with continuous periodic 
G, the equality T = g on (a, f3) means that aa = ba while <t> - G is linear on (a, f3). 
By Riemann's theorem, the trigonometric series S converges to g pointwise on (a, f3); 
cf. Riemann [1892] (pp 227-271), Zygmund [1959] (chapter 9, (5.7». To the function 
f of Theorem 12.1 one can construct a periodic C' function g such that f(e it ) = get) 
for t in a neighborhood of the point ta. 0 

Another proof, based on W.H. Young's work [1918], may be found in Titchmarsh 
[1939] (section 7.31). It is of Fourier series type and (like Fatou's proof) can be used 
to obtain a more general result. 
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Fatou's theorem has been extended in many ways. Riesz considered general Di
richlet series and formulated conditions weaker than analyticity which imply conver
gence under appropriate conditions on the coefficients. Theorem 12.2 below contains 
the more notable classical extensions, including the striking part (ii) on lacunary se
ries due to Ingham; cf. Remarks 12.3. Other extensions, by Riesz and by Gaier, may 
be found in Riesz [1924], Gaier [1953a], and Landau and Gaier [1986] (section 12 
and comments). Halasz [1969] obtained convergence under the function-theoretic 
condition that f map the unit disc one to one onto a starlike domain. Hayman [1970] 
considered related local conditions. More recent results will be discussed in Sec
tions 13, 14. 

Theorem 10.1 implies the following complex Tauberian theorem for Dirichlet 
senes. 

Theorem 12.2. Let 0 = ILO < IL 1 < IL2 < ... with ILn -+ 00 and let the series 

00 
fez) = Lane-JlnZ , z = x + iy, (12.3) 

n=O 

be convergent for x > O. Suppose that for some constant (appropriately called) f (0) 
and some number A> 0, the quotient 

F(z) = fez) - f(O) , z = x + iy, x > 0, 
Z 

(12.4) 

converges uniformly or in Lion -A ::::: y ::::: A to a boundary function F(iy) as 
x ~ O. Then each of the following Tauberian conditions is sufficient for convergence 
ofL't' an to f(O): 

(i) the partial sums Sn are 'very slowly decreasing' (cf. Theorem 10.1): 

lim inf L an:::: 0 for u + 1 :::: t :::: u -+ 00 

U<Jln::::ot 

(no special condition required on A); 

(12.5) 

(ii) ILn+l - ILn :::: 28 > 0 for n :::: no and A > 7r /(28) (no special condition 
required on the coefficients an). 

Proof. By changing ao one may assume f(O) = O. Define aCt) = LJln9 an and take 
x > O. By the convergence of the series in (12.3) one may write 

100- 100 
fez) = e-ztda(t) = z a(t)e-ztdt = zF(z), 

0- 0 

say (cf. Section 3). The hypotheses imply that the functions a and F = La satisfy 
the conditions of Theorem 10.1, including one of the conditions (i') and (ii) for a. 
Thus a(u) -+ 0 and this completes the proof. 
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Remarks 12.3. We first comment on part (i). There are related results in Ingham 
[1935] (theorem 3(1)). The present result which involves a one-sided Tauberian con
dition is an extension of the classical theorems of Fatou and Riesz. As observed 
already by Riesz, for convergence of Lg" an, the sum function fez) in (12.3) need 
not be analytic at z = 0; weak regularity as in the Theorem is sufficient. Fatou's the
orem for power series corresponds to the case fLn = n. In his extension to Dirichlet 
series (12.3), Riesz [1916] gave a condition on the coefficients which implies 'very 
slow oscillation' of the partial sums Sn as n -+ 00: 

lim L an = 0 for u + 1 2: t 2: u -+ 00. 

U<j.l'i::::::'! 

He also noted the sufficiency of the pair of conditions given by an = 0(1) plus 
an = O(fLn - fLn-d. For the case of 'classical' Dirichlet series Lf anlnz, Riesz 
explicitly mentioned the sufficient condition nan = 0(1). Theorem 12.2 implies the 
sufficiency of the one-sided condition lim inf an 2: 0 in Fatou's theorem for power 
series, and of the one-sided condition lim inf nan 2: 0 in Riesz's theorem for classical 
Dirichlet series; cf. Korevaar [1954b] and Section 17 below. The one-sided condition 
for Fatou's theorem was also discussed in Postnikov [1980] (section 17). 

Part (ii) is in Ingham [1936]. It is a gap theorem for Dirichlet series which reminds 
one of the Hardy-Littlewood high-indices theorem (Section 1.23): there is no order 
condition on the coefficients an. In a later article [1950], Ingham observed that the 
inequality A. > Jr 1(28) may be relaxed to A 2: Jr 1(28). 

13 Newer Extensions of Fatou-Riesz 

Some newer complex Tauberian theorems were motivated by operator theory; cf. 
Section 15. In that context Katznelson and Tzafriri [1986] obtained results for power 
series which contain Propositions 13.3 and 14.4. Proposition 13.3 was extended by 
Allan, 0' Farrell and Ransford [1987] to Theorem 13.4 and by Arendt and Batty [1988] 
to Theorem 13.5. The formulations below are slightly more general; cf. also Theorem 
14.5. 

In this section f stands for an analytic function on the unit disc: 

00 

fez) = L anZn for Izl < 1. (13.1) 
n=O 

In connection with Fatou's theorem we focus on conditions under which the coeffi
cients an tend to zero as n -+ 00. It is sufficient if f is in the Hardy class HI. This 
condition can be expressed by saying that f(re i!) converges to a boundary function 
f(e i!) in LI: f: If(rei!) - f(ei!)ldt -+ 0 as r ? 1; 

see for example Duren [1970]. In this case Cauchy's formula and the Riemann
Lebesgue lemma imply that 
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an = -, f(z)z-n- dz = - f(e1t)e-tntdt -+ 0 1 1 I 1 l rr 
, ' as n -+ 00, 

2rr I C(O,r) 2rr -rr 

(13.2) 
It is convenient to introduce a local H I condition, 

Definition 13.1. We say that the function f in (13.1) has HI boundary behavior 
at the point zo = eito if there is a number 'A > 0 such that f(reit ) converges in 
L I (to - 'A, to + 'A) to a boundary function f(e it ) as r / 1. 

Proposition 13.2. Let f (z) = L:r anzn be analytic and of class H I on the unit disc. 
Suppose that the quotient 

fez) - A ~ n 
q(z) = = ~ (Sn - A)z , 

1 - z 
n=O 

n 

with Sn = L ak, 
k=O 

(13.3) 

has H I boundary behavior at the point z = 1. Then the series L:r an converges 
to A. 

Proof. Since f is in HI, the quotient q has H I boundary behavior on arcs of the 
form {z = eit , t: :s It I :s rr} with t: > 0, on which 1 - z stays away from O. By the 
hypothesis q also has H I boundary behavior on some arc with -'A < t < 'A, hence q 
is of class HI on the unit disc. By (13.2) applied to q instead of f, the coefficients 
Sn - A in the power series for q tend to 0 as n -+ 00, so that Sn -+ A. 

Proposition 13.3. Let f as in (13.1) have HI boundary behavior everywhere on the 
circle C(O, 1) except at the point z = 1. Suppose that the sequence of partial sums 
{sn = L3 ad is bounded. Then an -+ 0 as n -+ 00. 

Boundedness of the sequence {sn} appears to be essential here; cf. Tomilov and 
Zemanek [2001] (example 4.6). 

Proof of the Proposition. The proof uses contour integration a la Newman. One may 
assume that ISn I :s 1, "In. Setting sn(Z) = L~=o akZk and taking 0 < p < 1, 'A > 0, 
one has 

1 1 fez) - Sn-I (z) (z - eiJ.,,)(z - e- il,,) 
an = - I 2 dz. 

2rri C(O,p) zn+ (z - 1) 
(13.4) 

Indeed, on the circle C (0, p), the integrand I (z) has the uniformly convergent expan-
sion 

I (z) = (an + an+lZ + ... )(1 - e-iAz)(l - eiAz)(1 + 2z + .. ·)/z. (13.5) 

By Cauchy's theorem, the circle of integration may be changed to a new path 
r B consisting of a short arc of the original circle from a point pe-iA to pei\ radial 
segments extending from the end points of this arc to a short distance t: from C(O, 1), 
and a long arc of the circle C(O, 1 - s). Let p = 1 - 'A with small 'A E (0, 1/2). 
We will verify that one may actually let t: go to 0 and replace r B by the limit path 
r = L1 r j (Figure 111.13), where 
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I rl is the arc z = peit with - A ::::: t ::::: A, 
r2 is the segment Z = re iA with p < r < I, 
r3 is the arc z = e'l with A ::::: t ::::: 2rr - A, 
r4 is the segment Z = re- iA with 1 > r > p . 

00 

... .. -- -, , 
I 
I 

i (r \ f3)* , , , -.... , 

Fig. 111.13. The paths of integration 

For z = reit with r < 1, partial summation and the hypothesis ISk I ::::: 1 show that 

I f,akll = I f, Sk/(1- z) - sn_1znl ::::: 21 ~ r 11- zl· 
k=n k=n 

(13.6) 

On the part r \ r3 of r inside the unit circle, geometric considerations now give an 
upper bound for II (z)1 independent of n and our A: 

(13.7) 

Because of this bound and the hypothesis that f is in H I away from the point z = 1, 
the auxiliary path of integration r£ may indeed be changed to r. It also follows that 

I r I(Z)dZI < 8L(r \ r3) < 32A. 
Jr\r3 

(13 .8) 

In the integral over r3 we treat f and Sn - I separately. For. the case of f one 
obtains the integral 

(13.9) 

by the Riemann-Lebesgue lemma it tends to 0 as n --+ 00. To deal with the integral 
containing Sn - I, we observe that for Izl > 1 the integrand can be written as 
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1(z) = Sn-l(Z) 
Zn+l 

(z - eiA)(z - e-iA ) 

(z - 1)2 

( an-2 aO ) ( eiA ) ( e-iA ) ( 2 ) 1 an-l + -- + ... + -_- 1- - 1- - 1 + - + ... -. 
z zn I Z Z Z Z2 

Thus since 1 is analytic outside the unit circle, the integral of 1 over any circle C (0, R) 

with R > 1 is equal to O. Taking R = 1/ p we may change the circle of integration 
C (0, R) here to the path r* which is obtained from r by reflection in the unit circle. 
r* consists of r3 plus the reflection (r \ r3)* of r \ r3; cf. Figure III. 13. Thus the 
desired integral of 1 over r3 is equal to minus the integral of 1 over (r \ r3)*. Now 
for Izl = r > lone may use partial summation similar to (13.6) to obtain 

I 
n-l I n-i I::akZk :::: 2_r _lz - II. 

r - 1 
k=O 

For z lying on (r \ r3)*, so that I/z E (r \ r3), comparison with (13.7) shows that 
11 (z) I < 4. By our definition of p as 1 - A, the length of (r \ r3)* is less than 8A. 
The end result is that the integral of 1 over (r \ r3)*, and hence the integral of 1 
over r3, is majorized by 32A. 

For any given number A E (0, 1/2) one may take no so large that the integral 
(13.9) involving f on r3 is bounded by A for all n :::: no. Putting everything together 
one concludes that I Ir I (z)dz I < 33A, and 

3 

lanl = 1_1_. ( I(Z)dZI < 65 A forall n:::: no. 
2IT I ir 2IT 

Since A > 0 may be taken arbitrarily small, an -+ 0 as n -+ 00. D 

Theorem 13.4. Let fez) = L~ anzn be analytic for Izl < 1 and let E be the set 
of points C; E C (0, 1) where f is singular; in the sense that f does not have HI 
boundary behavior at the points c;. Suppose that E has linear measure 0 and that 

(13.10) 

Then an -+ 0 as n -+ 00. As a result, the series L~ anzo converges to f(zo) at 
every point zo E C(O, 1) where f is weakly regular; in the sense that the quotient 

q(z) = fez) - f(zo) , Izl < 1, 
z - Zo 

has Hi boundary behavior at the point ZOo 

Proof. (Outline) The crucial observation is that the (closed) 'singularity set' E in 
C (0, 1) can be enclosed in the union of a finite number of disjoint open arcs of 
arbitrarily small total length. One can then extend the complex method used for 
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Proposition 13.3 (where E = {I}) to show that an -+ O. Knowing this, one may 
appeal to Theorem 12.2 for the convergence of the series L:go anzo. For details, cf. 
the direct proof for the convergence of such series by Allan, O'Farrell and Ransford 
(loc. cit.). In Section 14 we will give a simpler proof with the aid of pseudofunctions, 
but the complex method is important for applications. 

Arendt and Batty (loc. cit.) have proved an analog to Theorem 13.4 for Laplace 
transforms, which extends Theorem 7.1. In the formulation below we use the following 
terminology. Let F be analytic throughout the half-plane {x = Rez > OJ. Then F 
has H I boundary behavior at Zo = i YO if there is a number).. > 0 such that F (x + i y) 
converges to a boundary function F(iy) in LI(yO -).. < y < YO +)..) as x"," O. 

Theorem 13.5. LetaO be defined and bounded on [0, (0), so that the Laplace trans
form F(z) = 'ca(z), z = x + iy, is analytic for x = Rez > O. Let iE denote the set 
of all 'singular points' i 11 of F on iR in the sense that F does not have H I boundary 
behavior at the points i 11. Suppose that i E has linear measure zero and that 

Then 

sup sup I rB a(t)e-;rytdtl = M < 00. 
ryEE B>O 10 

10 00
- a(t)e-zotdt = F(zo) 

at all points Zo = iyo where F is weakly regular, in the sense that the quotient 

F(z) - F(zo) 
Q(z) = , Re z > 0, 

Z - Zo 

has HI boundary behavior at the point ZOo 

Remarks 13.6. The original work of Fatou and Riesz was refined by Ingham [1935]; 
cf. Remarks 12.3. Newman's contour integration method, as described in Section 7, 
has played a role in recent developments. There are now extensions, related results 
and applications to operator theory by many authors. Besides the papers referred to 
already one may mention Ransford [1988], Batty [1990], [1994a], Arendt and Priiss 
[1992], Arendt and Batty [1995], Batty, van Neerven and Riibiger [1998], and Chill 
[1998]. The book by Arendt, Batty, Hieber and Neubrander [2001] contains numerous 
results on the subject. 

14 Pseudofunction Boundary Behavior 

The results in Section 13 will be refined with the aid of the distributional approach 
initiated by Katznelson and Tzafriri [1986]. As before, let 

00 

fez) = L anzn for Izl < 1. (14.1) 
n=O 
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We continue our discussion of conditions under which an --+ O. Instead of convergence 
in L J we consider distributional convergence of f(re it ) to a boundary distribution 
T = f(e it ). That is, 

f~ f(reit)¢(t)dt --+ < T, ¢ > = ' i: f(eit)¢(t)dt ' as r ? 1 (14.2) 

for all C"o functions ¢ of period 2Jr, the testing junctions for periodic distributions. 

PERIODIC DISTRIBUTIONS. In the class C~ of 2Jr-periodic testing functions, conver
gence ¢ j --+ ¢ is defined by the set of relations 

¢j --+ ¢ uniformly, ¢j --+ ¢' uniformly, 

¢'j --+ ¢" uniformly, ... on lR. or [-Jr, Jr]. 

With this definition C~ becomes the testing space Thrr. Observe that the Fourier 
series LnEIZ Cn [¢ ]eint of a testing function ¢ converges to ¢ in V2rr: 

N 

SN[¢](t) = L cn[¢]eint --+ ¢(t) uniformly as N --+ 00, 

n=-N 
N N 

s;"'[¢](t) = L incn[¢]eint = L cn[¢']eint --+ ¢'(t) uniformly, etc. 
n=-N n=-N 

By definition, a distribution T of period 2Jr is a continuous linear junctional on 
C~, or rather, V2rr: 

< T, ¢j > --+ < T, ¢ > whenever ¢j --+ ¢ in V2rr. 

The periodic distributions form the dual space V2rr ofV2rr, with convergence n --+ T 

defined by the relation 

< Tk,¢ >--+ < T,¢ > forall ¢ E C~. 

A periodic integrable function g is represented in V 2rr via the rule < g, ¢ > 
= f~rr g(t)¢(t)dt. Working modulo 2Jr, one will say that TJ = T2 on (a, b) if 
< TJ, ¢ > = < T2, ¢ > for all testing functions ¢ with support in (a, b). From here 
on through Theorem 14.5 we deal only with testing functions and distributions of 
period 2Jr, without saying so every time. 

The FOURIER SERIES of a periodic distribution T is defined as 

LCn[T]eint 

nEIZ 

It converges to T in V~rr: 

1 . 
with c [T] = - < T e- lnt > 

n 2Jr' . 



156 III Complex Tauberian Theorems 

N N 

< sN[T], ¢ > = L cn[T] < eint , ¢ > = 2rr L cn[T]c-n[¢] 
n=-N n=-N 

N 

L c-n[¢] < T, e-int > = < T, SN[¢] > ~ < T, ¢ >, 
n=-N 

because S N [¢] ~ ¢ in V 2n: and T is continuous. 
In the class of 2rr -periodic integrable functions, testing functions ¢ may be char

acterized by the fact that their Fourier coefficients cn[¢] are O(lnl- P ) as Inl ~ 00 

for every integer p. It follows that a trigonometric series I:::::'oo bneint is convergent in 
V~n: if [and only if] bn = O(lnI Q ) as Inl ~ 00 for some constant q. More generally, 
distributions Tk converge to a distribution T as k ~ 00 if [and only if] 

and there are constants C and q such that 

Distributions T are multiplied by testing functions w according to the rule 

< Tw,¢ >=< wT,¢ >=< T,w¢ >, V¢ E Cb:. 
For the Fourier coefficients this means that 

2rrcn[Tw] = < Tw, e-int > = < e-intT, w > 

= < e-intT, L q[w]eikt > = 2rr L q[w]cn-k[T]. (14.3) 
k k 

Definition 14.1. A periodic distribution T whose Fourier coefficients bn = Cn [T] 
form a bounded sequence is called a pseudomeasure. If bn ~ 0 as n ~ ±oo, one 
speaks of a pseudo function. 

There are corresponding notions of pseudomeasures and pseudo functions in the 
class of tempered distributions on lR; cf. Katznelson [1968176] (section 6.4). A typical 
pseudo measure on lR is the distribution 

_1_._ = lim _1_._ = lim (-i) [00 e-cxeitxdx, 
t + 10 £,,",0 t + 1£ £,,",0 Jo 

whose Fourier transform is bounded: it is equal to ( - 2rr i) times the unit step function 
or Heaviside function, 1+(x). Other examples are the Dirac measure and the principal 
value distribution, p. v. (1/ t). First order poles correspond to pseudomeasures, slightly 
milder singularities to pseudofunctions. 

The product of a pseudomeasure or pseudofunction T and a testing function w is 
again a pseudomeasure or pseudofunction, respectively. This follows from (14.3): 

Icn[Tw]l:s L Ick[w] I sup ICj[T]1 + sup ICj[T]1 L Iq[(v]l; 
Ikl:SB Ijl,,=lnl-B j Ikl>B 
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if Cn [T] --* 0 as n --* ±oo, then also Cn [T a>] --* O. These results are also true 
for certain functions a> that are less smooth than testing functions. Indeed, one may 
use formula (14.3) to define the product Ta>. In the case of pseudomeasures and 
pseudofunctions it is then enough to require that a> have an absolutely convergent 
Fourier series. Useful functions of the latter kind are the periodic trapezoidal functions 
'fA with A :5 n /2, which for It I :5 n are given by 

{
I forltl:5A, 

'fA(t)= 0 for2A:5ltl:5n, 
2 - Itl/A for A :5 It I :5 2A. 

(14.4) 

By a short calculation 
cos An - cos 2An 

cn['fA] = 2 (14.5) 
nAn 

cf. formula (11.9.7). One sometimes needs other trapezoidal functions. We will speak 
of a trapezoidal testing function 'fA if 'fA is in Cb:, equal to 1 for I t I :5 A and equal to 
o for 2A :5 It I :5 n. [One may, but need not, require that 0 :5 'fA (t) :5 1 for all values 
of t.] 

If the analytic function f(z) = I:go anzn on the unit disc has a boundary distri
bution T = f(eit ), it follows from (14.2) with <fl(t) = e-int that f(eit ) has Fourier 
coefficients equal to an for n ~ 0 and equal to 0 for n < O. 

We now tum to local boundary behavior. 

Definition 14.2. We will say that the function f in (14.1) has pseudofunction bound
ary behavior at the point zo = eito if f(re it ) has a boundary distribution f(e it ) on 
C(O, 1) which on some interval (to - A, to +A) coincides with a pseudofunction g(t). 

If f has pseudofunction boundary behavior at every point of the circle C(O, 1), 
then f (eit ) is a pseudofunction. This may be proved with the aid of a suitable 'partition 
of unity': one may represent the constant function 1 as a sum of trapezoidal functions 
with small support. 

Proposition 14.3. Let f(z) = I:go anzn be analytic in the unit disc and have a 
pseudo function boundary distribution F(t) = f(e it ) on the circle C(O, 1). Suppose 
that the quotient 

f(z) - A ~ n 
q(z) = 1 _ z = ~ (sn - A)z , 

n=O 

n 

with Sn = L ak, 
k=O 

(14.6) 

has pseudo function boundary behavior at the point z = 1. Then the series I:~o an 
converges to A. 

Proof. The hypotheses imply that an = 0(1), hence Sn - A = o(n) as n --* 00. 

lt follows that q(reit ) = I:go(sn - A)rneint tends to the boundary distribution 
Q(t) = q(eit ) = I:go(sn - A)eint as r /' 1. By the hypotheses Q is equal to a 
pseudofunction G on some interval (-/1-, /1-). As a result one has 

Q'fA = G'fA, a pseudofunction, (14.7) 
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whenever TA is a trapezoidal testing function with support [-A, A] C (- {t, {t) [we 
work modulo 2rr]. Indeed, for any testing function ¢>, 

< QTA' ¢> > = < Q, TA¢> > = < G, TA¢> > = < GTA, ¢> > . 

It remains to show that Q is also equal to a pseudofunction away from the point 
t = O. To that end we observe that for r / I, on the one hand, 

in distributional sense, while on the other hand, 

I - TAU) 1- TA(t) 
-----:- ~ ----,--
I - reit I - eit 

in the sense of D2rr. Hence 

fCe it ) - A 
Q(t){l - TACt)} = lim . {J - TA(t)} 

r /' I I - rell 

I - T' Ct) I - T' (t) = lim {f(eit ) _ A} A. = {f(eit ) _ A} A.. 

r/,l I-re't l-e't 
(14.8) 

The final product, of a pseudofunction and a testing function, is a pseudofunction. 
Combining (14.7) and (14.8), one finds that for small A> 0, 

is a pseudofunction, hence the Fourier coefficients Sn - A of Q(t) = q(eit ) tend to 
o asn ~ 00. 0 

Proposition 14.4. Let fez) = 2::8'" anzn as in (14.1) have pseudo function boundary 
behavior everywhere on the circle C(O, 1) except perhaps at the point z = 1. Suppose 
that the sequence of partial sums Sn = 2::Z=o ak is bounded. Then an ~ 0 as n ~ 00. 

Proof. Since ISnl ::s M < 00 for all n, the quotient 

fez) ~ n 
q(z) = -- = ~snZ 

1 - z o 

has boundary pseudomeasure Q(t) = 2::8'" sneint on C(O, 1). The sequence {an} = 
{sn - Sn-l} is also bounded, hence fez) has boundary pseudomeasure F(t) = 
2::8'" aneint . By the hypotheses F is equal to a pseudofunction G away from the 
point t = O. Thus for any trapezoidal function TA as in (14.4), 

F(1 - TA) = G(l - TA) = HA , a pseudofunction. (14.9) 

On the other hand f (z) = (1 - z)q Cz), so that F(t) = (1 - eit ) Q(t) and 
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F(t)r)...(t) = Q(t)(1 - eit ) LCk[r)...]eikt = Q(t) L{Ck[r)...] - Ck_I[r)...]}eikt . 

k k 
(14.10) 

We proceed to estimate the Fourier coefficients of the pseudomeasure F r).... By (14.10), 
(14.3) and the fact that ICj[Q]1 = ISjl :s M, 

ICn [Fr)...] I :s L Icn-dQ]IICk[r)...]-ck-l[r)...]1 :s M L ICk[r)...]-Ck-I[r)...]I· (14.11) 
k k 

Formula (14.5) shows that the final sum is majorized by 

" ~ 1 cos kA - cos 2kA _ cos(k - l)A - cos 2(k - l)AI 
~ 1r k2A2 (k - 1)2A2 

k 

= ~ L 1 {kA .:!..... cosx - cos2x dxl 
1r k i(k-I))'" dx x 2 

< - - dx = CA. Ail d cos x - cos 2x 1 

- 1r ~ dx x 2 
(14.12) 

Combining (14.9)-(14.12) one obtains the inequality 

(14.13) 

Now H)... is a pseudofunction, hence Ian I :s (1 + MC)A for n :::: no(A). Since A > 0 
may be taken arbitrarily small, an -+ 0 as n -+ 00. 0 

We can now prove the Fatou-Riesz extension in Theorem 13.4 under weaker 
conditions. 

Theorem 14.5. Let fez) = Lgo anZn be analytic for Izl < 1 and have pseudo
function boundary behavior at all points ~ E C(O, 1) outside a closed subset E of 
C(O, 1). Suppose that E has linear measure zero and that 

(14.14) 

Then an -+ 0 as n -+ 00 (so that f has pseudo function boundary behavior every
where). Asa result, the series Lgo anzo converges to f(zo) at every point zo E C(O, 1) 
where f is weakly regular, in the sense that the quotient 

q(z) = fez) - f(zo), Izl < 1, 
z - zo 

has pseudo function boundary behavior at the point ZOo 

Proof. In view of Proposition 14.3 itisenoughto show that an -+ O. If E is empty, fez) 
has boundary pseudofunction f(e it ) on C(O, 1) so that an -+ O. We may thus assume 
that E is not empty or there is nothing to prove. Then it follows from (14.14) that the 
sequence {an} is bounded, so that fez) has boundary pseudomeasure F(t) = f(e it ). 
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The complement of the compact set E on the unit circumference has measure 
2rr. It can be represented as the union of a countable family of maximal open arcs. 
One may choose a finite number of these arcs of total length very close to 2rr. On 
each of these arcs F is equal to a pseudofunction. The finitely many complementary 
closed arcs jointly cover E. It is convenient to replace degenerate arcs among them 
by closed arcs of very small positive length. Let 1 be the minimal length of the arcs 
in our covering. To prepare for an argument similar to that used for Proposition 14.4, 
we extend each of the closed arcs by a closed arc of length 1 at both ends. Combining 
arcs with nonempty intersection we obtain a covering of E by a finite set of disjoint 
closed arcs 1\,···, i p , each having length 2: 3/. It may be assumed that their total 
length is bounded by a preassigned number S E (0,2rr). 

Let us focus on one of the arcs I = h and identify the point eit of the circle with 
t (mod 2rr). Then I becomes an interval a-I ::: t ::: b + I such that [a, b] intersects 
E while [a - I, a) and (b, b + I] do not. We now introduce a partition of unity P 
on 'the circle' (-rr, rr], consisting of N translates rt of an elementary trapezoidal 
function r). as in (14.4). Observe that the support of rt has length 4.1,., that the sum 
of two consecutive functions rt has support of length n, and that 2rr must be N 
times 3.1,.. We will take A < 1/7, so that every open interval of length 1 contains the 
support of one of the functions in P. Taking N = 2rr / (3.1,.) > 14rr / (31) minimal one 
finds that A 2: 1/8. A picture indicates that the number of functions rt whose support 
intersects [a, b] is majorized by (b - a)/)... Thus the total number of rt E P whose 
support meets E is majorized by Lk L(Jk)/A ::: s/A. 

For a function rt whose support meets E, a computation similar to the one in 
(14.10)-(14.12) will show that the Fourier coefficients cn[Fr;J are majorized by 
M C' A, where M is as in (14.14) and C' is an absolute constant. We sketch the details. 
In the earlier proof, the trapezoidal function !).. was centered at the singular point 
t = O. In the present case, the 'center' of rt may have distance JL to E, where 
JL ::: 2.1,.. This corresponds to the situation in the earlier proof in which r). would be 
shifted over a distance JL. The effect would be that the Fourier coefficients Cn = Cn [r).] 
are multiplied by ein /1 or e-in /1, say the former. In this situation 

" A ~ I d (COS x - cos 2x i C/1/).)X) I ~ ICk - Ck-ll ::: - - e dx 
k rr lR dx x 2 

< - - + - dx < C )... ).. 1m {11 I cos x - cos 2x I I d cos x - cos 2x I } , 
- rr lR).. x 2 dx x 2 -

[Here C' corresponds to the worst case 111/)..1 = 2.] Thus Icn[Fr;J1 ::: MC')" when
ever the support of rt meets E. 

We now consider all functions rt E P whose support meets E. Multiplying their 
number by the above bound on ICn I, we find that the sum of the Fourier coefficients 
cn[Fr;J with rt E P has absolute value::: (s/)")MC')" = MC's. For the finitely 
many rt E P whose support does not meet E, the product Frt is a pseudofunction; 
the sum of the corresponding coefficients Cn tends to 0 as Inl goes to 00. The final 
conclusion is that an -+ 0; cf. (14.13). 

The second part of the Theorem now follows from Proposition 14.3. 
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We do not formulate the corresponding general result for Laplace transforms, but 
describe how one can strengthen Theorem 7.1 by the introduction of pseudo function 
boundary behavior. 

Theorem 14.6. Let a(·) vanish on (-00,0) and be bounded on [0,00), so that the 
Laplace transform F(z) = £a(z), Z = x + iy is analyticfor x = Rez > O. Suppose 
that F (x) tends to a limit F (0) as x\.O and that the quotient 

. F(x + iy) - F(x) 
Q(x + lY) = . , x > 0, 

ly 

converges distributionally on every finite interval {-R < y < R} to a pseudo function 
Q(iy) = QR(iy) as x \. O. Then 

fooo- a(t)dt = F(O). 

Locally integrable functions Gx(Y) = G(x + iy) on -00 < y < 00 converge 
distribution ally to G(iy) as x\.O if 

k G(x + iy)¢(y)dy -+ < G(iy), ¢(y) > 

for all testing functions ¢, usually the Coo functions with compact support. The limit 
distribution G(iy) is locally equal to a pseudofunction if the Fourier coefficients Cn 

of the products G(iy)¢(y) on an appropriate interval tend to zero as Inl -+ 00. 
Replacing ¢ (y) by products ¢ (y )ei8y , one may verify the equivalent statement that 
< G(iy), ¢(y)eiBy > -+ 0 as IBI -+ 00. 

Proof of Theorem 14.6. Denoting suP,>o la(t)1 by M and taking e > 0, we apply 
formula (7.15) to F(e + z) instead of F(z). Thus we obtain the inequality 

I foB a(t)e-e'dt - F(e)1 (14.15) 

:::: 2M + IF(e)1 + _1 I jR {F(e + iy) _ F(e)} (~+~) eiBYdyl. 
R eBR 2n -R ly R2 

To treat the final integral we set 

( 1 iY ) G(e + iy) = {F(e + iy) - F(e)} :- + 2" . 
ly R 

(14.16) 

Let XR denote the characteristic function of the interval [-R, R] and let i), denote 
a trapezoidal testing function which is equal to 1 on [-).,).] and equal to 0 outside 
(-2).,2),). The last integral in (14.15) may then be written in distributional notation 
as 

(14.17) 
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By the hypothesis G(B + iy)'t).(Y) tends to a pseudofunction G(iY)T)..{Y) for any 
A> 0 as B \. 0, but will I(B, B) tend to the formal limit I(B, O)? Multiplication by 
the cut-off function XR(Y) may cause problems! 

A solution may be obtained by splitting of the integral I (B, B). Taking R 2: 2 we 
first consider the relation 

here the final expression tends to zero as B -+ 00. It remains to consider 

(14.18) 

Since the term involving F(B) converges to an ordinary trigonometric integral, we 
focus on the constituent of the first factor which involves F (B + i y): 

F(B + iY)TR(Y) . C~ + ~) {l - T) (Y)}XR(Y)· (14.19) 

The hypotheses imply that F(B + iY)TR(Y) tends to a pseudofunction as B \. O. 
Observe now that the functions F (B + i Y), with 0 < B < 1, are the Fourier transforms 
of the functions a(t)e-Ef which are all bounded by M. It follows that the Fourier 
coefficients of F(B + iY)TR(Y) for the interval [-2R, 2R] form a uniformly bounded 
family. On the other hand, the Fourier coefficients en of the factor 

( 1 iY ) -:- + 2" {l - T) (Y)}XR(Y) 
lY R 

are 0{1/(n2 + I)}. [Use integration by parts and observe that the factor vanishes for 
lyl :::s 1 and for lyl 2: R.] Thus the limit of the functions in (14.19) is a pseudomeasure, 
and in fact, a pseudofunction. The same will be true for the limit 

of the functions in (14.18). Combining the results, one concludes that the limit I (B, 0) 
of I (B, B) can be written as an inner product 

involving a pseudofunction H, so that I (B, 0) -+ 0 as B -+ 00. 

To complete the proof ofthe Theorem we return to (14.15). First letting B go to 
zero and then B to 00, one obtains inequality (7.16). Finally let R go to 00. 0 

Remarks 14.7. A proof of inequality (7.16) for the case where one has convergence 
to a pseudofunction only on afixed interval {- R < Y < R} may be found in Korevaar 
[2003]. One may also introduce pseudofunction boundary behavior in the statements 
of the Wiener-Ikehara theorem and Proposition 4.3. Furthermore, the method of 
Proposition 14.3 can be used to derive a 'pseudofunction form' of Riemann's local
ization principle. 
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15 Applications to Operator Theory 

The results in Sections 13, 14 have analogs for analytic functions with values in a 
Banach space, including a space of bounded linear operators. The proofs are similar 
to those for the scalar case. For details we refer to the papers and the book quoted in 
Section 13. 

For the discussion of applications we recall some definitions. Let L be a bounded 
linear operator on a (complex) Banach space X. The resolvent set of L is the (open) 
set of complex numbers A for which L - AI has a bounded inverse. The spectrum 
of L, sp(L), is defined as the complement of the resolvent set. There are names for 
special subsets of sp(L). The numbers A for which L - AI fails to be one to one form 
the point spectrum. The continuous spectrum consists of those A for which L - AI 
is one to one onto a dense subspace of X. If the range of L - AI fails to be dense in 
X, one says that A belongs to the residual spectrum of L. It coincides with the point 
spectrum of the adjoint L * and may overlap the point spectrum of L. 

Here we consider so-called power bounded operators L on X, that is, 

sup lie II = M < 00. 
n2:0 

(15.1) 

In this case I - L/A has a bounded inverse whenever IAI > 1, given by the usual 
geometric series. Hence the spectrum belongs to the closed unit disc. For the follow
ing we need only the 'peripheral spectrum', the part of sp(L) on the circumference 
C(O, 1). 

Work of Esterle [1983] (section 9) and Katznelson and Tzafriri [1986] implies 

Proposition 15.1. Let L be a power bounded linear operator on X whose spectrum 
meets C(O, 1) only in the point z = 1. Then 

(15.2) 

Proof. The resolvent set of L contains the exterior of the unit disc and the circle 
C(O, 1) except for the point z = 1. Thus the operator 1- zL is invertible for Izl ::::: 1 
except when z = 1. For Izl < 1 its inverse is given by the operator-valued function 

00 00 

g(z) = LSnZn ~ LLnzn. 
o 0 

This function is analytic for Izl < 1 as well as in a neighborhood of each point 
l; E C(O, 1) \ 1. The same is true for 

00 00 

fez) = (1- z)g(z) = I>nzn = I + L(Ln - Ln-1)zn. 
n=O n=l 

Now the sequence {Sn} is bounded, hence by the analog of Proposition 13.3 for 
operator-valued functions, lIan II = ilL n - L n-11l -+ O. This proves the result. 

As a corollary one obtains a classical result of Gel'fand [1941b]: 
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Corollary 15.2. If L is an isometry, or more generally, if 

sup IILnll = M < 00, 
nEZ 

and if sp( L) = {1}, then L is the identity. 

Indeed, for given E > 0 and large n > 0, IILn - Ln+11l < E by (15.2), hence 

The method of Proposition 15.1 also gives 

Proposition 15.3. Let L be a power bounded operator on X as in (15.1) such that 
the intersection sp(L) n C (0, 1) is finite and does not contain a point of the residual 
spectrum. Then Lnx -+ Of or every x E X. 

Proof. Denote the points of sp(L) n C(O, 1) by Aj, j = 1, ... , q, and set 

peL) = (L - All)··· (L - Aql). 

This time I - zL = -z(L - liz) will be invertible at every point z = S E C(O, 1) 
different from the points Sj = 1/Aj. Thus the function I:gc' pzn has an analytic 
continuation to a neighborhood of those points S. The same will be true for 

00 00 

fez) = I>nzn ct,g' L L n p(L)zn. 
o n=O 

We will verify that for the singular points S j, the partial sums 

n 

sn(Sj) = LLkp(L)sj 
k=O 

form bounded sequences. Indeed, by the hypotheses 

is in norm bounded by (IILII + l)q~l (M + 1). 

(15.3) 

Thus by an operator analog of Theorem 13.4 or Theorem 14.5 for the simple case 
of a finite singularity set E, one has L n p (L)x -+ 0 for every x EX. Since the points 
A j are not in the residual spectrum of L, the ranges of the operators L - A j I are dense 
in X. It now follows by approximation that the elements p (L)x are dense in X, so 
that also L n y -+ 0 for every y EX. 
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The following extension of Proposition 15.3 to the case of countably infinite 
'peripheral spectrum' is more difficult. 

Theorem 15.4. Let L be a power bounded linear operator on X. Suppose that sp(L) 
meets C (0, 1) only in a countable set and that C (0, 1) contains no point of the residual 
spectrum of L (no eigenvalue of L if X is reflexive). Then 

Remarks 15.5. For the case of Hilbert space there is a related result, due to Sz.-Nagy 
and Foia§ [1970] (p. 85), which involves so-called completely nonunitary contractions. 

Theorem 15.4 has a companion for continuous semigroups of operators. Let 
{L(t), t :::: O} be such a semigroup with generator A. Suppose that it satisfies the 
following conditions: SUPt>o IlL (t) II < 00, L (t)x is continuous for every x EX, 

sp(A) n ilR is countable and the residual spectrum of A does not meet ilR. Then 
L (t)x ---+ 0 as t ---+ 00 for every x EX. Arendt and Batty [1988] obtained this result 
and Theorem 15.4 with the aid of a precise estimate in the proof of Theorem 13.4 
by Allan, O'Farrell and Ransford [1987]. Another proof is contained in the work of 
Lyubich and Vu [1988]. A third proof was given by Esterie, Strouse and Zouakia 
[1990]. Related results on semigroups of operators may be found in Batty [1994b], 
Batty and Yeates [2000], and in the book by Arendt, Batty, Hieber and Neubrander 
[2001]. 

16 Complex Remainder Theory 

There is an extensive body of Tauberian remainder theory in which the transforms 
of series or functions are subject to conditions in the complex domain; cf. the books 
by Ganelius [1971] and Postnikov [1980], and especially the elaborate treatment by 
Subhankulov [1976] (Russian). Here we restrict ourselves to some striking examples 
of the strong results provided by complex remainder theory. 

We begin with a remainder theorem associated with Fatou's theorem. The re
sult was originally stated for Laplace integrals and derived by real approximation 
(Korevaar [1954b D. The proof in Section 17 below is more direct. 

In Section 18 we use a method of Postnikov and Subhankulov to derive a complex 
remainder theorem for power series which corresponds to the Hardy-Littlewood the
orem mentioned in Section I. More general remainder theorems for Dirichlet series 
and Laplace integrals can be found in the book by Subhankulov. 

Finally, in Section 19, we discuss a complex remainder estimate for the Stieltjes 
transform, due to Malliavin [1962] and Pleijel [1963]. This result has been used to 
estimate the counting function for the eigenvalues in certain elliptic problems; cf. 
Agmon and Kannai [1967]. 

For the case of power series we will use the following auxiliary result. 

Proposition 16.1. Let pEN be fixed and let 0 < r < 1. Then for A running over 
(0, 1] andfor m running over;;S, 
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(16.1) 

o orm>-2 APlml P + 1 fi p, 
[ 

( 
A2p ) 

- 2rrr-2P-mO-2rCOSA+r2)P+O( A2p )form <-2P. 
APlml P + 1 -

Here the constants in the O-terms may be taken independent of r if one requires that 
1 - r ::: A/4. 

In Section 17 we need only the case of fixed A and corresponding error term 
O{ 1/(lm IP + I)}. For this case the result is due to Postnikov, who used real analysis, 
in [1953] for p = 2, in [1980] for general p. The more precise result which allows 
A ~ 0 will be used in Section 18 for a remainder estimate involving power series. A 
result of similar character was used by Subhankulov [1960] for remainder estimates 
involving Dirichlet series. 

Proof of Proposition 16.1. Setting eit = Z one has 

(16.2) 

where f is the arc of the (positively oriented) unit circle from e-iJ... to eiJ.... To estimate 
the integral we will change the path of integration. 

For m ::: 1 we replace f by the arc fl of the circle Iz - 11 = leiJ... - 11 from 
e-iJ... to eiJ... on which Izl ::: 1. Since 11 - rzl ::: cA on rl, straightforward estimation 
shows that 1m (A) = O(A2p). Starting with zm-Idz = dzm 1m one can also integrate 
by parts p times on fl. This results in the estimate that Im(A) = O(V ImP). It is 
convenient to combine the two estimates into the O-term of the Proposition. 

Next suppose that m ::: -2p. Assuming now that 1 - r ::: A/4 we replace the 
path of integration r by the arc f2 of the circle Iz - 11 = leiJ... - 11 from e-iJ... to eiA 
on which Iz I ::: 1. In doing so we pick up a residue at the pole of the integrand: 

{ - ( = - 2rr i x residue of the integrand at z = 1 I r 
ir ir2 

Divided by i, this result gives the principal term in the last line of 06.1). To estimate 
the remainder from Jr2 one may proceed as in the case of r I . 

For -2p < m < 1 direct estimation on fl gives 1m (A) = O(A 2p), which implies 
the desired estimate for these restricted values of m. 

Corollary 16.2. Let fez) = L~o akl for r = Izl < 1. Then for A E (0, 1], 
1 - r ::: A/4 and n ::: 2p, 
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For the proof one applies the Proposition to each term in the series f(re it ) 
",,00 k ikt k' k L...k=oakr e ,ta mg m = - n. 

17 The Remainder in Fatou's Theorem 

The comparison functions below involve slowly varying functions in the sense of 
Karamata [1930b], [1933b]: positive (measurable) functions L on [0,00) such that 
L(At)/ L(t) --+ 1 as t --+ 00 for every number A > O. We state the basic integral 
representation which will be derived in Chapter IV: 

L(t) = c(t) exp {fat c(v) dvV} , (17.1) 

where c(·) > 0 (is measurable and) tends to a limit c > 0 at 00, while c(·) is bounded 
and tends to 0 at 00. Here we need L only on the nonnegative integers and we may 
therefore assume that Land c(·) are continuous. Then for any number 8 > 0, there 
are positive constants band B such that 

(U+l)-8 L(u) (U+I)8 b -- <--<B--
t + 1 - L(t) - t + \ whenever O:s t :S u < 00. (17.2) 

Theorem 17.1. Let I:~ anzn converge for Izl < 1 and let the sum function fez) be 
analytic at the point z = 1. Suppose that the numbers an are real and that 

an ~ -¢(n) = -en + \)'" L(n), \:In, (17.3) 

where a is real and L(-) is slowly varying. Then there is a constant C (depending on 
f and ¢) such that for Sn = I:~=o ak, 

ISn - f(1)1 :S C¢(n), \:In. (17.4) 

The result is contained in Korevaar [1954b] (theorem 4.1). The present proof 
extends a method of Heilbronn and Landau [1933b] for the case ¢(n) = c and of 
Postnikov [1980] for the case ¢ (n) = c(n + 1)'" with a > -I. It will use Proposition 
16.1 and the auxiliary results below. The proof also uses the fact that 

¢(n) = O{(n + 1)",+8}, (n + 1)",-8 = O{¢(n)} (17.5) 

for every 8 > 0; cf. (17.2). 
We need higher-order kernels related to the Fejer kernel for R In the following 

BS denotes the class of the indefinite integrals of order s of bounded functions. 
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Lemma 17.2. For pEN and A> 0, let 

1 (sinx/ P)P H (x)=- --- , 
p 2n x/p 

(17.6) 

Then the Fourier transform if p,A has support in [-A, A] and is of class BP-I. If 

P :::: 2, the derivatives of if p,A of order.:::: p - 2 will vanish at ±A. 

Cf. the Fourier pair in (4.7) which corresponds to the case p = 2. For the proof 
one may change the scale and consider the p-th power M p (x) of the simple kernel 

M(x) = (sinx)/(nx), The latter has Fourier transform if(t) equal to 1 for It I < 1 
and equal to 0 for It I > 1, Thus if p is the p-th convolution power of if. Hence it has 
support [-p, p] and is of class BP-l . In particular its derivatives of order.:::: p - 2 
vanish at ±p. The Lemma readily follows. 

Observe that by Fourier inversion, 

fA ( • , / )P A ixt Slllll.X P 
Hp,A(t)e dt = 2n Hp,A(X) = A 

-A AX/p 
(17.7) 

Proposition 17.3. Under the hypotheses of Theorem 17.1 there is a constant C 1 (de
pending on f and ¢) such that 

(17.8) 

(17.9) 

We continue with even p = 2q and observe that the integral is real, hence (17.3) and 
(17.9) imply the inequality 

fA A L ¢(k) Aa rn < H (t)f(reit)e-intdt + AI - 2q (2q)2q rk n - _ 2q,A (k _ n)2q 
A k::o:O, k-ln 

(17.10) 
Now fix A> 0 so small that f is analytic on the arc {Izl = 1, I argzl .:::: A} and take 
2q > la I + 1. In view of (17.5) (with k instead of n) we may then pass to the limit as 
r / 1 and henceforth consider (17.1 0) with r = 1. 

To prove (17.8) one may take n :::: 1, write e-intdt = _de-int /(in) and integrate 
by parts 2q - 1 times. This will show that the integral with r = 1 is O(n-2q+1) = 
O{nll'L(n)} = O{¢(n)}. [The integrated terms drop out.] To verify that the sum with 
r = 1 is also O{¢(n)} one first estimates the numbers ¢(k) in terms of ¢(n) with 
the aid of (17.2). The parts of the resulting sum where k > 2n or k < n/2 may be 
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compared with integrals; the part where n/2 .::: k .::: 2n is easy. The conclusion is that 
indeed an = O{cf>(n)}. 

Proof of Theorem 17.1. By changing the constant term in the power series for f 
we may assume that f (1) = O. Observe that by Proposition 17.3 and (17.5) one has 
ak = O{cf>(k)} = O{(k+ l)",H} for every 8 > O. We now apply Corollary 16.2. Here 
we fix A E (0, 1] so small that f(z), hence also f(z)/(1 - z), is analytic on the arc 
{izl = 1, I argzl .::: A} and we take p > lal + 1. Under our hypotheses we may then 
let r )" 1. 

From here on we use formula (16.3) with r = 1: for n ~ 2p, 

11.. f(ei? (eit _ eiA)p(eit _ e-iA)Pe-inldt 
-A 1 - ell 

= 2n(2 - 2COSA')pSn-2p + 0 (f k cf>(k) 1)· 
k=O I - niP + 

(17.11) 

By the analyticity of f(z)/(1- z) we may integrate by parts p times in the integral to 
show that it is O(n-P ) = O{cf>(n)}. By the argument used in the proof of Proposition 
17.3, the sum is likewise O{cf>(n)}. It follows thatsn-2p = O{cf>(n)} and this completes 
the proof of (17.4). 

Remarks 17.4. The proof does not require analyticity of f at the point z = 1, but one 
does need appropriate smoothness in a neighborhood of 1 in the closed disc {Izl .::: I}, 
depending on a. Cf. also Kralnova [1984]. 

Further inequalities may be derived by applying Theorem 17.1 to, for example, 

f{Sn - f(1)}zn = _ f(Z; = {(1). 
o 

Since \sn - f(1)\ .::: Ccf>(n) we can use Theorem 17.1 with an replaced by Sn - f(1). 
The result is 

1 
So + ... + Sn _ f(1) + f'(I) I.::: c' cf>(n) ; 

n+l n+l n+l 

cf. Korevaar [1954b]. Related inequalities have been obtained by T.M. Safarov 
[1974a], [1974b]. 

18 Remainders in Hardy-Littlewood Theorems 
Involving Power Series 

Let the power series 
00 

f(x) = I:anxn 

o 
converge for Ixl < 1 and let an ~ -C. Under the hypothesis 

(1 - x)f(x) ~ A as x )" 1, 

(18.1) 
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Hardy and Littlewood [1914a] found that Sn = Lo ak ~ An as n ---+ 00. (For the 
simple proof by Karamata [1930a], see Section 1.11.) Under the stronger hypothesis 
that 

f(x) - ~ = 0 { 1 } 
1 - x (1 - x)a 

for 0::: x < 1, (18.2) 

with a < 1, the real remainder theory of Freud [1951], [1952/53], [1954] and the 
author [1951], [1953], [1954a] gives the estimate Sn - An = O(njlogn); cf. Chapter 
VII. Here the 'disappointingly large' remainder O(nllog n) is optimal! In fact, real 
conditions give smaller remainders Sn - An only ifthe deviation f(x) - AI(1 - x) 
tends to zero extremely fast. For example, a deviation of the form O( exp{ -c I (1-x)}) 
in (18.2) gives (optimal) remainder Sn - An = O(nl/2); see Korevaar [1954a] and 
Section VII.2. 

In this section we treat the following complex remainder theorem which is con
tained in work of Subhankulov [1960] for general Dirichlet series; see also his book 
[1976] (chapter 2). 

Theorem 18.1. Let the power series 

00 

fez) = Lanzn, z = reit , 
o 

(18.3) 

with an ~ -c, converge for Izl < l. Let 0::: a, f3 < 1, c > 0 and suppose that 

-~-O{ 1 } fez) l-z- 11-zla for 0::: r < 1, It I ::: c(1 - r)fJ (18.4) 

(which describes a region tangent to the unit circle at the point Z = 1). Then the 
partial sums Sn satisfy the estimate 

(18.5) 

Here na has to be replaced by log n if a = f3 = o. 
Proof. (FIRST PART) Subtracting A from the numbers an it may henceforth be assumed 
that A = O. One then has to prove that Sn = O(na) + O(nfJ) or O(logn) for n ~ no. 
To this end we will apply Corollary 16.2 with p = 2 and A = c(1 - r)fJ; it may of 
course be assumed that A ::: 1 and 1 - r ::: A/4. The result is that for n ~ 4, 

1A . (eit - eiA )2(eit - e-iA )2 . 
f(re 't ) . e-lntdt 

-A 1 - relt 
(18.6) 

(
Oak ) n-4 2 2 4 lakl r 

=2nr (1-2rcosA+r) Sn-4+A 0 L 2k 2 . 
A ( - n) + 1 

k=O 

Here we take 1 - r = lin, so that the coefficient of Sn-4 is at least equal to a positive 
constant times A4. By (18.4) with A = 0, the integral in (18.6) is 
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o (A4 i: 11 _ :;tla+1 ) = A 4 0 (10 1 
(1 _ r d: t)a+1 ) = A4 0{(1 - r)-a} 

for ex > 0 and equal to A 40(1og{1 / 0 - r)}) if ex = O. For our r the result is A 4 O(na) 
if ex > 0 and A 4 o (log n) if ex = O. We now complete the proof for 

THE CASE lak I ::: c. To estimate the sum in (18.6) we split it. The sum over the terms 
with Ik - nl ::: I/A is obviously O(1/A), which for our A and r becomes O(n fJ ). 
Likewise, the sum with Ik - nl > I/A is 

(1" 1)_ _ fJ o 2" L- 2 - OO/A) - O(n ). 
A (k - n) 

Ik-nl>I/A 

This is also true if f3 = o. Inserting the estimates for integral and sum into 08.6) and 
dividing by A 4, one obtains the desired result for the partial sums Sn-4 when lak I ::: C. 

For the GENERAL CASE of Theorem 18.1, we show first that under the one-sided 
condition ak ::: -C, where we take C > 0, certain running averages of the numbers 
lak I are bounded. 

Lemma 18.2. Let f satisfy the conditions in Theorem 1B.1 and suppose that 0 < A = 
c(1 - r)fJ ::: 1 and 1 - r = l/n ::: A/4 as in the proof above. Then 

08.7) 
Ik-ml:<::I/A Ik-ml:<::l/A 

uniformly for m satisfying 1m - nl ::: In/A. 

Proof. By formula (17.9) with p = 2 and m instead of n, 

~ k (SinA(k - m)/2)2 to(ak + 2C)r A(k _ m)/2 (18.8) 

= ~ fA (1 _l!!) f(reit)e-imt dt + 2C f: rk (Sin A(k - m)/2)2 ; 
A LA A k=O A(k - m)/2 

cf. (4.7). Since in the integral one has f(re it ) = O(1/ltla ) with ex < 1, the first term 
on the right will be O(I/Aa ). By the computation in the preceding proof the final sum 
is O(1/A). Now for Ik - ml ::: I/A, 1m - nl ::: In/A and r = 1 - l/n, 

(
SinA(k - m)/2)2 

A(k _ m)/2 ::: C2 > O. 

Thus (18.8) implies (18.7). 

Proof of Theorem 18.1. (SECOND PART) To complete the proof of the Theorem, 
we need a good estimate for the final sum in (18.6) under the one-sided condition 
ak ::: -C. This time we split the sum in a different manner. First let Ik - nl > In/A: 



172 III Complex Tauberian Theorems 

'" laklrk 
~ '),.2(k - n)2 + 1 

Ik-nl>vn7X 

1 00 1 ( 2C ) :s - L(ak + 2C)rk = - fer) + -- = 0(1/),). 
).n ).n 1 - r 

k=O 

(18.9) 

By Lemma 18.2 the sum with Ik - nl < 1/). is also 0(1/).). It remains to consider 
the sum with 1/). :s Ik - nl :s In/)., which we majorize by a sum over parts in 
which Ik - ml :s 1/). for suitable values of m. Decreasing c as necessary one may 
assume that 1/). = n f3 /c is an integer. Now for ms = n + 2s/). with s = 1,2, ... and 
Ik - msl :s 1/)" one has 

1 1 
).2(k - n)2 + 1 < (2s - 1)2· 

Also considering m~ = n - 2s/). one obtains the same estimate for the sum with 
-In/). :s k - n :s -1/).. Combining the estimates one finds that the final sum in 
(18.6) is 0(1/).) = O(nf3 ). This completes the proof of the Theorem. 

Remark 18.3. Postnikov [1953] had treated the important case ()( = f3 = 0 of The
orem 18.1 which does not require letting). go to O. In his monograph [1980], he 
also showed that in this case, the remainder estimate Sn - An = o (log n) in (18.5) is 
essentially optimal. However, if g(z) = fez) - A/(1-z) in Theorem 18.1 is analytic 
at z = 1, it follows from Theorem 17.1 applied to g that Sn - An = 0(1). 

Remarks 18.4. Subhankulov [1964] also obtained remainder estimates for Little
wood's theorem based on complex information. Just like Postnikov in his monograph 
(loc. cit. section 19), we restrict ourselves here to Littlewood's original Tauberian 
condition 

(18.11) 

If f(x) = L:go anxn tends to A as x /" 1, then Sn = L:3 ak ---+ A (Littlewood 
[1911]; cf. Section 1.7). In the case f(x) - A = 0{(1 - x)O'} for 0 :s x < 1 with 
()( > 0, the real remainder theory of the author [1953] and Freud [1954] gives the 
optimal estimate Sn - A = 0(1/ log n); see Section VII.2. 

Setting z = reit , we now impose the complex condition 

fez) - A = 0(11 - zlO') for O:s r < 1, It I :s c(l - r)f3, (18.12) 



19 A Remainder for the Stieltjes Transform 173 

with 0 < a .:::: 1, 0 < f3 < 1. Under the Tauberian condition (18.11) Subhanku10v 
then found that 

(18.13) 

Observe that there must be a better result for small f3. Indeed, take a = 1. Then the 
estimate Sn - A = 0(n-1/2 ) for f3 = 1/2 must also hold for f3 = 0; see (18.12). 

OPEN PROBLEM. The question of an optimal result in Littlewood's theorem under 
the complex condition (18.12) seems to be open. In his book, Subhankulov [1976] 
(section 2.6) found, among other things, that condition (18.12), together with the 
condition f' (z) = 0{(1 - r )a-I } in the region of (18.12), implies 

Sn - A = O(n.8- I ) + O(n-a). 

In all of this, (18.11) may be replaced by the one-sided condition nan::: -C of 
Hardy and Littlewood (loc. cit.), provided L anzn is known to converge for Izl < 1. 

19 A Remainder for the Stieltjes Transform 

Let set) vanish for t .:::: 0, be nondecreasing, continuous from the right and such that 
the Stieltjes transform 

100 ds(t) 
g(x) = --

o t +x 
exists for x > o. Suppose that 

g(x) = Axa- I + o(xa- I ) as x ---+ 00, 

with 0 < a < 1 and A ::: O. Then by a Tauberian theorem of Hardy and Littlewood 
[1929], 

s(t) = A'ta + aUa) as t ---+ 00, where A' = A(sina1l)/(a1l). 

A more direct proof by Karamata [1931] may be found in Section 1.21. As in the case 
of power series, real remainder formulas for the transform give only weak remainder 
estimates for set). In the real case one again needs an extremely small deviation 
g(x) - Axa- I in order to get a small remainder set) - A'ta. See Avakumovic [1950a] 
and Subhankulov's book [1976] (chapter 3); more on this in Section VII.18. 

Using complex asymptotics for the Stieltjes transform, Malliavin [1962] and 
Pleijel [1963] obtained the following useful remainder theorem. 

Theorem 19.1. Let sO, a, A and A' be as above, 0 < f3 < a < 1 and 0.:::: y < 1. 
Suppose that 

g(z) = -- = Aza - I + O(lzl.8- I ) 100 ds(t) 

o t+z 
(19.1) 

on the two curves z = x ± ilxlY, -00 < x .:::: -1. Here za-l denotes the principal 
value. Then 

set) - A'ta = 0(t.8) + O(ta-Hy) as t ---+ 00. (19.2) 
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The proof below, after Pleijel, starts with an important approximate inversianfarmula 
for the Stieltjes transform. 

Lemma 19.2. Let w = u + i v with u < 0, v > 0 and let L (w) be any rectifiable arc 
from w ta w which daes nat meet the negative real axis {y = 0, x :::: OJ. Define 

I(w) = _I_.j g(z)dz 
2Jrl L(w) 

and set g = gl + ig2 with real gj. Then 

IS(lui) - I(w) + ~Vgl(W)1 :::: ~Vlg2(W)I. 

(19.3) 

(19.4) 

Proof. Let ¢ = ¢ (t, w) be the angle between the positive real direction at the point 
z = -t and the direction from z = -t to z = w. Then by (19.1) 

1000 (t+u)v 10 00 
vgl(W) = 2 2ds(t) = cos¢sin¢ds(t), 

o (t + u) + v 0 

vg2(W) = [00 _~2 2 ds(t) = _ [00 sin2¢ds(t). 10 (t+u) +v 10 (19.5) 

Introducing the definition of g into (19.3) and inverting the order of integration, one 
obtains 

I 10 00 j dz 1 10 00 
I(w) = -. ds(t) -- = - ¢(t, w)ds(t). 

2Jr I 0 L(w) t + z Jr 0 
(19.6) 

Hence by (19.5) 

I 
s(lul) - I(w) + -vgl(W) (19.7) 

Jr 

1 Io IUI I I 1,00 1 = - (Jr - ¢ + - sin2¢)ds(t) + - (-¢ + - sin2¢)ds(t). 
Jr 0 2 Jr lui 2 

A drawing helps to verify that 0 :::: t :::: I u I implies Jr /2 :::: ¢ :::: Jr, while t :::: I u I 
implies 0 :::: ¢ :::: Jr /2. These cases lead to the respective inequalities 

I 1. I 1 . Jr - ¢ + 2 sm2¢ :::: 2Jr sm2 ¢, 

Thus (19.4) follows from (19.7) and (19.5). 

Proof of Theorem 19.1. Let L be a positively oriented curve which consists of the arcs 
{y = ±lxIY } (x :::: -I) and a connecting rectifiable arc in the half-plane {x :::: -I} 
which does not meet the half-line {y = 0, x :::: OJ. Taking w = u + iv on L with 
u < -I and v > 0, we let L(w) be the part of L from w to wand I(w) the 
corresponding integral (19.3). We split I (w) as follows: 

I(w) = _1_.j {g(z) - AZ",-l}dz + ~ j z",-ldz. 
2Jr I L(w) 2m L(w) 

(19.8) 
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By (19.1) the first term on the right is O(lwl f3 ) = O(lul f3 ) as w ~ 00 along L. The 
final term is equal to 

A wIX - (W)IX A . 
---- = -lwl IX sma1/!, 1/! = argw. 

2rri a arr 

Now for w ~ 00 along L, 

IwlIX = lul IX + O(luIIX-1v) = lul IX + O(luIIX - 1+y), 

sina1/! = sin{arr - a(rr - 1/!)} = sinarr + O(lvl/lwl) = sinarr + O(lul y- 1). 

Putting it all together we obtain from (19.8) that 

f3 A sin arr 
lew) = O(lul ) + lul IX + O(luIIX-l+y). (19.9) 

arr 

Combination with (19.4) and (19.1) gives (19.2). 

Remarks 19.3. Theorem 19.1 was extended to other Stieltjes-type transforms and 
considerably generalized by Subhankulov et al. See Subhankulov and An [1974] and 
Subhankulov's book (loc. cit. chapter 4). A different generalization was obtained by 
Ganelius [1971] (chapter 7). 

Applications 19.4. Beginning with Valiron [1914] and Titchmarsh [1927], methods 
of Tauberian character for Stie1tjes-type transforms have been used extensively to 
study the counting function for the zeros of entire functions. The simplest case is that 
of an entire function f of order p E (0, 1) whose zeros are negative real. If f(O) = 1, 
then for the branch of the logarithm which is real on ~+, 

100 (Z) 100 net) logf(z) = log 1 + - dn(t) = z dt, 
o t 0 t(t+z) 

where net) is the number of zeros of f of absolute value :s t. Thus growth estimates 
for f on suitable curves give estimates for a Stieltjes-type transform which can be used 
to obtain estimates for net). See the books by Boas [1954], Levin [1964], Bingham, 
Goldie and Teugels [1987] (chapter 7) for asymptotic results, and Subhankulov's 
book for remainder theorems. 

Applications to eigenvalues go back to Carleman [1934]; cf. also Titchmarsh 
[1958] (chapters 17,22) and Agmon [1965] (section 14). Remainder theorems have 
been used for precise results on the number N(t) of eigenvalues Aj with absolute 
value :s t in elliptic boundary value problems. Under appropriate conditions one may 
use resolvents or spectral densities to derive a formula of the type 

"" __ = = Azq/(2k)-1 + O(zq/(2k)-1-o), 1 100 dN(t 1/(2k» 

7 AJk+ z 0 t+z 
8> 0, 

valid on curves as in Theorem 19.1. The Theorem then gives an estimate for N(t 1/(2k» 
which leads to a conclusion of the form 

N(t) = A'tq + O(tq- YJ ) with 11 > O. 

See for example Agmon and Kannai [1967]. 
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For later results on eigenvalues in elliptic problems (independent of complex 
remainder theory), see H6rmander [1983-85] (chapters 17, 29). In this connection 
we also refer to the (older) work of Levitan, Marcenko and others on so-called Fourier 
Tauberian theorems. Here one estimates the difference S - K).. * S, for nondecreasing S 
and a suitable approximate identity K).., under appropriate conditions on the Fourier 
transform of K).. * S. See Levitan [1953], Marcenko [1955], the book by Levitan 
and Sargsjan [1975], and more recent publications including Levitan [1995] and 
Yu. Safarov [2001]. 



IV 

Karamata's Heritage: Regular Variation 

1 Introduction 

As we know, the prime counting function satisfies the asymptotic relation Jr (x) 

x / log x, so that the n-th prime Pn is asymptotic to n log n. In order to describe the 
asymptotic behavior of sequences and functions, one quickly recognized a need for 
standards of 'regular growth'. Landau [1911] studied sums, which involve regularly 
increasing sequences {qn} such as the primes, by comparing them to integrals. P6lya 
[1917], [1923] extended the results and investigated the counting function for the zeros 
of entire functions. For the comparison of sums and integrals, counting functions such 
as N (u) = Lqn:<'U 1 were required to satisfy an asymptotic relation 

N(u) ~ ufi L(u) for some number a> 0, (1.1) 

where L is positive, continuous, monotonic and such that 

L(Au) 
-- --+ 1 as u --+ = for every number A > O. 
L(u) 

(1.2) 

(Because of the monotonicity, it is enough to require (1.2) for A = 2.) Here P61ya 
spoke of slowly increasing ('Iangsam wachsende') and slowly decreasing functions 
L. Among other things he showed that for Riemann integrable functions! on [0, 1] 
and 'regular' sequences {qn}, 

I 10 1 
lim - L ! (qn) = !(t)dtfi . 

u-+oo N(u) u 0 
qn2U 

(1.3) 

For the proof it is sufficient to consider piecewise constant functions, or just 'char
acteristic functions' of intervals [0, c); cf. P6lya and Szeg6 [ 1925/78] (chapter 2, 
problems 147-161). 

Early in their Tauberian work, Hardy and Littlewood [1914a] introduced compar
isons involving special 'logarithmico-exponential functions' of the form 

¢(u) = ufiL(u), with L(u) = (logu)fil(loglogU)fi2... (aj real). (1.4) 
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(For general logarithmico-exponential functions and 'orders of infinity', see Hardy 
[ 1911 a].) Lasker and Pringsheim had used comparison functions (1.4) in Abelian 
theorems; see Pringsheim [1904]. One of the Hardy-Littlewood Tauberian theorems 
went as follows; cf. Sections 1.7 and 1.15. 

Theorem 1.1. Let L~o ane-ny converge for y > o. Suppose that 

00 

F(lju) = Lane-n/u ~ A¢(u) as u -+ 00, ( 1.5) 
n=O 

where ¢(u) = UU L(u) with a > 0, and that 

Then 

nan 2:: -C¢(n) for n 2:: no. 

n 

Sn = Lak ~ A¢(n)ji(a + 1) as n -+ 00. 

k=O 

(1.6) 

(1.7) 

R. Schmidt [1925a] used somewhat more general comparison functions. However, 
the concept of regularly varying functions ¢(u) = UU L(u), with slowly varying L 
defined just by (1.2), is due to Karamata [1930b], [1933bJ. The slow and regular 
variation are preserved under summation and integration. It turns out that for a large 
class of functions kC), 

100 k(v)L(uv)dv ~ L(u) 100 k(v)dv, (1.8) 

100 k(v)¢(uv)dv ~ ¢(u) foOO k(v)vUdv as u -+ 00. (1.9) 

Although Karamata became well-known through his simple proof of Theorem 1.1 with 
¢(u) = u (Karamata [1930a]; cf. Section 1.11), his theory ofregularly varying func
tions has had much greater impact. Such functions playa role in many parts of math
ematics: number theory, complex analysis, Tauberian theory, differential equations, 
and especially, since Feller's work, probability theory (see Feller's book [1966171]). 

The topics in this chapter fall roughly into three groups. In the first, comprising 
Sections 1-6, we develop the theory of regular variation. The basic results all go 
back to Karamata. He showed that pointwise convergence in (1.2) implies uniform 
convergence even for non-monotonic functions L, obtained a characteristic integral 
representation for slowly varying functions, and characterized these functions also by 
their behavior under integration. The theory was refined and extended by members 
of 'Karamata's school' in (and outside) Yugoslavia and by many other authors; cf. 
the subsequent sections. Several major contributors were motivated by probability 
theory. After Feller we mention de Haan and collaborators, and Bingham with his 
numerous coauthors. The book 'Regular Variation' by Bingham, Goldie and Teugels 
[1987] has become a landmark. We frequently refer to it simply as BGT. 
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The second part of the chapter, consisting of Sections 7-14, deals with a variety 
of Abelian and Tauberian theorems involving regular variation. We list the highlights: 
- the basic theorems for Laplace and Stieltjes transforms, which were obtained by 
Karamata [1931]; 
- the elegant theory of Bingham and Teugels for general-kernel Stieltjes integrals, 
as presented in BGT; 
- the ratio theorem, which goes back to Feller [1963]; 
- the higher-order Abel-Tauber theory initiated by de Haan [1976]; 
- the refined Mercerian theorems of Dr as in [1968], Shea [1969] and others, following 
initial work by Edrei and Fuchs [1966]. 

The third part of the chapter is devoted mainly to Abelian and Tauberian the
ory for Laplace transforms of rapid growth. Again, there have been (and are) many 
contributors; see the introduction in Section 15. There is an extensive logarithmic 
theory which started with the work of Hardy and Ramanujan [1917] on partitions. 
Passing through many stages - for the moment, we only mention Kohlbecker [1958] 
and Kasahara [1978]- the theory culminated in refined results of Geluk, de Haan and 
Stadtmiiller [1986]. There are also logarithm-free results, going back to Martin and 
Wiener [1938], which involve running averages of the object function. A high point 
was reached with the strong results of Ingham [1941] (Sections 21, 22), which belong 
to the area of complex Tauberian theory. 

We finally mention some recent work involving transfonns of less rapid growth 
which play an important role in probability theory. Key names are Feigin and Yashchin 
[1983], and Balkema and coauthors ([2003], [2002] and earlier papers). Our book does 
not deal with multidimensional theory, although that too has become important for 
applications; see for example Yakymiv [2002]. 

Results involving regular variation have been applied in number theory, notably 
to partitions (cf. Section 23), in analysis (growth and zeros of entire functions), and 
especially in probability theory; see chapters 6-8 of BGT. For entire functions, see 
also papers such as Edrei and Fuchs (Ioc. cit.), Baernstein [1969], and Hellerstein, 
Shea and Williamson [1970]. For other parts of analysis we mention Aljancie, Bojanie 
and Tomie [1974], and (for differential equations) Marie [2000]. 

Biographical information on Karamata can be found in Tomie [2001] and Marie 
[2002]. 'Selected Papers' of Karamata ([2004?]) have been prepared for publication 
in Yugoslavia. 

2 Slow and Regular Variation 

Karamata initially focused on the properties (1.8), (1.9); d. Section 5, but the limit 
relation (1.2) soon became the standard definition for slow growth ('croissance lente'), 
slow oscillation or, as one says today, slow variation. In order to avoid pathology 
(Section 4), it is customary to add the requirement of measurability. 

Definition 2.1. A function L defined on some interval (a, 00) or [a, 00) with a 2: 0 
is called SLOWLY VARYING (at infinity) if it is measurable, eventually positive, and 
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such that 
L(AU) 
-- ---+ 
L(u) 

as u ---+ 00 for every number A > O. (2.1) 

Functions ¢(u) ofthe form UOI L(u) with real ex are then called REGULARLY VARYING 
of index ex. Occasional notation: ¢ E RVOI . Such functions are characterized by the 
relation 

¢(AU) 01 
-- ---+ A as u ---+ 00 for every number A > O. (2.2) 
¢(u) 

Besides the functions in (1.4), there are such examples of slow ly varying functions 
as 

L(u)=exp{(logu)OIl(loglogu)0I2 ... } with exj real, oq < 1. (2.3) 

The following BASIC PROPERTIES will be verified in Section 3. 

Theorem 2.2. (i) If L is slowly varying, the convergence in (2.1) is uniform on every 
interval b :s A :s B with 0 < b < B < 00, and 

(ii) both Land 1 I L are bounded on every finite intervalfar enough to the right. 
(iii) A function L on [a, (0) with a > 0 is slowly varying if and only if it has an 

integral representation of the form 

L(u) = c(u) exp {!au c(V) dvV} , (2.4) 

where c(·) is measurable and tends to a limit c > 0 at 00, while c(·) is bounded and 
tends to 0 at 00. Thefunction eO may actually be taken continuous. 

We list a number of consequences. If L is slowly varying, then for any number 
8 > 0 and any constant C > 1, 

IL(u)IL(t)1 :s Cmax{(ult)8, (ult)-8) provided t, u> B(o, C). (2.5) 

In applications to asymptotics at 00, one may often replace c(u) by its limit c and 
set e(v) = 0 for 0 :s v :s a, so that L and IlL become positive and continuous for 
u 2: O. One then has an inequality (2.5) with C = C(o)forall t, u > O.Onecanalso 
say that for any number 0 > 0, there now are positive constants band B such that 

b (~)-8 < I L(u) 1< B (~)8 
t + 1 - L(t) - t + 1 

whenever O:s t :s u < 00. (2.6) 

(Such an inequality was used already in Section III.l7.) 
For functions ¢ of regular variation on [0, (0) with index IX =F 0, there are mono

tonic equivalents: monotonic functions of regular variation with the same asymptotic 
behavior. Thus if ex > 0 and L has been adjusted as before, then for u -+ 00 

¢(u) '" ¢1 (u) = sup ¢(t), 
O:9:"U 

¢(u) '" ¢2(U) = inf ¢(t). 
t2:u 

(If ex < 0 one would interchange sup and inf.) To prove the first result one may verify 
that for large u, 

¢l (u) = sup ¢(t). 
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Indeed, over intervals tv::::: t ::::: v with large v, ta increases by a factor 2a, while 
L (t) decreases at most by a factor 28, say. Now 

hence 

¢(AU) a L(AU) a 
--=A --~A 
¢(u) L(u) 

1 
uniformly for - < A < 1, 2 - -

¢1 (u) ¢(AU) 
= sup -- ~ 1 

¢(u) 1<),<1 ¢(U) 
2- -

as u ~ 00. 

There are also smooth equivalents ua L(u), with cO = c and c(·) in (2.4) of 
class Ck ; ct. Seneta [1976]. An 'analytic equivalent' of a slowly varying function is 
discussed by Simic [2001]. 

For regular variation, the requirements in Definition 2.1 can be relaxed consider
ably. Here one has the following important result; cf. Section 4. 

Theorem 2.3. Let <l> on ~+ be measurable, eventually positive, and such that 

<l> (AU) 
-- tends to a limit function 1jI(A) > 0 as u ~ 00 (2.7) 

<l> (u) 

for every number A > 0 (or at least for every A in a subset of~+ of positive measure). 
Then 1jI(A) = A a for some number a E ~ (and the limit relation holds for all A > 0), 
so that <l> is regularly varying. 

Remarks 2.4. The uniform convergence and the integral representation in Theorem 
2.2 are due to Karamata [1930b], [1933b], at least for the case of continuous func
tions L. For measurable L the uniform convergence was proved by Korevaar, van 
Aardenne-Ehrenfest and de Bruijn [1949] and also by Delange [1955a]. The integral 
representation without additional hypothesis on L is due to de Bruijn [1959]. Since 
then, there have been additional refinements of theorems and proofs. We mention 
work by Karamata [1962], Bojanic and Karamata [1963a], [1963b], Matuszewska 
[1964/65], Feller [1966/71], de Haan [1970], Bojanic and Seneta [1971], Seneta 
[1976], Bingham, Goldie and Teugels [1987] (BGT). For relatively recent contribu
tions, see Drasin and Seneta [1986], Ostrogorski [1998], and Seneta [2002]. Theorem 
2.3 is due to Feller [1966/71] (section 8.8); cf. BGT. 

For certain applications it is useful to relax the condition of positivity in Definition 
2.1 and to allow complex-valued functions L which eventually avoid the value 0; ct. 
the end of Section 3. 

3 Proof of the Basic Properties 

For the proof of Theorem 2.2, it is convenient to consider an additive problem rather 
than a multiplicative one. In (2.1), set u = eX, L(u) = m(x) and A = eY, so that L(AU) 
becomes m (x + y). We henceforth take L positive (except at the end of the present 
section), and work with the real function f(x) = logm(x). Then (2.1) becomes 

f(x + y) - f(x) --+ 0 as x ~ 00 for every real number y. (3.1) 
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The basic properties in Theorem 2.2 will readily follow from the results below. 

Theorem 3.1. Let f on (ai, 00) befinite, measurable and such that (3.1) is satisfied. 
Then the convergence in (3.1) is uniform on every finite y-interval. 

Proof. It will be enough to prove the uniform convergence for one y-interval, for 
which we take {O S y S I}. If E is a (measurable) subset oflR, we write lEI for its 
measure, and XE for its characteristic function: XE(t) = 1 for tEE and XE(t) = 0 
for t fj. E. Let 8 > 0 be given. For any given x, let Ex denote the set of those points 
z = x + t with t E [-1, 1] for which 

If(z) - f(x)1 = If(x + t) - f(x)1 ::: e/2. (3.2) 

The corresponding set of points t E [-1, 1], a translate ofthe set Ex, will be denoted 
by Tx. By (3.2) and (3.l), a given number t cannot belong to Tx when x is suffi
ciently large. Equivalently, XTx (t) ~ 0 as x ~ 00 for every t, hence by bounded 

convergence, ITx I = f~l XTx (t)dt ~ O. It follows that 

IExl = ITxl < 1/2 for x> xo. 

For any y E [0, 1] we consider, more generally, the set Ex+y of those points z = 
x + y + t with t E [-1, 1], for which 

If(z) - f(x + y)1 = If(x + y + t) - f(x + y)1 ::: e/2. (3.3) 

In our notation the corrresponding set of points t E [-1, 1] is Tx+y ; one will have 
IEx+yl = ITx+yl < 1/2 for x + y > xo, hence a fortiori for x > xo. 

Observe now that Ex is a subset of the interval Ix = [x - 1, x + 1], while Ex+y 
is a subset of Ix+y = [x + y - 1, x + y + 1]. The intersection Ix n Ix+y contains 
the interval [x, x + 1], hence it must contain a point z outside the union Ex U Ex+y 
whenever x > xo, no matter which point y E [0, 1] we started with. For such a point 
z one has 

both If(z) - f(x)1 < 8/2 and If(z) - f(x + y)1 < 8/2. (3.4) 

Conclusion: 

If(x + y) - f(x)1 < 8 for x > xo, Vy E [0, 1]. (3.5) 

Corollary 3.2. (Bojanic and Seneta [1971]) Iff is measurable on (ai, 00) and satis
fies relation (3.1), then f is bounded (and hence integrable) on every finite interval 
far enough to the right. 

Indeed, there will be a constant B such that I f (x + y) - f (x) I < 8 = 1 for all 
y E [0,1] when x ::: B. Thus If(z) - f(B)1 < 1 for B S z S B + 1, etc. 

Theorem 3.3. A measurable function f on (ai, 00) satisfies relation (3.1) if and only 
if it can be represented in the form 

f(x) = y(x) + IX T](z)dz, 
a' 

(3.6) 
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where y (.) is measurable and tends to a finite limit y at 00, while I) (z) is bounded 
for Z ::: a' and tends to 0 at 00. By modification ofy(·) thefunction 1)(') can be made 
continuous. 

Proof. The 'if' part is obvious: an integral representation (3.6) for f, with yO and 
1)(') as described, implies (3.1). 

Let us now start with (3.1). Then by the preceding f is bounded on every finite 
interval starting at B, say. Thus if we take x ::: B, the uniform convergence in (3.1) 
shows that 

d f /X+I 10 1 
8(x) ~ f(z)dz- f(x) = {f(x+y)- f(x»)dy -+ 0 as x -+ 00. (3.7) 

x 0 

Defining F(x) = J:+ I f(z)dz, one has 

(B+I r 
F(x) = 1B f(z)dz + 1B {fez + 1) - f(z»)dz. (3.8) 

Hence if we put 

def (B+I det" 
y = 1 B f(z)dz, I)(Z) = fez + 1) - fez), 

then ry(z) -+ 0 as z -+ 00 and by (3.8), 

F(x) = y + l' I)(z)dz. 

Combining this relation with (3.7) one obtains 

f(x) = F(x) - 8ex) = {y - 8(x») + LX ry(z)dz. (3.9) 

This is a representation (3.6) for x ::: B, but with B instead of a'. To complete the 
proof one may simply define I)(z) = 0 for z < Band yex) = fex) for x < B. 
Unruly initial behavior of f is incorporated in y(.). 

Representation with continuous ry(.). Following Seneta [1976], we write (3.9) in the 
form 

f(x) = y(x) + hex), hex) = LX {fez + 1) - fez»)dz, x::: B, (3.10) 

and show that the continuous function h satisfies (3.1). Indeed, for any given real 
number y, 

/
X+Y 

fl ex + y) - fl ex) = x {fez + 1) - fez)}dz (3.11 ) 

r = 10 {fex + t + 1) - fex + t»)dt 

= loy [{f(x + t + 1) - f(x») - {fex + t) - f(x»)]dt. 



184 IV Karamata's Heritage: Regular Variation 

Now let x go to infinity. Then the final member of (3.11) tends to zero since 
f(x + u) - f(x) ~ ° uniformly on every finite u-interval. 

Application of the first part of Theorem 3.3 to !I gives a representation of the 
form 

!I (x) = YI(X) + r '11 (z)dz when x 2: BI. 
lBI 

(3.12) 

Here BI 2: B, YI (x) tends to a limit YI as x ~ 00 and '71 (z) = fl (z + 1) - !I (z) is 
continuous. To complete the proof one uses (3.10) and chooses a suitable new function 
y(x) for x < BI. 

THE COMPLEX CASE. For (measurable) complex-valued functions L which are never 
zero and satisfy relation (2.1), the method that was used for Theorem 3.1 may be 
applied directly to m(x) = L(eX ) to show that 

m(x + y) L(eX+Y) 
--- - 1 = - 1 ~ 0, 

m(x) L(eX ) 

uniformly on every finite y-interval, cf. Elliott [1979]. In particular 

Im(x+Y)-II<I, VYE[O,I] 
m(x) 

when x 2: B, say. Thus for x 2: B, one can unambiguously define a branch f(x) of 
log m (x), proceeding step by step over intervals oflength 1. Indeed, for ° ~ y ~ lone 
would take Ilmlogm(B + y) - 1m 10gm(B)1 < 1T /2, etc. For the resulting function f 
one then obtains (3.1), with uniform convergence on finite y-intervals, and an integral 
representation (3.6) when x 2: B. It can be converted to an integral representation for 
L on [a, 00). 

Remark 3.4. The method used for Theorem 3.1 can be adapted to prove the following 
extension. Let f on (ai, 00) be finite and measurable. Let g be nonnegative but ¥= 0, 
nondecreasing, with derivative g'(X) = 0(1) as x ~ 00 and such that 

f{x + yg(x)} - f(x) ~ 0, or ~ Ay, as x ~ 00, Vy. 
g(x) 

Then the convergence is uniform on every finite y-interval; cf. Tenenbaum [1980] for 
the case g(x) = ,JX. The case g = f corresponds to 'Beurling slow variation'; see 
Section 11. 

4 Possible Pathology 

Examples show that some condition of good behavior (such as measurability) is 
required to obtain uniform convergence from condition (3.1); see Korevaar, van 
Aardenne-Ehrenfest and de Bruijn [1949] and cf. Bingham, Goldie and Teugels 
[1987] (BGT). The beautiful counterexample below may be obtained from a pa
per by Ash, Erdos and Rubel [1974]. 
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Proposition 4.1. Let B be a Hamel basis for the linear space of the reals over the 
rationals. For every real number x, let n = n(x) be the number of terms in the unique 
representation of x as a linear combination of distinct basis elements: 

n 

X = Lrjbj, bj E B, rj rationaland =1=0. 
k=1 

Then the function 
f(x) ~ {IOg{x + n(x)} for x > 0, 

o for x :s 0 

satisfies relation e3.1), but the convergence is not uniform on any y-interval. 

Proof. Clearly In(x + y) - n(x)1 :s n(y), hence for x, y > 0, 

11x +y+n(x+ y ) dt I 1 
Ifex + y) - f(x)1 = - :s -Iy + n(x + y) - n(x)1 

x+n~) t x 
1 :s -{y + n(y)} -+ 0 as x -+ 00. 
x 

(4.1) 

However, the convergence fails to be uniform for y E (0, 1), say. Indeed, for any 
fixed x > 0, there is a number y E (0, 1) such that n(x + y), and hence also 
f (x + y) = log{x + y + n (x + y)}, is as large as we please. This is so because 
for every fixed n and every n-tuple of basis elements {bl' ... , bn }, the combinations 
'L7 rjbj with nonzero rational rj lie dense in R 

The function f in Proposition 4.1 is unbounded. For a bounded counterexample 
one may take fl = sin f. 

CAUCHY'S FUNCTIONAL EQUATION. There is related pathology in the case of Cauchy's 
equation, 

key + z) = key) + k(z), V y, z E R (4.2) 

However, a solution k(·) which is continuous or measurable, or bounded above on 
a set of positive measure, must have the form k(x) = Ax for some constant A; cf. 
Elliott [1979] and BGT. One can use this fact to verify Theorem 2.3. Starting with 
relation (2.7), set 

Then k will satisfy Cauchy's equation, hence log 1jJ(eY) = Ay, 1jJev) = vA. 

VERY SLOW VARIATION. The paper by Ash et al. contains interesting results for other 
kinds of slow variation. In the case of extremely slow variation, no condition such as 
measurability is required for uniform convergence. Let w be positive and nondecreas
ing on [0.00). Taking as starting point relation (3.1) for the logarithm of a slowly 
varying function, a function f on [0, 00) is called w-slowly varying if 

w(x){f(x + y) - f(x)} -+ 0 as x -+ 00, Vy. (4.3) 
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(i) Let f be as in (4.3). If f is measurable or if w is such that 

~ w(x) 
~---<M<oo, 
n=ow(x+n) -

"Ix ~ 0 

(example: w(x) = eX), then (4.3) holds uniformly on every finite y-interval. 
(ii) If 

00 1 

?; w(n) = 00, 

then there is a function f which is w-slowly varying, but not even uniformly I-slowly 
varying. 

A related class of functions will be considered in Section 6. 

5 Karamata's Characterization of Regularly Varying Functions 

Karamata [1930b] has characterized regularly varying functions by their behavior 
under integration against powers; see Theorems 5.2 and 5.3. Cf. de Haan [1970], 
Bingham, Goldie and Teugels [1987] (BGT). 

Proposition 5.1. Let L be slowly varying on [a, (0) with a > 0, and let L be bounded 
on every finite interval starting at a. Then for u -+ 00 

l U t fJ - 1 L(t)dt '" ufJ L(u)/f3 if f3 > 0, 

100 t fJ - 1 L(t)dt '" -ufJ L(u)/f3 if f3 < O. 

For f3 = 0 one has f: t-1L(t)dt/L(u) -+ 00. 

(5.1) 

(5.2) 

Proof. Let f3 > 0 and for the proof of (5.1), set L(t) = 0 for 0 ::::: t < a. Then 
dominated convergence shows that for u -+ 00, 

--- t fJ - 1 L(t)dt = vfJ-1--dv -+ vfJ-1dv = -. 1 1u 11 L(uv) 11 1 
ufJL(u) 0 0 L(u) 0 f3 

(5.3) 

Indeed, it follows from (2.5) that in the present situation, L(uv)/L(u) ::::: Cv-o for 
every number 8 > 0 when 0 < v < 1 and u is large. The proof of (5.2) is similar. 
Here the boundedness condition is superfluous; cf. (2.5). 

For f3 = 0 the left-hand side of (5.3) has liminf ~ f} v-1dv for every 8 > 0, 
so that it tends to 00. One can show that in this case, the integral in (5.1) is slowly 
varying; cf. BGT. 

Theorem 5.2. Let ¢(t) = {Y. L(t) be regularly varying for t ~ a > 0 with index ex, 
and let ¢ be bounded on every finite interval starting at a. Then for u -+ 00 
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1U ty-I¢(t)dt '" uY ¢(u)/(ex + y) if y > -ex, (5.4) 

100 ty-I¢(t)dt '" -uY ¢(u)/(ex + y) if y < -ex. (5.5) 

This is an immediate consequence of the Proposition. The following converse 
completes the characterization of regularly varying functions. 

Theorem 5.3. Let f be positive and integrable over every finite interval starting at 
the point a > O. If there are numbers y and ex > -y such that 

1U t y- I f(t)dt '" uY f(u)/(y + ex) as u ~ 00, (5.6) 

then f is regularly varying with index ex. The same is true if there are numbers y and 
ex < -y such that 

100 
t y- I f(t)dt '" -uY f(u)/(y + ex). (5.7) 

Proof. We consider the case of (5.6). Set 

( ) uy f(u) h g(u) = ~ {IOgIU tY-1f(t)dt} g u = ru I ,so t at 
Ja tY- f(t)dt u du a 

for almost all u > a. Then for b > a, 

1u g(v) l u 
-dv = log t y- I f(t)dt -log C, 

b v a 
C = lb t y- I f(t)dt. 

Hence 

f(u) = u- y g(u) 1u t y- I f(t)dt 

{ (U g(v) } 
= Cu- y g(u) exp lb -v-dv 

{ (U g(v) - y - ex } 
= u IX • Cb- y- IX g(u) exp lb v dv. 

Now by the hypothesis, g (u) ~ y + ex, hence by the integral representation for slowly 
varying functions in Theorem 2.2, f(u) = u IX L(u) with slowly varying L. D 

Slow and regular variation are preserved not only when one integrates against 
powers: one can use much more general functions. This has been an important theme 
of Karamata and his school since the 1930's. See for example AljanCic, Bojanic 
and Tomic [1954], Karamata [1962], and Bojanic and Karamata [1963a]; cf. also 
Vuilleumier [1963]. We refer to BGT for systematic treatment. Here we discuss an 
example that will be used later. 
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Proposition 5.4. Let ¢(v) = va L(v) be regularly varying (at infinity) and let k(v)va 

be integrable over (0, 00) for every number (1 in a neighborhood of a. Suppose also 
that for every number B > 0, 

fo B/U k(v)¢(uv)dv = foB k (~) ¢(v) duV exists and = o{¢(u)} (5.8) 

as u ~ 00. Then 

leu) = foOO k(v)¢(uv)dv '" ¢(u) fooo k(v)vadv as u ~ 00. (5.9) 

Observe that (5.8) will be satisfied if ¢(v) = O(vfi ) on the intervals (0, B) for 
some f3 less than but close to a, or if k is bounded near 0 while ¢ is locally integrable 
and a> -1. 

Proof of Proposition 5.4. Let XB denote the characteristic function of the interval 
[B, 00). By (5.8) it is sufficient to consider 

d f loo 100 
IB(u) ~ k(v)¢(uv)dv = k(v)uava L(UV)xB(uv)dv 

B/u 0 

100 L(uv) 
= ¢(u) k(V)Va--XB(uv)dv. 

o L(u) 
(5.10) 

We know that L(UV)XB(UV)jL(u) ~ 1 as u ~ 00 for every v > O. Also, for any 
number 8 > 0, we can determine B = B(8) such that for u :::: B, 

(0 < v < 00); (5.11) 

cf. inequality (2.5). For small 8, the hypotheses, formulas (5.10), (5.11) and dominated 
convergence now show that 

6 Related Classes of Functions 

Karamata and his school have introduced several extensions of regular variation. These 
were developed further by many authors, notably by a group in the Netherlands and by 
Bingham and Goldie. See the references below and cf. Bingham, Goldie and Teugels 
[1987] (BGT). 

If f is the logarithm of a slowly varying function L, then f (Ax) - f (x) ~ 0 as 
x ~ 00 for every number A. > O. There is an extensive theory going back to Bojanic 
and Karamata [1963b], in which the difference f(Ax) - f(x) is compared with an 
auxiliary function g(x). Refinements are due to de Haan [1970], [1976], Seneta (see 
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his book [1976]), Geluk and de Haan [1981], [1987], and Bingham and Goldie [1982]. 
The book BGT devotes a whole chapter to the resulting higher-order theory or de 
Haan theory. 

Suppose that there is a positive (measurable) function g such that for x -+ 00, 

f(AX) - f(x) .. . 
has a limIt functIOn h(A) =1= 0, V A > 0. (6.1) 

g(x) 

What sort of comparison functions g and limit functions h can occur? One has 

f(fJ.-'Ax) - f(x) 

g(x) 

[(fJ.-'Ax) - f('Ax) g('Ax) f('Ax) - f(x) . +, 
g(AX) g(x) g(x) 

hence by (6.1) 
g('Ax) h(fJ.-A) - h(A) 
---+ 
g(x) h(fJ.-) 

VA, fJ.- > 0. 

(6.2) 

(6.3) 

If for some fJ.-, the limit function is positive for all A > 0, it follows from Theorem 
2.3 that g must be regularly varying. Furthermore, if g has index a, then by (6.2) 

(6.4) 

If a = 0, so that g is slowly varying, (6.4) shows that k(x) = h(eX ) satisfies the 
additive Cauchy equation (4.2). In this case h(eX ) = Ax, so that 

h ()..) = A log A for some constant A =1= 0. (6.5) 

If g E R Va with a =1= 0, one has 

so that h(A)/(AOI - 1) = h(fJ.-)/(fJ.-OI - 1). Setting the common value equal to A/a, 
one concludes that 

Aa - I 
h(A) = A--

a 
(A =1= 0). (6.6) 

In our brief sketch of the theory we restrict ourselves to the case where g is a 
slowly varying function L. 

Definition 6.1. We will say that a function f on lR+ belongs to the class n(L, A) if 
it is measurable and 

lim f('Ax) - f(x) = A logA, VA> 0. 
x->oo L(x) 

(6.7) 

The de Haan class n consists of the functions f which are in n(L, A) for some 
slowly varying function L and some constant A =1= 0. If A > ° one speaks of n+, if 
A < ° of n-. 
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By an adaptation of the argument used in Section 3, the convergence is uniform 
for a :s A :s b whenever 0 < a < b < 00. It follows that for any number 8 > 0, 

I f(tx~~/(X) I :s C(8)t", "It::: 1 when x::: xo(8) > O. (6.8) 

Indeed, by (6.7) 

If(AU) - f(u)1 :s (21AI + l)L(u) for 1 :s A :s e 

when u ::: uo. Apply this inequality with u = en- I x, A = e for n = 1, ... , N = 
[log t], and with u = eN x, A = t / eN. Add the results and apply inequality (2.5) to 
L(en-1x)/L(x), etc. 

Theorem 6.2. (de Haan) Thefollowing statements involving asymptoticsfor x -+ 00 

are equivalent: 

f E D(L, A), 

li x !J (x) = f(x) - - f(t)dt ~ AL(x) for some Xo > 0, 
x xo 

Jz(x) = x 100 f(t) d; - f(x) ~ AL(x), 
x t 

I x dt 
f(x) = g(x) + g(t)- with g(x) ~ AL(x). 

xo t 

(6.9) 

(6.10) 

(6.11) 

(6.12) 

Proof. We verify the equivalences that will be used later. After adjustment, L may be 
assumed positive and continuous for x ::: 0, cf. Section 2. 

(6.9) => (6.10). Take Xo as in (6.8). Dividing the left-hand side of (6.10) by L(x), 
one may write 

!J(x) = IX f(x) - f(t) dt + xof(x) 
L(x) xo xL(x) xL(x) 

= t f(x) - f(ux) du + xof(x). 
Jxo/x L(x) xL(x) 

(6.13) 

Inserting a characteristic function X, we consider the final integral as an integral over 
{O :s u :s I}. For any 8 > 0, the integrand is majorized by 

I f(ux/u) - f(ux) L(ux) I 8 (1)" I 8 -" 
L(ux) L(x) X[xo/x,l](u):S C() -;; . C ()u ; 

see (6.8) and (2.5). Hence by (6.7) and dominated convergence, the last integral tends 
to -A fol (log u)du = A. The final term in (6.13) tends to 0 (use (6.8) with x = xo). 
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(6.1O):::} (6.12). Integration and Fubini's theorem show that 

f x !I (u) du = fX feu) du _ fX d~ fU f(t)dt 
xo u xo U xo U xo 

f x feu) fX jX du I fX 
= --du - f(t)dt 2 = - f(t)dt 

xo u xo I U X xo 
= f(x) - !I (x). 

This gives (6.12) with g = f1; by (6.10), f1 (x) ~ AL(x). If A -I- 0, the function f1 
is slowly varying. 

(6.12):::} (6.9). The conclusion follows from the uniform convergence in (2.1). D 

Corollary 6.3. Let fin IT(L, A) be locally bounded. If we adjust L in such a way 
that it becomes continuous (and positive) for x :::: 0, then for every number 8 > 0, 

I f(txl(~/(X) I s C(8)(t 8 + t-8), V x, t > O. (6.14) 

Proof. We use the representation (6.12) with g = !I as in (6.10). Since f is locally 
bounded, so are f1 and g. In view of the relation g ~ AL, it follows that Ig/ LI is 
bounded on JR+. Inequality (6.14) may now be derived from the formula 

_f_Ct_x )_-_f_(x_) = _g(_tx_) _L (_tx_) _ _ g(_x) + fIX _g(_v) _L (_v) dv 
L(x) LCtx) L(x) L(x) X L(v) L(x) v 

by standard arguments. 

Every function f in IT which tends to infinity must be slowly varying. This can 
be derived from (6.12) and the case fJ = 0 of Proposition 5.1; cf. Geluk and de Haan 
[1987] (corollary 1.18). 

In Section 10 we will need the class OR, of the a-regularly varying functions. It 
consists of the measurable, eventually positive functions <t> on JR+ such that 

<t>(AU) <t>(AU) 
0< <l>*(A) = liminf -- S lim sup -- = <l>*(A) < 00, VA:::: I; 

u---+oo <l>(u) u---+oo <l>(u) 
(6.15) 

cf. Avakumovic [1935], Matuszewska, [1961/62], and Aljancic and Arandelovic 
[1977]. Taking A = e one sees that functions of class a R are of at most polyno
mial growth. There is an integral representation which extends the one in Section 2; 
see BGT. 

Another useful class is that of the Beurling slowly varying functions described in 
Section II. 

7 Integral Transforms and Regular Variation: Introduction 

We will consider transforms of functions or measures which have their support on 
[0, (0). Let S(v) be a nondecreasing function on JR which vanishes for v < O. It is 
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assumed that SO is normalized in the sense that it is continuous from the right. Then 
S defines a positive measure dS through the relation dS( -00, v] = S(v). If we start 
with a positive measure d S with support on [0, 00) we call S its mass function. 

The Laplace-Stieltjes transform of S, or Laplace transform of dS, is defined by 

.cdS(t) = r e-tvdS(v) = (Xl e-tvdS(v). (7.1) 
J~ Jo-

Suppose that the transform .cdS(t) exists for t > a ::: O. Then S(v) = O(ebv ) for 
every b > a; cf. Proposition 1.13.1. Integration by parts gives 

.cdS(t) = t.cS(t) = t 100 S(v)e-tvdv (t > a), (7.2) 

.cdS(l/x) = (l/x) 100 S(v)e-vjxdv 

= 100 e-V S(xv)dv (0 < x < l/a). (7.3) 

Our main concern is the relation between the asymptotic behavior of S at 00 and that 
of .cdS at a (usually 0). An important tool is provided by the so-called Continuity 
Theorem; cf. Feller [1966/71] (chapter 13). 

Theorem 7.1.lfmassfunctions Sk(V) are uniformly O(eQV ) and converge pointwise 
(almost everywhere) to a mass function S(v), the Laplace transforms .cdSk(t) con
verge to .cdS(t) for every t > a. Conversely, iffor mass functions Sk the transforms 
.cd Sk (t) converge to a function F (t) for every t > a, then F is the transform of a 
mass function Sand Sk(V) -+ S(v) at every point where S is continuous. 

For a proof of the first part one may use formula (7.2) and dominated convergence. 
For the second part one takes t = b > a in formula (7.1) and derives that the functions 
Sk(V) are uniformly O(ebv ). One can then use Helly's selection principle to construct 
a subsequence {Snk } of {Sk} which converges on a dense set. The limit function can be 
extended to a nondecreasing function Son R Then Snk (v) -+ S(v) at every point v 
where S is continuous, and .cd S = F. Similarly .cd S* = F for any limit function S* , 
obtained from a subsequence of {Sk} that converges on a dense set. By the uniqueness 
theorem for Laplace transforms and monotonicity, S* = S wherever S is continuous. 
Thus the whole sequence {Sk} converges to S where S is continuous. One can finally 
normalize S so that it becomes continuous from the right. 0 

In the Abelian and Tauberian theory of Laplace transforms, one may also consider 
more general functions S for which.cS can be defined by formula (7.2). 

8 Karamata's Theorem for Laplace Transforms 

One of Karamata's best known theorems [1931] involves Laplace-Stieltjes trans
forms; cf. Feller [1966/71] (section 13.5), Bingham, Goldie and Teugels [1987] (sec
tion 1.7). It extends certain results of Hardy and Littlewood [1914a], [1929]; cf. 
Sections 1.7, 1.15. 
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Theorem S.1. Let S(v) vanish for v < 0, be nondecreasing and such that the 
Laplace-Stieltjes transform .edS(t) exists for t > O. Let ¢(v) = va L(t) with a ::: ° 
and slowly varying L. Then the following are equivalent: 

Sex) ~ A¢(x) as x ---+ 00, 

.edS(I/x) ~ Ar(a + l)¢(x) as x ---+ 00. 

If A i= 0, each of these relations implies 

.edS(l/x)/S(x) ---+ rea + 1). 

(S.I) 

(S.2) 

(S.3) 

The theorem has an analog involving asymptotics for x "" 0; cf. Theorem 1.15.3. 

ProofofTheoremS.1. (i) Let S(v) ~ A¢(v) with A > O. Then S is regularly varying 
with index a. We now apply Proposition 5.4 with k(v) = e-v and ¢ replaced by S. 
Then condition (5.S) is satisfied; cf. the observation following the Proposition. Thus 
by (7.3) and (5.9) 

.edS(1/x) = 1000 e-v S(xv)dv ~ Sex) 1000 e-vvadv '" Ar(a + 1)¢(x). 

The result is also true for A = 0. Indeed, since we deal with asymptotics at 
00, we may change ¢ to 0 on an initial interval (0, B) beyond which ¢ is locally 
bounded. Applying the method above to SI = S + ¢ '" ¢, one finds that .edSI (l/x) 
is asymptotic to rca + 1)¢(x), hence .edS(I/x)/¢(x) ---+ O. 

(ii) Let .edS(1/x) '" Ar(a + 1)¢(x). Then for any t > 0 and x ---+ 00 

.edS(t/x) ¢(x/t) rea + 1) (S.4) --'-- ~ Ar(a + 1)-- ---+ A . 
¢(x) ¢(x) ta 

As a function of t, the left -hand side is the Laplace transform of dv S (x v) / ¢ (x): 

[00 e-tvdvS(xv) = [00 e-(t/x)wdS(w) = .edS(t/x). 
10- la-

The right-hand side of (S.4) is the Laplace transform of Adv+.: 

(.edv+.)(t) = t 1000 vae-tvdv = rca + l)/ta. 

Hence by Continuity Theorem 7.1 (now with a continuous parameter), 

S(xv) 
-- ---+ Ava as x ---+ 00, V v > O. 
¢(x) 

One may in particular take v = 1, which gives the desired asymptotic result. 

(S.5) 

o 
We will see in Section 13 that (S.3) by itself already implies relations of the form 

(S.I), (S.2). 
Theorem S.l has a counterpart for positive nonincreasing functions S on R.+. 

Using formula (7.2) to define the Laplace transform, one has 
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Theorem S.2. Let S(v) vanish for v < 0 and be locally integrable, positive and 
non increasing for v ~ O. Let ¢ (v) = va L (v) with -1 < a :::: 0 and slowly varying 
L. Then for x ---+ 00, 

Sex) - S(oo) ~ A¢(x) if and only if 
£dS(l/x) - S(oo) ~ ArCa + I)¢(x). 

The proof may be based on Theorem 8.1. One would start with the formula 

£dS(t) - S(oo) = t fooo{S(V) - S(oo)}e-tvdv = t fooo e-tvdV(v), 

where V(v) = fov {Sew) - S(oo)}dw. 

The first relation (8.6) implies 

Vex) ~ Axa+! L(x)/(a + 1); 

(8.6) 

(8.7) 

d. Theorem 5.2. By Theorem 8.1 with a + 1 instead of a, relation (8.7) is equivalent 
to 

I I xa+1L(x) 
£dS(l/x) - S(oo) = -£dVO/x) ~ -Ar(a + 2) (8.8) 

x x a + 1 

This gives the second relation (8.6). 
Conversely, the second relation (8.6) implies (8.8) and hence (8.7). Since we deal 

with asymptotics at 00, it may be assumed that L has been made smooth and that 
x L' (x) / L (x) = s(x) ---+ 0; cf. Section 2. By the monotonicity of S, the asymptotic 
formula for V (x) may now be differentiated to give the first relation (8.6); d. Section 
1.17. 0 

Geluk [1985] proved a Karamata-type result for O-regularly varying functions; 
cf. also de Haan and Stadtmiiller [1985]. Weiermann [2003] has applied Karamata's 
theorem to a problem of enumeration. 

9 Stieltjes and Other Transforms 

Theorems of Abelian and Tauberian type for general Stieltjes transforms 

[00 dSev) 
Fpex ) = 10- (x + v)p (9.l) 

go back to the work of Valiron [1914] on the growth and zeros of entire functions; cf. 
Applications III. 19.4. Later developments are due to Titchmarsh [1927] (cf. [1958]) 
and Hardy and Littlewood [1929]. Extending their work, Karamata [1931] proved 

Theorem 9.1. Let S (v) vanish for v < 0, be nondecreasing, continuous from the 
right and such that the Stieltjes transform Fp(x) exists for every x > O. Let L(·) be 
slowly varying and 0 :::: a < p. Then for x ---+ 00 



9 Stieltjes and Other Transforms 195 

Sex) ~ AxO'L(x) if and only if 
Fp(x) ~ A f(a + I)f(p - a) xO'-p L(x). (9.2) 

f(p) 

The result can be obtained by repeated application of theorems for the Laplace 
transform that involve asymptotics at 0 or (Xl. One may start with the formula 

--- = __ e-(x+v)ltp-1dt; I I 1000 

(x + v)P f(p) 0 

cf. the special case p = I, L = 1 treated in Section 1.21. 
Theorem 9.1 can be considered as a special case of the general-kernel theorems 

for Stieitjes integrals, due to Bingham and Teugels [1979]. Below we state their results 
in the elegant form presented in Bingham, Goldie and Teugels [1987] (BGT). 

The Mellin-Stieltjes convolution k * d S is defined by 

k * dS(x) = 10 00 
k (~) dS(v) (9.3) 

for all x > 0 for which the integral exists. It is assumed that k is continuous almost 
everywhere and that S is monotonic; for definiteness we will take S continuous from 
the right. Since S has only countably many jumps, the values of x for which a dis
continuity of k(x/v) coincides with one of S(v) form a set of measure zero. The 
additional conditions imposed on k and S below will then ensure that k * d S (x) exists 
for (at least) almost all x > O. 

An important role is played by the Mellin transform 

A 1000
, dv 10 00 

( 1) dv k(s) = v-'k(v)- = vSk - -. 
o v 0 v v 

(9.4) 

Observe that it corresponds to the two-sided Laplace transform under exponential 
change of variable. In asymptotics involving arbitrary regularly varying functions of 
index a, one requires that the Mellin transform exist throughout some vertical strip 
{fJ ::s Re s ::s y} which contains the line {Re s = a} in its interior. We mention 
one reason: if h(v)L(v) is integrable over [1, (Xl) for every locally bounded, slowly 
varying function L, then h( v )vli is integrable over [1, (Xl) for some number 8 > 0; cf. 
Vuilleumier [1963] and BGT (section 2.3). For theorems involving the convolution 
(9.3), it is convenient to require that a certain amalgam norm be finite: 

00 

Ilklltl.y ~ L max(e-tln , e- yn ) sup Ik(v)1 < (Xl. (9.5) 
n=-CX) ens:v:sen+! 

We begin with an Abelian theorem: 

Theorem 9.2. Let k be continuous almost everywhere on (0, (Xl) and such that 
II k II f3. y < (Xl for some constants fJ, y with fJ < y. Let S (v) be monotonic on (0, (Xl) 
and D( v(3) for v \. 0. Finally suppose that 

S(v) ~ A4>(v) = Ava L(v) as v --+ (Xl, (9.6) 
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where a E (f3, y) and L is slowly varying. Then the convolution k * dS exists almost 
everywhere on (0,00), and 

k * dS(x) = 10 00 
k(x/v)dS(v) '" Aak(a)¢(x) as x ---+ 00. (9.7) 

The proof by Bingham, Goldie and Teugels depends on approximation of k by 
piecewise constant functions of compact support. If XI is the characteristic function 
of the interval I = [a, b) with 0 < a < b < 00, then by (9.6) 

rOO XI(x/v)dS(v) = ( dS(v) = Sex/a) - Sex/b); 
la l(x/b,x/a] 

XI * dS(x)/{x'" L(x)} ---+ A(a-'" - b-"') = AaXI(a) as x ---+ 00. 

Tails in the integral for k * d S are estimated with the aid of (9.5) and the estimates 
for S(v) for small and large v which follow from the hypotheses. 

We now state the corresponding Tauberian theorem of BGT. In view of Wiener's 
theory, one will expect (and can verify) that a converse of Theorem 9.2 requires a 
Wiener-type condition, 

k(s) f= 0 on the line Res = a. (9.8) 

Theorem 9.3. Let ¢(v) = v'" L(v) with a f= 0 and slowly varying L. Let k be 
nonnegative and continuous almost everywhere on (0, 00), satisfy the norm condition 
(9.5) Jor some f3 < a < y, as well as the Wiener condition (9.8). Let S(v) be 
monotonic on (0. 00), O( vf3 )Jor v "- 0, and such that the Mellin-Stieltjes convolution 
k * dS exists almost everywhere and satisfies the asymptotic relation 

k * dS(x) '" Aak(a)¢(x) = Aak(a)x'" L(x) as x ---+ 00. (9.9) 

Then S(x) ---+ 0 if a < 0 and whenever a f= 0, 

Sex) '" A¢(x) as x ---+ 00. (9.10) 

Bochner [1934], and Bochner and Chandrasekharan [1949] had dealt with the 
special case a > 0 and L(v) = O{(log v)c}. 

In their proof of Theorem 9.3, Bingham, Goldie and Teugels used the following 
intermediate result: 

Theorem 9.4. Let the hypotheses oj Theorem 9.3 be satisfied, except that one does 
not need the condition a f= 0 here. Let h be continuous almost everywhere with 
IIhllf3' ,yl < ooJorsome f3' < a < y'. Then 

h * dS(x) '" Aah(a)¢(x) as x ---+ 00. (9.11) 

As an illustration of the general theorems we consider the case a > 0 of Theorem 
9.1 for the Stieltjes transform. The appropriate kernel is k (l / v) = (l + v) - P, with 
Mellin transform 
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, 10 00 vs-Idv 10 00 .I_I 10 00 -(l+v)1 t p- I r(s)r(p - s) k(s) = = v dv e --dt = ; 
o (1 + v)P 0 0 rep) r(p) 

(9.12) 
cf. Whittaker and Watson [1927/96 J (section 12.4). Since r is never zero, the transform 
is clearly zero-free. Taking S(O) = 0, formula (9.1) gives 

10 00 dS(v) p 
k * dS(x) = = x Fp(x). 

o (l + v/x)P 
(9.13) 

Thus Theorems 9.2 and 9.3 confirm the equivalence (9.2) if a > ° and S(v) = O(vfJ) 
for some number fJ E (0, a). 

Remarks 9.5. The monotonicity condition on S in Theorems 9.1 and 9.4 can be 
relaxed; cf. Remarks I.21.3. 

Bingham and Teugels [1979] also proved general Abelian and Tauberian theorems 
for 'ordinary' Mellin convolution, 

[00 (X) dv 
k * Sex) = 10 k -;:; S(v)-;-. 

This kind of convolution on lR+ corresponds to ordinary convolution on lR; it is more 
convenient for theorems involving regular variation than the definition used in Section 
II.2. In the Tauberian direction, the results require Tauberian conditions which match 
the index of regular variation; cf. Delange [1950] and BGT. 

In Sections 13, 14 we will discuss a Mercerian theorem related to Theorem 9.1. 

10 The Ratio Theorem 

The following result is an extension of Karamata's Theorem 8.1. It involves nonde
creasing functions on lR with support on lR+ as in Section 7, as well as their Laplace 
transforms. In the Theorem, the functions Sand T themselves need not be regularly 
varying. However, it is required that S be in the related class a R of a-regularly 
varying functions described in Section 6. Thus S is measurable, (eventually) positive, 
and such that 

S(uv) S(uv) ° < S*(v) = Jim inf -- < lim sup -- = S*(v) < 00, V v 2> 1. (10.1) 
u--+oo S(u) - u--+oo S(u) 

Theorem 10.1. (Ratio theorem) Let Sand T be mass functions (hence nondecreas
in g), with S in a R. Iffor slowly varying L and constant A 2> 0, 

T(v) ~ AL(v)S(v) as v -+ 00, (10.2) 

then for x -+ 00 

£dT(l/x) ~ AL(x)£dS(l/x). (10.3) 

If S* (I +) = I the converse is valid as well. 
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Proof. One may assume that A > 0 and S(u) > 0 for U greater than or equal to some 
number Uo. [If A = 0 or S == 0 one may apply Theorem 8.1 with A = 0 to T.] For 
U ::: uo, the nondecreasing functions 

def S(uv) 
Su(v) = -

S(u) 
(10.4) 

are bounded by a fixed polynomial in v by the definition of 0 R. Thus every sequence 
Xk ---+ 00 has a subsequence {Uk} such that 

def S(Uk V) ... 
hkCv) = SUk(V) = -- tendstoahmltfunctlOn h(V) (10.5) 

S(Uk) 

on a dense set, and in particular at each point where the limit function is continuous. 
By Continuity Theorem 7.1, 

\:It> o. (10.6) 

One now defines 

(10.7) 

(i) Suppose that (10.2) holds. Then TEO R and by the slow variation of L, 

AL(UkV)S(UkV) 
Tk(V) '" '" Ahk(V) as k ---+ 00, 

L(Uk)S(Uk) 

hence Tk(V) ---+ Ah(V) wherever h is continuous. Also, by the Continuity Theorem, 
,CdTkCt) ---+ A,Cdh (t), that is, 

,CdT(t/Uk) ---+ A,Cdh(t), \:It> O. (l0.8) 
L(uk)S(ud 

For t = 1 it follows from (10.8), (10.6) and the nonvanishing of :E(l) that 

'cdT(I/Uk) 
------ ---+ A. 
L(Uk),Cd S(1 Iud 

Now every sequence Xk ---+ 00 has a subsequence {Uk} with this property, hence (10.3) 
follows. 

(ii) Suppose that S* (1 +) = 1. Then 1 will be a point of continuity for h. Indeed, 
by (10.5) and the definition of S*, h (v) :s S* (v) for every v > 1, so that h (1 +) :s 1 
and hence h (1 +) = 1. Likewise h (1-) = 1, since 

heW) > liminf _S(_u_w_) = liminf S(u) = __ 1_ 
- u--+oo S(u) S(u/w) S*(I/w) 

for w < 1. 

Suppose now that we also have (10.3). Then 

,CdT(t/Uk) A,CdS(t/Uk) 
,CdTk(t) = '" = A,Cdhk(t) ---+ A'cdh(t), \:It> O. 

L(Uk)S(Uk) S(Uk) 

Hence by the Continuity Theorem, Tk (v) ---+ A h (v) at each point of continuity for 
h, in particular at v = 1. One finally uses (10.7). 
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Remarks 10.2. In essence, the ratio theorem goes back to Feller [1963]. The present 
form is due to Stadtmiiller and Trautner [1979], who also showed that the converse 
need not hold if S* (1 +) > 1. Predecessors are in Keldysh [1951] and Korenblum 
[1953], [1955]. There is a ratio theorem with remainder in Omey [1985]. Generaliza
tions of Theorem 10.1 were obtained by Stadtmiiller [1982], de Haan and Stadtmiiller 
[1985], and Stadtmiiller and Trautner [1985], [1999]; see also Lyttkens [1986] and 
Frennemo [1999], [2002]. For the arrangement of the proof above, cf. Bingham, 
Goldie and Teugels [1987]. 

11 Beurling Slow Variation 

Unpublished Lecture Notes of Beurling [1957] contain an extension of Wiener's Tau
berian theorem which is useful for various applications (Borel summability, probabil
ity theory); cf. Moh [1972], Peterson [1972], Bingham [1981], Bingham and Goldie 
[1983]. A positive measurable function ¢ on (0, (0) will be called Beurling-slowly 
varying if ¢(x) = o(x) and 

¢{x +¢(x)y} 
-----=--- -+ 1 as x -+ 00, V Y E R 

¢(x) 
(1Ll) 

A sufficient condition for Beurling slow variation is that ¢ > 0 have derivative 
¢'(x) -+ 0 as x -+ 00. Examples: XIX with ex < 1 and e-x . Beurling's Tauberian 
theorem is as follows. 

Theorem 11.1. Let K be a Wiener kernel (Section II. 8), let S be bounded and suppose 
that ¢ is Beurling-slowly varying. Then the relation 

implies that 

r S{x _ ¢(x)y}K(y)dy = r S(t)K (x - t) ~ ill? ill? ¢(x) ¢(x) 

-+ A k. K(y)dy as x -+ 00 

k. S{x - ¢(x)y}H(y)dy -+ A k. H(y)dy as x -+ 00 

for every function H in L 1 (JR). 

(11.2) 

( 11.3) 

Proof. Replacing S by S - A one may assume A = O. Since S is bounded, the 
admissible Ll functions H in (11.3) formac1osed (linear) subspace. Now by Wiener's 
Approximation Theorem 11.8.3, the linear span of the translates of K is dense in L 1 • 

Hence it is sufficient to prove that each translate of K is an admissible function H. 
In other words, it is enough to prove that 

~ S{x - ¢(x)y}K(y - )")dy -+ 0 as x -+ 00 (11.4) 
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for arbitrary real A. Setting 

x - ¢(X)A = x', ¢(x')I<P(x) = m(x), y - A = m(x)z, 

one may rewrite the desired relation (11.4) as 

~ SIx' - ¢(x')z}m(x)K{m(x)z}dz ~ 0 

Now m(x) ~ I by (11.1), and for our K ELI, 

, 
as x ~ 00. 

~ IpK(pz) - K(z)ldz ~ 0 as p ~ 1. 

( 11.5) 

(11.6) 

Indeed, one can approximate K arbitrarily well in L I by continuous functions with 
compact support. Next, observe that by (11.2), denoting the variable of integration 
by z instead of y, 

~ SIx' - ¢(x')z}K(z)dz ~ 0 

This relation and (11.6) imply (11.5). 

, 
as x ~ 00. 

Remarks 11.2. Bloom [1976] has shown that the convergence in (11.1) for each y 
implies uniform convergence on every finite y-interval if ¢ is continuous. (Cf. Re
mark 3.4 for the case of smooth ¢; it is an open problem whether measurability of 
¢ is enough.) For 'uniformly Beurling-slowly varying functions' or 'self-neglecting 
functions', Bloom also obtained an integral representation. Cf. Bingham, Goldie and 
Teugels [1987]. Feichtinger and Schmeisser [1986] obtained weighted (that is, quan
titative) versions of Beurling's theorem. 

12 A Result in Higher-Order Theory 

The following result is due to de Haan [1976]; cf. Geluk and de Haan [1981], [1987], 
Bingham, Goldie and Teugels [1987] (BGT). 

Theorem 12.1. Let S (v) vanish for v < 0, be nondecreasing, continuous from the 
right, and such that the Laplace-Stieltjes transform .cdS (t) (7.1) exists for t > O. 
Let L be slowly varying and A ~ O. Then the following two relations for x ~ 00 are 
equivalent: 

S(h) - Sex) 
----- ~ AlogA, VA> 0, 

L(x) 

.cdS{I/(h)} - .cdS(l/x) \.11 > O. 
---------- ~ AlogA, VA 

L(x) 

Each of these relations implies 

Sex) - .cdS(l/x) 
-------'- ~ Ay, 

L(x) 

where y = -['(1) is Euler's constant. 

( 12.1) 

(12.2) 

(12.3) 
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Proof. It is sufficient to consider)... > 1 and convenient to introduce the notation 

G(x) ~ CdS(l/x) = roo e-V/XdS(v). 
10-

(12.4) 

(i) We begin by deriving some formulas. Define a nondecreasing function T by 

T(x) = r ydS(y) = xS(x) - r S(y)dy. 10- 10 (12.5) 

Then 

H(x) ~ CdT(1/x) = roo e-V/XvdS(v) = x 2G'(x), (12.6) 
10-

hence 

G(h) - G(x) = (Ax H(t) dt = t, H(ux) L(ux) du. (12.7) 

L(x) 1x L(x) t2 11 uxL(ux) L(x) u 

Relation (12.1) is equivalent to the statement that S belongs to TI(L, A) (Section 6). 
By the first part of Theorem 6.2, this is equivalent to the relation T(x) ~ AxL(x). 
By Karamata's Theorem 8.1, the latter is equivalent to 

H(x) ~ AxL(x). (12.8) 

We finally show that (12.8) implies (12.2), and conversely. For this we use formula 
(12.7). The direct part follows immediately from the fact that L is slowly varying. 

For the converse, from (12.2) to (12.8), one estimates H from above and below, 
using its monotonicity. By (12.7) 

H(x) G(h) - G(x) H(h) L(h) 
---log)... < < --)...log).... 
hL(x) - L(x) - hL(h) L(x) 

Hence by (12.4) and (12.2), 

. H(x) 
hmsup -- < A)"" x---+oo xL(x)-

.. H(y) 
hmmf -- > A/)"', v)... > 1. 
y---+oo yL(y)-

For )... ~ 1 this gives (12.8). 
(ii) Let S be as in the first part ofthe Theorem and satisfy (12.1). For the derivation 

of (12.3), write 

G(x) = (1/x) 1000 
S(v)e-v/xdv = 1000 

S(xu)e-udu. 

Thus 

----= e duo 
Sex) - G(x) 100 Sex) - S(ux) -u 

L(x) 0 L(x) 

Here we may assume that L (x) has been adjusted to make it positive and continuous 
for x ~ 0; cf. Section 2. Since S is in TI (L, A) and locally bounded, the quotient in the 
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integrand is majorized by an expression C(u8 + u-8), where we may take 8 = 1/2; 
see Corollary 6.3. Hence by (12.1) and dominated convergence, the integral has the 
following limit as x -* 00: 

Io OO (-Alogu)e-U du = -Ar'(1) = Ay; 

cf. Whittaker and Watson [1927/96] (section 12.3). o 
There are numerous other results in higher-order theory; cf. Geluk [1981a] and 

BGT. For more recent refinements, we mention de Haan and Stadtmiiller [1996]. 

13 Mercerian Theorems 

If a sequence {Sn}j is Cesaro limitable to A, that is, 

S~-l) /n = (Sl + S2 + ... + sn)/n -* A, 

one needs a Tauberian condition in order to conclude that the sequence is convergent; 
cf. Chapter I. However, as Mercer [1907] observed, a relation 

(1 - A){S~-l) /n} + ASn -* A, with A > 0 

implies convergence Sn -* A without any additional condition. Cf. P6lya and Szeg6 
[1925/78] (chapter 3, problem 49), Hardy [1949] (who gives several proofs in sections 
5.9,5.10), Zeller and Beekmann [1958/70] (section 43), and Marie and Tomie [1984]. 
We sketch a proof for the simple case A = 1/2. Since one may clearly assume A = 0, 
it is enough to prove that 

s~-l) + nSn = o(n) implies s~-l) = o(n). (13.1) 

Notice how easily the corresponding relation F (x) + X F' (x) = o(x) implies x F (x) = 
o(x2) by integration, so that F(x) = o(x). In the case of (13.1), the relation 

(n + l)s~-l) - ns~=~) = s~-l) + nSn = o(n) 

gives (n + l)s~-l) = o(n2) by summation! 
An interesting generalization may be found in Paley and Wiener [1934] (section 

18). Many other Tauberian theorems have 'Mercerian' analogs, see the special chap
ters on Mercerian theorems in Pitt [1958], and Bingham, Goldie and Teugels [1987] 
(BGT). Mercerian theorems in Banach spaces are considered by S6rmus [1998]. 

Here we state Mercerian analogs to Karamata's Theorems 8.1 and 9.1 and to a 
'general-kernel theorem' for ordinary Mellin convolution. A proof of Theorem 13.2 
will be given in Section 14; for Theorem 13.1 see BGT. 
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Theorem 13.1. Let S (v) be nondecreasing on JR, equal to zero for v < 0 but eventually 
positive. Suppose that the Laplace-Stieltjes transform .cdS(t) exists for all t > O. If 
for some constant c > 0, 

.cdS(l/x) = ('Xl e-v/xdS(v) rv cS(x) as x -+ 00, 
10-

(13.2) 

then c = r (a + 1) for some number a ::: 0, and S (x) = x<¥ L (x) with a slowly varying 
junction L. 

Theorem 13.2. Let S (v) be nondecreasing on R equal to zero for v ~ 0 but eventually 
positive. Suppose that the Stieltjes transform F (x) = Fl (x) exists for all positive x; 
cf (9.1) with p = 1. If for some constant c > 0, 

100 dS(v) 
xF(x) = rv cS(x) as x -+ 00, 

o 1 + v/x 
(13.3) 

then c = an / sinan for some number a E [0, 1) (so thatc ::: 1), and Sex) = x<¥ L(x) 
with a slowly varying function L. 

We now formulate a general Mercerian theorem involving Mellin convolution. 
The conditions given here can actually be relaxed in various ways; cf. Drasin and 
Shea [1976] (theorem 6.2), Jordan [1974] and BGT (section 5.2). 

Theorem 13.3. Let k(·) be a nonnegative kernel whose Mellin transform 

existsfor {3 < s < y, where {3 < 0 < y and ({3, y) is the maximal (open) interval of 
existence. Let SO on JR+ be nonnegative, bounded on every finite interval, offinite 
order 

1. log S(v) 
a = Imsup with a E ({3, y), 

v--->oo log v 

and 'of limited decrease ': 

.. S(AV) 
hmmf -- =8 > O. 

1:::A:::2, v--->oo S(v) 

Suppose that 

k*S(x) = 1000 k(~)S(V)dvV rvcS(x) as x -+ 00, (13.4) 

with c f= 0, Then c = k(a) and S(x) = x<¥ L(x) with a slowly varying junction L. 

Remarks 13.4. As we mentioned in Section 9, Abelian and Tauberian theorems for 
Stieltjes transforms go back to the work of Valiron [1914] on the growth and zeros of 
entire functions, The precise relation between growth and zeros has been investigated 
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by many authors. It was in that context that Edrei and Fuchs [1966] discovered Theo
rem 13.2. The subsequent extensive generalizations are known as 'Drasin-Shea theo
rems'; cf. Drasin [1968], Shea [1969], Ganelius [1970], Drasin and Shea [1976]. Ker
nels which change sign made their appearance in Jordan [1974], [1976]; cf. B G T . For 
recent advances, see Bingham and Inoue [1997], [1999], [2000a], [2000b], [2000c]. 

There are various Mercerian theorems related to higher-order theory; see Arande
lovic [1976], Embrechts [1978], Bingham and Teugels [1980], Omey and Willekens 
[1988], and cf. BGT. 

14 Proof of Theorem 13.2 

To show the flavor of the 'Drasin-Shea' work, we describe Shea's proof [1969] of 
Theorem 13.2. 

STEP I. Let S satisfy the conditions of Theorem 13.2. For 0 < B < 00 and x > 0, 
integration by parts gives 

Since S is nonnegative, nondecreasing and the left-hand side has finite limit F (x) as 
B -+ 00, both terms on the right also have a finite limit. The limit of S(v)/v must 
then be zero, so that tx) S(v) 

F(x) = 10 (x + v)2 dv . (14.1) 

Clearly F(tx) ::::: F(x) for t :::: 1, hence by (13.3) 

. . S(tv). S(tv). tvF(tv) 
1< hmmf -- < hmsup -- = hmsup < t, Vt:::: l. 

- v-+oo S(v) - v-+oo S(v) v-+oo vF(v) -

Fix any number).. > 1 and choose a sequence Vn -+ 00 such that 

S()..vn ) . . 
-- converges to a hmIt fJ.. 
S(vn ) 

(14.2) 

The nondecreasing functions gn (t) = S (t vn) / S (vn) form a uniformly bounded family 
on every finite t-interval. One now applies ReIly's selection principle to obtain a sub
sequence {Pn} of the positive integers such that gPn (t) converges to a nondecreasing 
function get) wherever g is continuous; cf. Section 7. Taking a further subsequence 
if necessary, we may assume that gPn (t) -+ get) everywhere. For convenience we 
rename the numbers v Pn : Vn and the functions g Pn : gn. One may then write 

S(tvn ) 
gn(t) = -- -+ get), Vt. 

S(vn ) 
(14.3) 

Observe that g(1) = 1 and g()..) = fJ.. 
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Replacing x by XVn and v by UVn in (14.l), one obtains 

x (X) S(uvn) du = xvnF(xvn) . S(xvn). (14.4) 

Jo S(vn) (x + u)2 S(xvn) S(vn) 

Passing to the limit as n ~ 00, Fatou's lemma (cf. Rudin [1966/87]) and (13.3) imply 
that for any fixed x > 0, 

100 du 100 
{ S(uvn) 1 } x g(u) =X lim -- du 

o (x + u)2 0 S(vn) (x + u)2 . 100 . xvnF(xvn) S(xvn) 
< xhm { ..... ·}du = hm . -- = cg(x). 
- 0 S(xvn) S(vn) 

(14.5) 

STEP 2. In (14.5) one actually has equality. To prove this we use the inequality 

l B S(v) 
F(y) < 2dv + 4F(B) (y > 0), 

o (y + v) 
(14.6) 

which follows from the estimates 

roo S(V) roo S(v) roo S(V) 
J B -(y-+-v)-=-2 dv < J B -v-2- dv < 4 J B (B + v)2 dv :::: 4F(B). 

In (14.6) one now sets y = XVn, B = bxvn, v = UVn. This results in a good upper 
bound for the right-hand side of (14.4): 

xvnF(xvn) . S(xvn) < x rbx S(uvn) du + ~ bxvnF(bxvn) . S(bxvn). 

S(xvn) S(vn) Jo S(vn) (x + u)2 b S(bxvn) S(vn) 

Letting n go to 00 and using bounded convergence, one thus obtains the inequality 

rbx g(u) 4c 
cg(x) .:'S x Jo (x + u)2du + bg(bx). 

Finally let b go to 00 and observe that by the convergence of the first integral in (14.5), 
the final term above goes to zero. [Indeed, 

g(R) roo du roo du 
x + R = g(R) JR (x + u)2 :::: JR g(u) (x + u)2 ~ 0 

as R ~ 00.] In combination with the inequality in (14.5), it follows that 

x roo ( g(U\2 dU = cg(x), V x > O. 
Jo x +u 

(14.7) 

STEP 3. Inspection shows that a nonnegative nondecreasing solution of (14.7) is given 
by get) = ta , provided a E [0, 1) satisfies the equation 

roo va an 
Jo (1+v)2 dv = sinan =c. 

(14.8) 
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It will be shown below that this is the only solution which qualifies. Then by (14.2) 
and (14.3) fL = g(A.) = A. el. Note that the form of g(A.) is independent of the choice 
of the original sequence {vn }. It follows that 

lim S(A.v) = A.el. 
v-->oo S(v) 

(14.9) 

Furthermore, since our number A. > 1 was arbitrary, relation (14.9) will hold for 
all such A.. It will also hold with A. replaced by 1/A.. The final conclusion is that 
S(v) = vel L(v), with slowly varying L; cf. Definition 2.1. 

STEP 4. It remains to show that get) = tel, with ex determined by (14.8), is the 
only admissible solution of equation (14.7). By an exponential change of variable, 
u = eS , x = eZ , the equation becomes 

(14.10) 

where 

Formal use of Fourier analysis suggests that equation (14.10) can have a nonzero 
solution G only if 

A 1 . 100 v-iw -i7tw K(w) = K(z)e-IWZdz = dv = ----
IR 0 (1 + v)2 sine -i7tw) 

(14.11) 

is equal to c. For a full treatment of equation (14.10) one may use complex Fourier 
analysis, see Titchmarsh [1937/86] (section 11.2). Such analysis shows the following. 
Every solution which satifies a growth condition 

G(s) = O(ealsl ) on lR with a < 1 

can be written in the form 

mj 

G(s) = LLCjkSk-leiWjS. 

j k=l 

(14.12) 

(14.13) 

Here w j runs through the roots of the equation K (w) = C with 11m wi=::: a, and m j 
is the multiplicity of the root w j . 

Every qualifying solution G(s) = geeS) does satisfy a growth condition (14.12); 
see Step 5. It follows that the equation K(w) = C can have only a finite number of 
admissible roots, because K(~ + iTJ) -+ 0 uniformly for ITJI =::: a < 1 as ~ -+ ±oo. 
Now G(s) in (14.13) must be real and positive, hence we need only consider the roots 
that are purely imaginary, that is, the numbers Wj = iTJj such that 

7t TJ . 
__ 1_ =c 
sin 7tTJj 

(-1 < TJj < 1). 



15 Asymptotics Involving Large Laplace Transforms 207 

There are no roots if c < 1. If c > 1 there are two roots, '1j = =fa with a > 0, say, 
so that 

G(s) = qeas +C2e-as, g(u) = qua +C2U-a. 

Condition (14.12) shows that we must have a < 1; since g must be nondecreasing 
and g (1) = 1, one must take C2 = 0 and q = 1. If c = 1 there is a double root '1 = 0, 
so that g(u) = Cl + c210g u; again C2 must be 0 and q = 1. 

STEP 5. To complete the proof, it has to be shown that 

. logg(x) 
f3 = hmsup < 1 

x--->oo logx 
(14.14) 

for every nonnegative nondecreasing solution of equation (14.7). This is a delicate 
matter, for which Shea used a version of so-called P6lya-peak lemmas. 'P6lya peaks' 
are used to describe the fine structure of infinite sequences, such as zero sequences of 
entire functions. The theory goes back to P6lya [1923] and was developed by, among 
others, Edrei [1964], [1965] and Shea himself [l966] (section 3); cf. Bingham, Goldie 
and Teugels [1987] (section 2.5). 

Addressing the problem of (14.14), we know that g(x) = o(x), so that f3 ~ 1. If 
f3 = 1, it would follow from the peak lemmas that there are sequences xn, Yn --* 00 

such that Yn/xn --* 00 and 

g(u)/u ::: {I + o(1)}g(xn)/xn for Xn ~ U ~ Yn; 

cf. Shea [1969]. This inequality and (14.7) would imply that 

100 g~) lh u~ 
cg(Xn) = xn 2 du ::: {I + o(l)}g(xn) 2. 

o (Xn + u) Xn (Xn + u) 

Hence for n ::: no, 
1 jYnlXn vdv 

c> -
- 2 1 (1 + v)2· 

Since this is impossible one has f3 < 1. 

15 Asymptotics Involving Large Laplace Transforms 

(14.15) 

(14.16) 

o 

As in Section 7, dS denotes a positive measure on IR with support on [0, (0). We 
again write S for the 'mass function', S(v) = (dS)(-oo, v], and suppose that the 
Laplace or Laplace-Stieltjes transform CdS(·) exists for all positive values of the 
variable. Anticipating the eventual use of a complex variable S = ~ + i'1, we will 
write ~ instead of t in the real case. Thus 

(15.1) 
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is supposed to exist for ~ > O. Assuming that F(~) is 'of rapid growth' as ~ '\. 0, 
we will study the relation between the growth of F and that of S. Here it is often 
convenient to replace ~ by l/x, and to consider the growth of 

100 1100 G(x) = CdS(1/x) = e-V/XdS(v) = - S(v)e-V/Xdv 
0- x 0 

(15.2) 

as x ~ 00. Abusing the language, we sometimes refer to G as the Laplace transform 
ofdS. 

The motivation for studying asymptotics involving Laplace transforms of expo
nential growth came from number theory, in particular, the study of partition functions; 
cf. Section 23. In their first joint article, Hardy and Ramanujan [1917] studied the 
relation between the growth of log F and log S. The logarithmic approach has been 
refined and extended by many authors, including Kohlbecker [1958], de Bruijn [1959] 
(who introduced a notion of 'conjugate' slowly varying functions), Wagner [1966], 
[1968], Schwarz [1968], Bingham and Teugels [1975], Kasahara [1978], Balkema, 
Geluk and de Haan [1979] (who worked with complementary convex functions; cf. 
Section 24), and Geluk, de Haan and Stadtmiiller [1986]. Typical results will be dis
cussed in Sections 16 and 20. We add the remark that Kosugi [1999a], [1999b], and 
Kasahara and Kosugi [2000], have studied the relation between the asymptotic be
havior of sequences {log Fn} and {log Sn}; there is a connection with the theory of 
'large deviations' in probability theory. 

A number of authors have related the growth of the functions F (or G) and S 
themselves, rather than their logarithms ('strong asymptotics'). In the real case the 
conclusion will then involve certain running averages of S. An initial result of this 
type was obtained by Avakumovic and Karamata [1936]. The general theory is due 
to (Pitt and) Martin and Wiener [1938]; see Sections 17-19. 

Much stronger results on S can be obtained if one has information on the growth of 
the Laplace transform in a suitable region of the complex plane. Here the fundamental 
paper was that ofIngham [1941]; see Sections 21, 22. 

Various results involving large Laplace transforms have counterparts for the 
case of small transforms; cf. Avakumovic [1950a], [1950b], de Bruijn [1959], 
Parameswaran [1961], Kasahara [1978]. For comprehensive treatment, see Bingham, 
Goldie and Teugels [1987]. In Section 24 we discuss some recent results for two-sided 
Laplace transforms of finite measures. 

Finally we mention that there are asymptotic results for Laplace transforms of 
different character; see for example Mel'nik [1982]. 

16 Transforms of Exponential Growth: Logarithmic Theory 

The following result involving the Laplace transform is contained in Kohlbecker's 
paper [1958]. We have adjusted the formulation. 

Theorem 16.1. Let ¢ (v) = va L (v) be regularly varying of index ex > 1. Assuming 
¢ monotonic (as we may), let ¢+-(v) denote its inverse. Let S(v) be nondecreasing 
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on JR, with S(v) = 0 for v < 0, and such that the Laplace-Stieltjes transform 
G(x) = edS(l/x) in (15.2) exists for x > O. Then 

log G(x) '" (ex - l)¢(x)/x as x ~ 00 (16.1) 

if and only if 
10gS(v) '" exvj¢+--(v) as v ~ 00. (16.2) 

For proofs of this theorem and related results of de Bruijn [1959] and Kasahara 
[1978], see Bingham, Goldie and Teugels [1987] (section 4.12). As an illustration of 
Theorem 16.1 we will treat the following model result: 

log G(x) '" x if and only if log S(v) '" 2,JU. (16.3) 

There are related results involving more rapid growth, but in that case the char
acterizations are more complicated. Early work of Avakumovic [1936] had shown 
that log S (v) ~ v / log v corresponds roughly to log log G (x) ~ x. As an example 
of more precise logarithmic analysis we will show in Section 20 that for the case of 
nonincreasing {log S (v)} / v, 

log G(x) '" eX /x2 if and only if 
v v 

log S(v) = - + {l + 0(1)}-2-. 
log v log v 

(16.4) 

Section 20 also describes a general logarithmic result by Geluk, de Haan and Stadt
muller [1986]. 

THE CASE log G(x) '" x. We begin with a boundedness result that will also be useful 
later. Suppose that for some constant a > 0, 

e-aXG(x) = roo e-(vjx)-aXdS(v) = 0(1) or 0(1) as x ~ 00. 

10-
(16.5) 

For given v > 0, the weight e-(vjx)-ax of dS(v) is maximal when ax2 = v, which 
gives the value e-2..jiiV. Thus it may be natural to introduce the auxiliary measure 
dTa(v) = e-2..jiiVdS(v), given by the mass function 

Proposition 16.2. Let G satisfy one of the conditions (16.5). Then for all positive 
numbers c and AJor 3/2 S Y S 2 andfor x, y, Z ~ 00, 

j Y+Cy3/4 

Y dTaCv) = 0(1) or 0(1), 
t+A 

}z dTaCw4 ) = 0(1) or 0(1), 

respectively. (16.7) 
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Furthermore, the relation 

j Z+A jX+A 2 
lim sup dTa(w4) = lim sup e-2y7iw dS(w4) = MA < 00 

z--->oo Z x--->oo x 
(16.8) 

implies that 
lim sup S(x4)e-2y7ix2 :s MA. (16.9) 

x--->oo 

Proof. For b > 0, x > ° and ax2 :s v :s ax2 + bx3/2 one has 

(v/x) + ax = (Jv/x - ,JaX)2 + 2y'(iV < b2/(4a) + 2y'(iV, 

because 

Jv/x -,JaX :s Jax + bJX -,JaX < b/(2.j(i). 

Hence 

Setting ax2 = y one concludes that the conditions (16.5) and definition (16.6) imply 
the first part of (16.7). The other parts follow by setting v = w4 and yl/4 = Z, and 
by summation. 

Suppose now that we have (16.8). Then for any M > M A, 

j x e-2y7iw2 dS(w4) :s M provided x ::: Xo = xo(M, A), say. 
X-A 

For such x 

Hence 

S(X4) :s Me2y7ix2 + S{(x - A)4} 

:s Me2y7ix2 + Me2y7i(X-A)2 + S{(x - 2A)4} :s ... 

O::::n«x-xo)/A 

{S(X4) - S(x6)}e-2y7ix2 :s M L 
O::::n<x/A 

M e2y7i(-nh) :s ----=--
1 - e-2y7ih . 

For x -+ 00 this gives (16.9) with any right-hand side M > M A• 

Proof of Model Result (16.3). (i) Let log G(x) ~ x as x -+ 00. Then e-ax G(x) = 
0(1) as x -+ 00 for every number a > 1. Hence by Proposition 16.2, see (16.7)
(16.9), 

. 1 
hm sup 2" log S(x4) :s 2.j(i, 

x--->oo x 
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from which one concludes that 

. 1 
hmsup r.;logS(v):s2. 
v~oo yv 

(16.10) 

For b E (0,1) one knows that e-bxG(x) ::: 2 when x > Xb. For appropriate 
choice of b < 1 < a and 10 > 0, we will be able to derive that for large x, 

l a+S )X 2 

[(a,b,s) = e-(v/x)-bXdS(v)::: l. 
(a-e)x2 

(16.11) 

Indeed, 

2 :s e-bxG(x) :s [(a, b, 10) + r e-(v/x)-bx+2$vdTa(v). 
J1v-ax2 1>ex2 

For smalls and a - b :s 102 /10, the exponent in the final integral will be majorized by 
-c(s).jVwithpositivec(s). This may be verified by setting x = y.jV.ForO < v < x, 
the exponent is also majorized by -cx with c > 0. Estimates based on (16.7) will 
now show that the integral is 0(1) as x -+ 00. 

Inequality (16.11) implies that forlarge x and v = (a + 10 )x2 , 

from which one can conclude that 

a-s+b 
log S(v)::: ~y'v, 

a+s 

1iminf ~ log S(v) ::: 2. 
v~oo y v 

(16.12) 

(ii) We now tum to the other direction in (16.3). For given 10 E (0, 1) one may 
start with inequalities 

e(2-s),Ji! - 0(1) :s S(v) :s e(2+e),Ji! + 0(1). 

Estimates for the transform G(x) = £dS(1/x) can then be obtained from the last 
expression in (15.2). We focus on an upper bound for x -+ 00. Setting a = 1 + 210, 

one will have 

G(x) = 1000 S(v)e-v/xd(v/x) :s"foOO e2$v-v/xd(v/x) + 0(1). (16.13) 

The final integral, which we call Ga(x), can be estimated by Laplace's method; cf. 
de Bruijn [1958/81] (chapter 4). The exponent attains its maximum value ax for 
v = ax2. One may now set v/x = ax + t and expand around the point t = 0: 

2,J(iV - v/x = 2ax (1 + :x) 1/2 - ax - t 

t2 (t 3 
) t 2 

=ax--+O - <ax--
4ax x 2 - 8ax 
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when I t I ::::: 8x with small 8 . A little work will show that the values I t I > 8x contribute 
relatively little to the integral Ga(x); cf. part (i). One thus finds that 

G(x) ::::: {I + o(l)}eax 1 e- t2 /(8ax)dt ~ eax v'8rrax as x ~ 00; 

Itl:::8x 

cf. formula (1.25.7). Hence lim sup {log G(x) }/x ::::: a = 1 + 2e. There is a related 
estimate from below. 

In the present case there is a simple alternative to Laplace's method. Completing 
a square and setting Jv/x - ,.,;ax = w, one may estimate as follows: 

17 Strong Asymptotics: General Case 

We continue under the hypotheses on d S and the Laplace transform F or G made in 
Section 15. What can one say then about S on the basis of the asymptotic behavior 
of the transform itself, rather than its logarithm? 

For the general analysis, it is a little more convenient to consider F rather than G. 
Essentially following Martin and Wiener [1938], we proceed as follows. Suppose that 

e- f(~) F(~) = tx) e-v~-f(~)dS(v) ~ 1 as ~ ~ o. 
10- (17.1) 

Here it is assumed that f(~) is smooth and that f'(~) goes monotonically to -00 as 
~ ~ O. Thus for large v, the exponent -v~ - f(~) has a unique maximum for 

- f'(~) = v or, by inversion, ~ = h(v), say. (17.2) 

For asymptotic results, one tries to convert (17.1) to a 'normal form' of the type 

L e-(y-d/2dU (z) as y ~ 00. (17.3) 

Then Wiener's 'second Tauberian theorem' becomes applicable if one can show that 

g+1 IdU(z)1 = O~I); cf. Section 11.13. 
For the converSIOn of (17.1) one sets 

~ = p{u + a(v)} (17.4) 

with unknown functions p and a. These functions are to be determined in such a way 
that the negative of the exponent in the integrand, 

v~ + f(~) = vp{u + a(v)} + f[p{u + a(v)}], (17.5) 
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becomes minimal for u = 0, and that the normal form (y - z)2/2 in (17.3) may 
be obtained by suitable definition of y and z. Necessary conditions on p and a are 
obtained by expansion with respect to u around the point u = O. Thus, to begin with, 
the first derivative 

vp'{u + a(v)} + j'[p{u + a(v)}]p'{u + a(v)} must equal 0 for u = o. 

This confirms the expected relation 

v = - j'[p{a(v)}] or p{a(v)} = h(v). (17.6) 

The second derivative of (17.5), 

vpl/{u + a(v)} + jl/[p{u + a (v)}]p'{u + a(v)}2 + j'[p{u + a (v)}]pl/{u + a(v)}, 

must be equal to 1 for u = O. In view of (17.6) this condition reduces to 

jl/[p{a(v)}]p'{a(v)}2 = 1. 

Now by differentiation with respect to v in (17.6), 

I = - j"[p{a(v)}]p'{a(v)}a'(v) and p'{a(v)}a'(v) = h'(v). 

Combining, one obtains the relations 

p'{a(v)} = -a'(v), a'(v)2 = -h'(v). 

For a one may take any antiderivative of (_h')1/2: 

(17.7) 

Furthermore by (17.6) and (17.2), denoting inverse functions by (-) <-, 

(17.8) 

The development of the exponent in the integrand of (17.1) now takes the form 

-vp{u + a(v)} - j[p{u + a(v)}] = -H(v) - (u2/2) + r(u, v). (17.9) 

Here 
H(v) = vp{a(v)} + f[p{a(v)}] = vh(v) + f{h(v)} (17.10) 

is a certain antiderivative of h(v). By (17.4) one has u = p+-(~) - a(v), and the 
remainder r(u, v) is of order u3 for u -+ O. Under appropriate conditions on j, 
one can ignore r(u, v) and the part of the integral (17.1) where lui is greater than 
or equal to some function r(~); cf. Remarks 17.1. Formally then, relation (17.1) is 
equivalent to 

(17.11) 
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This leads to a formula of type (17.3) if one sets 

l a <-(Z) 

p+-(~) = y, a(v) = z, V(z) = e-H(v)dS(v). 
vo 

(17.12) 

If V(z+ 1) -V(z) is bounded, Wiener's 'second theorem' now shows that for z --+ 00, 

l a <-(Z+A) A 
V(z + A) - V(z) = e-H(v)dS(v) -+ (;C' V A > O. 

a<-(z) V 2][ 
(17.13) 

In subsequent sections we will treat cases where F(~) ~ el/~ or G(x) ~ eX and 
G(x) ~ eex • The general analysis will then serve as a guide, not as proof. 

Remarks 17.1. Martin and Wiener derived conclusion (17.13) from the asymptotic 
relation (17.1) under the following conditions on thefunction f(~) of class C4, when 
~o:::: ~ "',. 0: 

f"(~) :::: c > 0, i~O {f"(t)}1/2dt -+ 00, 

f(3) (~) = o[{f" (~)}3/2], f(4) (~) = o[{f" (~)}2]. 

Notice that as a result, for ~ "',. 0 and v -+ 00, 

h(v) "',. O. 

For the analysis of the remainder r(u, v), Martin and Wiener referred to related 
analysis in Wiener and Martin [1937]. The results on p. 217 of that paper imply that 
for ~ = p{u + a(v)} "',. 0, 

max Ir(u,v)I-+O, VC>O, 
lul::::C 

-(u2/2) + r(u, v) ::: -lul/2 for lui:::: 2, u ::: p-l(~) - a(vo). 

18 Application to Exponential Growth 

In [1940a] (part I), Avakumovic obtained a 'model result' of the following type; cf. 
Martin and Wiener [1938]. 

Theorem 1S.1. As before, let S(v) be nondecreasing with S(v) = Of or v < 0 and 
let G(x) = .cdS(1/x) exist for x > O. Then for x --+ 00 one has 

if and only if 

G(x) = [00 e-v/xdS(v) ~ eX 
Jo-

(18.1) 
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\f A > 0, (18.2) 

or equivalently, 

S(w4 )e-2w wdw ---+ --, f X+A 2 A 

x 2ft \f A> O. (18.3) 

In a certain average sense, S(v) behaves like {1/(2ft)}e2Jiiv- 1/4 . 

Proof. (i) Suppose we have relation (18.1), so that in terms of T(v) TI (v) 

J;- e-2.jWdS(w), 

e-XG(x) = t)Q e-(vVTi-..fi)2 dT(v) ---+ 1 
Jo-

as x ---+ 00; (18.4) 

cf. (16.5), (16.6). In the integral (18.4), only the values of v relatively close to x 2 

will matter. More precisely, it follows from Proposition 16.2, see (16.7), that we need 
only integrate over an interval Iv - x2 1 < x Y , where y = (3/2) + 8 with small 
8 > O. Indeed, for 0 < v < 2x2 the exponent in the integrand is comparable to 
-{(v - x 2)/x3/2}2, which is :::: _v8 with 0 > 0 when Iv - x 21 is greater than or 
equal to x Y. For v :::: 2x2 the exponent is likewise majorized by _v8; the interval 
o < v < x may be dealt with separately. 

At this stage one may either use the analysis of Section 17, or one may 'guess' a 
suitable substitution to convert relation (18.4) to normal form. For log G(x) asymp
totic to g(x) = x, so that log F(O ~ f(~) = 1/~ and f'(O = _1/~2, the general 
theory gives v = 1/~2, 

~ = h(v) = v- I / 2, a'(v) = {_h'(v)}1/2 = r l /2v-3/4, a(v) = 23/2v l /4, 

h+-(O = 1/~2, p+-(O = a 0 h+-(~) = 23/2C I/ 2 , pet) = 8/t2 . 

Thus the 'canonical' substitution in (17.1) and (18.1) would be 

~ = p{u + a(v)} = 8/(u + 23/2v l /4)2, X = l/~ = (r3/2u + v 1/ 4 )2. 

Experimentation with (18.4) would lead to the equivalent substitution v 
(x 1/2 + u)4 (with slightly different u). We proceed with the latter, which transforms 
the exponential in (18.4) as follows: 

( 18.5) 

For the integration we could restrict ourselves to Iv - x21 < x Y = x (3/2)+c ,or to 

lui = Ixl/2 - v1/ 41 < Ix2 - vl/x3/2 < xC. 

Thus by the third part of (16.7), the final factor in (18.5) may be replaced by 1: 

[ O{CluI 3/x l /2) + u4/x} dT(v) = O(x 3E - I / 2) OCXE) = 0(1), 
J1v-x2 1<xY 

provided we take 8 < 1/8. 
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The upshot is that the limit relation (18.4) may be replaced by 

1 e-4(xl/2_vl/4)2 dT(v) = 1 + 0(1). 
Ivl/4-xl/21<x' 

Setting xl/2 = y and v 1/4 = w, one may rewrite this as 

Now by (16.7) 

r+1 
}z dT(w4) = 0(1), (18.6) 

so that the limit relation can be given the definitive form 

l e-4(y-w)2 dT(w4) ~ 1 as y ~ 00. (18.7) 

Observe that the kernel 

with [ K(z)dz = ~J1T, 
}~ 2 

is in the Wiener class M (described in Section 11.13): K is continuous and 

00 

L sup IK(z)1 < 00. 
n=-oo n:'Oz:'On+l 

K is also a 'Wiener kernel': the Fourier transform 

k(t) = [ e-4z2 e-itzdz = ~J1Te-t2/16 
}~ 2 

is free of zeros. Because of condition (18.6), we can now apply Wiener's 'second 
Tauberian theorem', Theorem 11.13.2. It shows that 

lim [ H(y - w) dT(w4) = ~ [ H(z)dz 
y-+oo }~ v 7r }~ 

(18.8) 

for every kernel H of class M. One may in particular use trapezoidal functions H; cf. 
the trapezoidal function (; in Section 11.9. Using approximation from above and below 
by trapezoidal functions, we may also take H equal to the characteristic function of 
an interval. For the interval [-A, 0], the result is 

as y ~ 00, (18.9) 

which is equivalent to (18.2). 
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(ii) For the proof in the other direction one may basically reverse the steps of 
part (i). Relation (18.2) or (18.9) implies (18.8) for piecewise constant functions H 
of compact support, from which one can go to continuous piecewise linear functions 
of compact support. Approximation in the class M then gives (18.8) for the kernel 
K. Alternatively one could derive (18.7) from the analog of Theorem 11.13.2 for the 
Wiener family of all trapezoidal functions. Having (18.7), condition (18.6) allows one 
to derive (18.4), hence (18.1). 

(iii) Assuming (18.2) we finally derive (18.3). This is a matter of integrating by 
parts: 

r H 2 [ 2]X+A rX+A 2 
Jx e-2w dS(w4) = S(w4)e-2w x + Jx S(w4)e-2w 4wdw. (18.10) 

The left-hand side has limit 2A/.,fii, but does the integrated term go to zero? An 
affirmative answer can be derived from Proposition 16.2. Indeed, it follows from 
(18.2) that we have (16.8) with a = 1 and MA < 2A. Hence by (16.9) 

lim sup S(x4)e-2x2 ::s 2)..., V A > O. 
x---+oo 

Relation (18.3) now follows from (18.10). One can also go back from (18.3) to (18.2). 

Remark 18.2. For applications one would like to know if there are conditions on S 
or G which imply that actually 

(18.11) 

This relation would follow from (18.3) if one knows that either the supremum or the 

infimum of S*(w) = S(w4)e-2w2 w over intervals [x, x + A] is asymptotic to S*(x) 
as x --+ 00. Alternatively, it would be enough if the asymptotic relation (18.1) for G 
holds uniformly in every angular region I arg x I ::s f3 < 7r /2 of the complex plane; 
see Section 21. 

19 Very Large Laplace Transforms 

Recent work on partition functions by Weiermann [2002] leads to the question of 
what one can say about S if G(x) = £dS(1/x) behaves like an iterated exponential 
such as eex ; cf. also Burris [2001]. Inequalities for this case by Avakumovic [1936] 
can be made more precise. 

A MODEL RESULT WHERE log G (x) ~ eX. We consider a special case where the 
analysis of Section 17 can be carried out explicitly. Suppose that 

where 

e-g(x)G(x) = roo e-(v/x)-g(x)dS(v) --+ 1 as x --+ 00, 

Jo-
(19.1) 

(19.2) 
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Here we have defined the logarithmic integral as 

li(v) ~ l V dw = _v_ + _v_ + 0 (_v_) . 
e log w log v 10g2 v 10g3 v 

(19.3) 

Normalization of relation (19.1) by the method of Section 17. Setting x = l/~, 

f(~) = g(x), one starts with the equation 

It follows that 

~ = h(v) = ljlogv, a'(v) = {_h'(v)}1/2 = 1/(v l / 2 logv), 

a(v) = li(v l / 2), h+-(~) = el /!;, p+-(~) = a 0 h+-(~) = li(e l /(2!;)), 

vh(v) + f{h(v)} = (vjlog v) + g(log v) = li(v) + e. (19.4) 

Setting 

li(e l /(20) = li(ex/2 ) = y, li(v l / 2) = z, T(v) = r e-li(w)-edS(w), 
Jvo 

one obtains the following normal form for (19.1): 

k. e-(y-d/2dV (z) -+ 1 as y -+ 00, with V(z) = T{a+-(z)}. 

(19.5) 

(19.6) 

Here a+- (z) ~ Z2 10g2 z. For the justification of (19.6) one may use the estimate 

eX +Axex / 2 

I (x, A) = 1 dT(v) = 0(1), V A > 0, 
eX 

(19.7) 

which can be derived from the inequality 

Indeed, in terms of u = v - eX the exponent may be written as 

---- dw l ex +u (1 1) 
eX logw x ' 

which is greater than -A 2 when ° :s u :s Axex / 2 . Next, a closer look at the exponent 
shows that in limit relation (19.1), one may restrict the integration to intervals of the 
form Iv - eX I < e{(l/2)+fjx where £ > O. In (19.6) one may limit oneself to intervals 
Iz - yl < efX , so that the normal form is valid. 

We continue with Wiener theory as in Section 18. The kernel e-z2 / 2 has integral 
,J2ii, and by (19.6), (19.7) 
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l
Z+ 1 la<-(z+l) lZ210g2z+2z10g2Z 

dUes> = dT(v) ~ dT(v) = (,)(1). 
z a<-(z) z21og2z 

Thus (19.6) implies the limit relations 

l z+A A 
dUes> -+ f'C' 

z '\I2n 
(19.8) 

In the manner of Section 18 it follows that S(ex)e-1i(eX) -+ 0; cf. Proposition 16.2. 
Hence also 

eX +Axex / 2 . A 1 S(v)e-h(v)-edv/(log v) -+ --. 
eX ./2ii 

(19.9) 

One can of course go in the other direction as well. 
For positive dS, we have thus established the equivalence of the asymptotic rela

tion (19.1) in the case (19.2) to each of the limit relations (19.8) and (19.9). 

20 Logarithmic Theory for Very Large Transforms 

We begin with a model result. Continuing the discussion of Section 19, we derive the 
characterization presented in formula (16.4). 

Example 20.1. If {log S(v)}/v is nonincreasing, the relation 

10gG(x) '" eX /x2 for x -+ 00 (20.1) 

implies 
v v 

log S(v) = -- + {1 + 0(1)}-2- as v -+ 00. 
log v log v 

(20.2) 

The converse is true even without monotonicity of {log S(v)}/v. 

The method of proof is similar to the method used in Section 16 for the equivalence 
(16.3). 

(i) Let log G(x) '" eX /x2 and a > 1. Then with g(x) = It (el /t 2)dt as in (19.2), 

e-ag(X)G(x) = r JO e(-v/x)-ag(x)dS(v) :::: 1 for all large x. 
10-

From this one derives by 'normalization' as in Section 19 that 

S(v) = ('){eali(v/a)}, 

log S(v) :::: a li(v/a) + (')(1) = _v_ + {I + log a + o(l)}--;-. 
log v log v 

Since a can be taken arbitrarily close to 1, this inequality implies the asymptotic upper 
bound for log S desired for (20.2). 
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The lower bound requires more work. Choosing E > 0 small and b < 1 < a, 
where a - b < CE 2 with sufficiently small c, one can prove the following analog to 
(16.11) for large x: 

(a+£)e' 
lea, b, E) = r e-(v/x)-bg(x)dS(v) ~ 1. 

J(a-c)eX 
(20.3) 

Suppose now that (20.2) is false. Then there is a number 8 > 0 (which we take small) 
and a sequence v" -+ 00 such that 

V" Vn 
log S(v,,) :s -- + (1 - 38)-2-' 

log Vn log Vn 
(20.4) 

At this stage we use the hypothesis that {log S (v)} / v is nonincreasing. Thus for 

v v v 
log S(v) :s -log S(vn) :s + (1 - 38)-2=---

Vn loge v / p) log (v / p) 
v v :s - + (1-8)--, 

log v log2 v 
(20.5) 

provided we take log p = 8, say, and Vn large. We next integrate by parts in (20.3), 
taking x = Xn such that for appropriate a and E 

Then for b < 1 sufficiently close to a and sufficiently small E, the integrated terms 
will tend to 0 by (20.5), so that 

1 (ll+c)eXn 

e-(v/xn)-bg(xn ) S(v)dv ~ {l - o(l)}Xn -+ 00. 

(a-c)eXn 
(20.6) 

However, it can be derived from (20.5) that the left-hand side of (20.6) tends to 0 
when b > e-8 . Indeed, Laplace's method will show that for A > e8 , 

l Ae' 
log e -(v/x)-bg(x)+(v/ log v)+(l-8)v/log2 v dv ~ (e-8 _ b)eX / x2 

eX /A 

as x -+ 00. The resulting contradiction completes the proof of (20.2). 
(ii) That (20.2) implies (20.1) also follows by Laplace's method. 

A GENERAL RESULT. We now describe a general result of Geluk, de Haan and 
Stadtmiiller [1986]; cf. Geluk and de Haan [1987]. It involves a notion of strong 

asymptotic equivalence. 

Definition 20.2. We will say that measurable functions II and 12 are strongly asymp

totically equivalent, notation II ~ 12, if for every number c > 1, there is a number 
Vo = voCe) such that 

II (ev) :s eh(v), h(ev):s e!l(v), "Iv ~ vo· (20.7) 
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The result below also makes use of the class n- (Definition 6.1): f is in n- if 
there is a slowly varying function L such that 

lim f('Ax) - f(x) = -logA, VA> O. 
x-+oo L(x) 

Theorem 20.3. Let S(v) be nondecreasing on JR, with S(v) = Of or v < 0, and such 
that the Laplace transform G(x) = £dS(1/x) of (15.2) exists for x > O. Let f in 
IT- be positive, decreasing and continuous with f(oo) = O. Then the relation 

log S(v) ~ r f(u)du as v --+ 00 ivo 
for some number Vo implies 

l x dt 
log G(x) ~ r--(1/t)2 

Xo t 
as x --+ 00 

(20.8) 

(20.9) 

for some number xo. If {log S (v)} / v is nonincreasing, the converse is also true. 

For the application of the Theorem one may use 

Proposition 20.4. Let g be positive. Then g (v) / v is in IT- if and only if there is a 
positive decreasing function f in IT- such that for some number vo, 

g(v) ~ rv f(u)du. 
ivo (20.10) 

If the positive decreasing function f is in IT(L)- and f(oo) = 0, condition (20.10) 
is equivalent to 

g(v) = vf(v/e) + o{vL(v)}. (20.11) 

Applications 20.5. Example 20.1 may be obtained from Theorem 20.3 by taking 
feu) = 1/(logu) and Vo = e. In this case r-(1/t) = et . Thus (20.9) gives 

10gG(x) ~ ft(et/tz)dt ~ eX/xz and (20.8) becomes 10gS(v) ~ li(v). By the 
Proposition, the latter relation is equivalent to (20.2). Indeed, the present function f 
is in IT(L)- for L(x) = 1/logZ x. 

Geluk, de Haan and Stadtmtiller gave several applications, which include the 
following as special cases: 

log G(x) ~ eX corresponds to 

I v{log v + 2 (log log v) + 1 + o(1)} 
og S(v) = Z ; 

log v 

v o(v) 1 Z 
log S(v) = -1 - + --z- corresponds to log G(x) ~ e- eX /x . 

og v log v 

Their analysis can also be used to treat the case where G(x) behaves like an iterated 
exponential of higher order. 
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21 Large Transforms: Complex Approach 

As before, we assume that S(v) is nondecreasing, with S(v) = ° for v < 0, and 
such that the Laplace transform F(/;) = £dS(O exists for f; > O. This time we also 
consider complex values of f;: 

F(/;) = (X! e-SVdS(v) = f; roo S(v)e-i;Vdv for Ref; > 0. 
10- 10 

(21.1) 

In [1941] Ingham obtained precise estimates for S (v) from the asymptotic behavior of 
F(/;) for angular approach to the origin. His proof involved a substantial refinement 
of the Wiener-Ikehara method discussed in Section 1Il.4. We will follow Ingham, but 
use a notation similar to that of Section 17. 

Theorem 21.1. Let Sand F be as above and suppose that 

(21.2) 

uniformly in every angle I arg f; I :s f3 < IT /2. Here one supposes that / (t;) is analytic 
in the intersection 0/ the right half-plane with a neighborhood 0/0, that 

F(/;) = O(ef(IW) as f; ~ 0, 

uniformly in every angle I arg t; I :s f3 < IT /2, (21.3) 

and that /(~) satisfies the/ollowing conditions/or real ~'\..O, in which 0<8 (~):s~ /2: 

Then 

J(t;) is real and positive, 

-H'(~) ? 00, hence H"(/;) ~ - J'(~) > 0, 

J f"(~)/IJ'(~)I = 0{8(/;)/H 

J"(~ +z) = O{f"(~)} uniformlyJor Izl:s 8(/;). 

evh(V)+ f{h(v)J 

S(v) ~ So(v) = as v ~ 00, 
h( v )J2IT f" {he v)} 

where h is the inverse 0/ - I': if v = - !'(n then ~ = h(v). 

Example 21.2. Suppose that 

F(/;) ~ ef(l;) = eljs as t; ~ 0, 

(21.4) 

(21.5) 

(21.6) 

(21.7) 

uniformly in every angle I arg t; I :s f3 < IT /2. In this case one can take 8(~) = ~ /2. 
One has h(v) = v- lj2 and by (21.7), 

(21.8) 

cf. Section 18. 
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Example 21.3. Suppose that, uniformly in every angle I arg I; I .:s fJ < Jr /2, 

F(n ~ e fm = exp (i 1/1; ;~ dt) as I; ~ O. 

Here one can take 8(~) = ~2. One has h(v) = 1/ log v and by (21.7), 

(21.9) 

The result is in accordance with relation (19.9) which involves certain averages of S; 
cf. (19.2). 

Proof of Theorem 21.1. Let k(z) be analytic in a domain D which contains the 
segment [0, iJ and set 

(21.10) 

where we integrate along a path y C D close to the segment [0, iJ. We now consider 
small ~ > 0 and Y = B~ with large B = tan fJ such that the path ~ + Y . y = ~ + r 
lies in the right half-plane (cf. Figure IV.22 below). Then by (21.1), integrating along 
r, 

1(~) ~ t Y F(~ + z) k (~) eUZdz 
10 ~ + z Y 

rX) t y 
= 10 S(v)e-~"dv 10 k (f) e-(V-U)Zdz 

= 100 S(v)e-V~ K{Y(v - u)}Ydv. (21.11) 

In order to proceed we need a good estimate for the integral 1(~). We formulate 
such an estimate as a proposition which will be established later. 

Proposition 21.4. For ~ \. 0 and 

Y = B~ = (tanfJ)~, t = - f'(n u = u(O = - f'(O + O(l/~), (2 l.l 2) 

one has 

1(0= 'i k'::' euzdz~ =ik(O)JrSo(t)e-tt;, l iY F(C + z) (7) ef (t;)ik(0).jJr/2 

o ~+z Y ~Jf"(O 
(21.13) 

where So is given by (21. 7). 

We continue the proof of Theorem 21.1. Substituting relation (21.13) in (21.11), 
setting v = u + w / Y and multiplying by eU~ , one obtains 

eU~ 1(~) = e/~ 1000 S(v)e-"~ K{Y(v - u)}Ydv 

= /00 S(u + w/y)e-wE;/Y K(w)dw ~ ik(O)JrSo(t)e(u-t)~. (21.l4) 
-Yu 
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Observe that by (21.12) and (21.4), 

Yu = Bgu = -Bgj'(g) + 0(1) ~ 00 as g ~ o. (21.15) 

FIRST CHOICE FOR k(z). In (21.10), let 

k(z) = k] (z) = 2(z - i), for which k(O) = -2i. 

We compute the transform, taking w real: 

2i 2(1 - e-iw ) 
K(w) = K] (w) = -- + 2 ' w w 

( sin W/2)2 
ReK](w) = 

w/2 

Taking real parts in (21.14) and using (21.15), one finds that for any given number 
A > 0 and g "'- 0, 

S(u - A/Y)e-)..~/Y 1).. (Sin W/2)2 dw 
_).. w/2 ::; i: S(u + w/Y)e-w~/Y Re K](w)dw 

::; 100 
••• ::; {I +o(l)}2nSo(t)e(u-t)~. 

-Yu 

Now setting 
u = t + A/Y = t + A/(Bg) 

[ef. (21.12)], one concludes that 

. S(t) 2ne2)"/B 
hmsup--::; ).. . 

HOO So(t) L)..{(sin w/2)/(w/2)}2dw 
(21.16) 

For A = ,Jij this implies that the lim sup in (21.16) does not exceed 1. Indeed, B can 
be taken arbitrarily large and JIR{(sinx)/x}2dx = n. 

SECOND CHOICE FOR k(z). We next take 

ellZ _ e-Ilz 
k(z) = k2(Z) = 2(z - i) - Jl > 0, Jl == o (mod 2n). 

Jl 

As before k(O) = -2i, but now the transform (21.10) is 

2i iw ( 2 1 I) K(w) = K2(W) = -- + (1 - e- ) 2 + + . 
w w Jl(Jl-w) Jl(Jl+w) 

For real w, 

( sin W/2)2 Jl2 
Re K 2 (w) = 2 2 . 

w/2 Jl - w 
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Hence by (21.14) 

100 (Sin W/2)2 JL2 S(u + w/Y)e-w~/Y --- dw '" 2JrSo(t)e(u-t)~. 
-Yu w/2 JL2 - w 2 

Taking into account the sign of Re K2(W), one concludes that for ~ ~ 0, 

IlL (Sin W/2)2 JL2 S(u + w/Y)e-w~/Y -- 2 2 dw:::: {I + o(1)}2JrSo(t)e(u-t)~. 
-IL w/2 JL-w 

Thus 

S(u + JL/y)eILUY f~ Re K2(W)dw:::: {l +o(l)}2JrSo(t)e(u-t)~. 

For 
u = t - JL/Y = t - JL/(B~), ~ ~ 0, 

it follows that 
S(t) 2Jre-2IL / B 

liminf-- > . 
1-->00 So(t) - J~IL Re K2(W) dw 

(21.17) 

The integral in the denominator is equal to 

ilL 2(sin w/2)2 (-; + 1 + 1 ) dw 
LIL W JL(JL - w) JL(JL + w) 

I lL (Sin W/2)2 4 i2IL (sinx/2)2 = --- dw+- dx. 
-IL w/2 JL 0 x 

Hence for large JL the integral is close to 2Jr. Setting JL = 2Jr [.JB], where B may be 
taken arbitrarily large, one concludes that the lim inf in (22.17) is at least equal to 1. 
Thus the proof is complete, modulo Proposition 21.4. 

Remarks 21.5. Ingham's Tauberian theorem is actually somewhat more general than 
Theorem 21.1; cf. also the exposition in Postnikov [1988]. Where we have F (t;) 
asymptotic to ef(n in (2l.2), Ingham writes F(t;) '" g(t;)ef(n. Here g is positive 
real for real ~ = ~ and log g varies much more slowly than f near ~ = O. Thus the 
'flat factor' g can usually be included in ef . 

We remark that Avakumovic obtained related (but less general) complex Tauberian 
theorems in his papers [1940a] (parts II, III) and [1940c]. 

Ingham's method as it stands does not work if F(O '" ~-a, ex > 0, because then 
one cannot satisfy condition (21.5). However, one can use a (simpler) adjusted version 
of the method. Thus one can obtain a(nother) complex-variable proof of the Hardy
Littlewood theorems for power series and Laplace transforms, such as Theorems I.7.3, 
1.7.4 and 1.15.3. See Diamond [2001]. 

For the case of power series F(O = Lgo ane-n(, Hayman [1956] obtained pre
cise asymptotic estimates for the coefficients an from estimates for F in the complex 
domain. Results such as those of Ingham and Hayman have important applications 
to problems of 'asymptotic counting'; see for example Bender [1974] and Flajolet 
[2002], and cf. Section 23. 
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22 Proof of Proposition 21.4 

We have to prove the asymptotic estimate (21.13) for the integral 

J(~) = t y F(~ + Z) k (~) euzdz as ~ \. o. 
Jo ~ + z Y 

(22.1) 

By Cauchy's theorem, the integral is independent of the path r from ° to i Y in the 
half-plane {Re z > -~}, provided r remains within the domain of analyticity of 
k(z/ Y) around the segment [0, i Y). Ingham's clever choice of r was essential for the 
proof of the desired estimate. 

Step (i). The main contribution to the integral J(~) will come from the part of 
r near the point 0, for which we take a straight segment rl = [0, i7/], with 7/ = 
7/(~) = o{8(~)} = o(~) to be specified later. Using inequality (21.6) for f"(~ + z) 
and Cauchy's integral formula for the derivative of I", one finds that 

1(3)(~ + w) = _1_. r f"(~ + z) dz = O{f"(~)/8(~)} 
2m J1z1=8(O (w - Z)2 

when Iwl ~ 8(~)/2. Hence for z E rl, so that z = o{8(~)}, 

w ~ I(~ + z) - I(~) - If (~)z - I" (~)z2 /2 

= (1/2) 1z (z - w)2 1(3)(~ + w) dw = o{f"(~)ld}. 

---------
o 

Fig. IV.22. The paths [' and; + [' 
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Also using the inequality lew - II ::: IWle1w1 , one concludes that for I; '>. 0, 

eI(Hz)- I(!;) = ef'(l;)z+ 1"CI;):2 /2[1 + o(j" (t;) IzI 2}eJ"(I;)ld /4]. (22.2) 

Taking Y = BI; and u = u(l;) = - f'(I;) + 0(1/1;) as in (21.12), we now use (21.2) 
and (22.2) to obtain the following uniform estimate for z = iy E r1 = [0, i1)]: 

F(I; + z) (I; + Z)-I k(z/Y) uz 
-~- -----,---e . 

eIC!;) 1;-1 k(O) 

{l + o(l)}eI(Hz) 
efC~) (I + o(l)}{1 + o(l)}eUZ 

= ef'C!;)z+uz+f"<~)z2/2. [1 + o(j"(I;)ld + I}ef"C!;)ld/4 ] 

= e-J"Cl;)y2/2. [1 + o(j"(t;)i + I}ef"<!;)y2/4]. (22.3) 

Thus for z = iy, setting yJ 1"(t;) = s, 

f[ (t;) ~ ( F(t; + z) k (~) euzdz = tryC!;) ... dz 
1rt t; + z Y 10 

efC!;) 1ryc~)..jT'(f) 2 .2 ids = --k(O) (e- S /2 + o(s2 + l)e- S /4) . 
t; 0 J 1" (t;) 

(22.4) 

Writing ¢ » ljJ for positive functions ¢ and ljJ with ¢/ljJ --+ 00, we choose 1)(t;) 
such that 

I;JTW 
8(t;) » 1)(t;)>> 1f'(t;)1 ; 

cf. (21.5). Then by (21.4) 1)(t;)J 1"(t;) --+ 00, hence by (22.4) 

efC!;)ik(O)y'7r/2 
11 (t;) ~ ~ as t; '>. 0. 

t;y 1"(t;) 

(22.5) 

(22.6) 

Step (ii). For the second part of the path r, from i 1) to i Y = i B t;, one takes a 
broken line r2 which, apart from its end points, lies to the left of [0, i Y]. It consists 
of two segments which each make a small angle arctan ( 1) / t;) with [0, i Y]; see Figure 
IV.22. Let us consider the points t; + z with z E r2; for small t;, they will lie in the 
angle {O ::: arg ( ::: f3 = arctan B). Also, It; + z I > t;. For small p, f (p) increases as 
p decreases; cf. (21.4), hence fCIt; + zl) < f(t;). Thus by (21.3) and (21.12), 

---k - eUz = 0 O(l)e-/'C!;)x+OCY/i;) F(t; + z) (Z) (efCIHZI)) 

t; + z Y It; + zl 

= 0 ( ef;l;) e- f'(i;)x ) , (22.7) 

uniformly for z = x + iy E r2. Observe that for these points, x ::: ° and 

I:; 1 = 11 =f it;/1)1 = 0(t;/1). 
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Hence the contribution to J(~) of the integral over r2 can be estimated as follows: 

1z(~) ~ [ F(~ + z\ U-) euzdz = 0 (ef(~) [0 elf'(~)lx i dX) 
Jr2 ~ + z y ~ J -00 1J 

= 0 (ef;~) 1f'[~)I1J) = 0 (~~) . (22.8) 

Indeed, by (22.5) one has Iff(nl1J(~) » ~J ffl(~). 
By (22.6) and (22.8) 

(22.9) 

which is the first part of (21.13). Setting - f'(~) = t as in (21.12), so that ~ = h(t), 
the definition of SoO in (21.7) gives the second part of (21.13). 

23 Asymptotics for Partitions 

Let pen) denote the number of unrestricted partitions of the positive integer n, that 
is, the number of ways in which n can be written as a sum of positive integers; the 
order of the terms does not matter. In their first joint paper, Hardy and Ramanujan 
[1917] obtained an asymptotic estimate for log pen). Later, several authors obtained 
logarithmic estimates for more general partition problems. In this context we mention 
Kohlbecker [1958], Schwarz [1968], Geluk [1981b], [1989]; cf. Bingham, Goldie and 
Teugels [1987] (BGT). 

In a second article, Hardy and Ramanujan [1918] obtained the 'strong asymptotic 
result' 

p(n)~ 1 eJr-,/2nJ3. 
(4.J3)n 

(23.1) 

This relation was also discovered by Uspensky and later Rademacher even obtained 
an exact formula for p(n); cf. Andrews [1976]. In [1941] Ingham obtained the strong 
estimate (23.1) and much more by his complex Tauberian method; cf. also Avaku
movie [1940b], de Bruijn [1948], and especially Schwarz [1969a]. One may also 
mention Newman's treatment [1998], an elementary approach by Erdos [1942], and 
the 'bare-handed approach' of Odlyzko [1992]. Baez-Duarte [1997] applied a prob
abilistic method. 

Here we discuss Ingham's 'strong asymptotic result' for general unrestricted par
titions. Let ° < Al < A2 < ... 

be a given unbounded sequence of real numbers and let N (v) be the number of Ak ::::: v. 

For real 11 2: 0, let p(ll) be the number of representations 

(23.2) 
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with integers m I, m2, ... ::: O. Finally, for real v and for A > 0, let 

S(v) = L p(J-L) , 
J1:::;V 

S(v) - S(v - A) 
SA(V) = , 

A 
(23.3) 

where the summation is over the finite set of numbers J-L ::: v for which p(J-L) is 
different from zero. Assuming absolute convergence for x = Re z > 0, one now has 
the following identities involving the generating function F: 

(23.4) 

00 100 
log F(z) = - Llog(l - e-AkZ ) = - log(l- e-ZV)dN(v) 

k=l 0 

100 z 
= --N(v)dv. 

o eZV - 1 
(23.5) 

For the logarithmic theory based on these formulas and Theorem 16.1 we refer to 
Kohlbecker and BGT (section 6.1). We continue with Ingham's theory. 

Theorem 23.1. Suppose thatfor positive constants A, a andfor real constants b, c, 

N(v) = L 1 = Ava + R(v), 
Ak:::;V 

def l V R(w) Q(v) = --dw = blogv + c + 0(1) 
o w 

as v -+ 00. 

Then for z -+ 0 one has, uniformly in every angle I arg z I ::: f3 < 7r /2, 

F(z) = (OO e-~VdS(v) '" ef(~), where 
10-

fez) = Ar(a + l)~(a + l)z-a - b log z + c. 

(23.6) 

(23.7) 

One can then apply Theorem 21.1 to obtain an asymptoticformulafor S(v). Further
more, if A belongs to the sequence {Ak}, then SA(V) is nondecreasing, and one can 
obtain an asymptotic formula for SA (v) from the relation 

FA(z) = (OO e-ZVdSA(v) '" zef(z), 
10-

which holds uniformly for z -+ 0 in angles as before. 

(23.8) 

Example 23.2. Before we prove the Theorem we verify that it implies formula (23.1). 
In the case of ordinary partitions one has Ak = k, k = 1,2, ... , so that N(v) = [v]; 
taking A = a = 1 we get R(v) = [v] - v. Thus, using Stirling's formula on the way, 
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iV[W]-W IV 
Q(v) = dw= [w]dlogw-v 

o w 1-

= [v] log v - IV (logw)d[w] - V = [v]logv - L logk - V 
1- I:::k:::[vj 

1 
= [v] log V - [v] log[v] + [v] - v - "2log(2n[v]) + 0(1) 

= [v]log (1 + v - [V]) + [v] - v - ~ log(2n[v]) + 0(1) 
[v] 2 

1 1 
=-"2logv-"2log(2n)+0(1) as v---+oo. (23.9) 

That is, we have (23.6) with b = -1/2, C = -(1/2) log(2n). By (23.7) and (23.8) 
this gives 

F (z) '" ef(z), FI (z) '" zef(z) = efl (z) , where 

fl (z) = fez) + log z 
1 3 1 = r(2)~(2)- + -logz - -log(2n). 
z 2 2 

(23.10) 

We can now apply Theorem 21.1 with FI (z) instead of F(z) or F(O: since A = 1 
belongs to {Ad, the function SI (v) is nondecreasing. The other conditions of the 
Theorem are satisfied with 8(~) = ~ /2. Note also that when we take v equal to 
a positive integer, v = n, say, then pen) = Sen) - Sen - 1) = SI (n). For the 
application of Theorem 21.1 we have to compute the inverse function h(v) of - f[ (~). 
The equation 

gives 

1/~ = .f6V/n + 9/(2n2) + 0(1), vh(v) = v~ = nJv/6 - (3/4) + 0(1), 

!J (~) = nJVj6 - (3/4) log v + (3/4) - (5/4) log2 

-(3/4) log 3 + log n + 0(1). 

From this one obtains the following expressions for the numerator and denominator 
of the fraction in (21.8) (using fl instead of f): 

e2rr,Ji!76v-3/4r5/4r3/4n{1 + 0(1)}, vl/423/4rl/4n{1 + 0(1)}. 

Conclusion: 
SI(V) '" e2rr ,Ji!76v- Ir2rl/2 as v ---+ 00, 

which for v = n gives the desired asymptotic formula (23.1) for pen) = SI (n). 
One can use the same method to estimate partitions in squares, etc. 

Proof of Theorem 23.1. Observe first that by (23.6) 

l ev N(w) lev 
N(v) ::s --dw = Aw<x-Idw + Q(ev) - Q(V) = O(v<x). 

v W v 
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This inequality can be used to justify the basic formulas (23.4), (23.5) for x = Re z > o. 
By (23.5) and (23.6) 

log F(z) = roo _z-{Av"dv + vdQ(v)} 10 eZV - I 

A 100 (zv)" 100 zv = - --dv(Zv) - Q(v)dv--
z" 0 eZV - I 0 eZV - I 

= Ar(a + l)~(a + l)z-" - 1000 
(b log v + c)w' (zv)zdv 

- 1000 
p(v)w'(zv)zdv, (23.11) 

where w(z) = z/(eZ - 1), and p(v) is continuous, 0(1) for v --+ 00 and 0(1 log vi) 

for v '" o. 
The first integral in the final member of (23.11) can be evaluated explicitly: 

rOO (b log v + c)w' (zv)zdv = lim {oo ..... . 
10 8\,0 18 

(23.12) 

= lim [(b log v + c)~ - b 10g(1 - e-ZV)]OO = b log z - c. 
8\,0 eZV - 1 V=8 

To deal with the final integral in (23.11) one may observe that eZ/ 2w' (z) and Izl/x are 
bounded in any angle I arg zl :s f3 < n /2. Thus 

11000 
P(V)W'(ZV)ZdVI (23.13) 

:s C! {1/v'X (I log vi + l)xdv + 0(1) roo e-xv/2xdv = 0(1) 
10 11/v'X 

as z = x + iy --+ 0 in such an angle. 

Conclusion from (23.11)-(23.13): 

log F(z) = Ar(a + 1)~(a + l)z-" - b log z + c + 0(1), (23.14) 

uniformly for z --+ 0 in any angle I argzl :s f3 < n/2. This establishes (23.7) and 
will also prove (23.8). Indeed, since S(v) = 0 for v < 0, 

F)...(z) = ~ { roo e-ZVdS(v) _ e-AZ roo e-z(v-A)dS(v _ A)} 
A 10- 1A-

1 - e-AZ 
A F(z) rv zF(z). (23.15) 

We finally take A = A j. Then by (23.4) 

1 - e-AZ 1 
FA(z) = F(z) = - n (1 - e-AkZ)-I. 

A A k-j.} 
(23.16) 

Expansion shows that the coefficients in the Dirichlet series for FA (z) are positive, so 
that SA (v) is nondecreasing. This completes the proof of the Theorem. 
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24 Two-Sided Laplace Transforms 

We finally state some theorems of a different character, which involve transforms of 
finite measures on R The first result, due to Stef and Tenenbaum [2001], is a Laplace 
transform analog of the Berry-Esseen inequality. Of the other results, several are due 
to Balkema and coauthors; see the references below. 

The BERRy-EsSEEN INEQUALITY of probability theory involves Fourier trans
forms; cf. Berry [1941], Esseen [1945]. Let Sand U be arbitrary distributionfunc
tions on R nondecreasing functions with S(-oo+) = U(-oo+) = 0, S(oo-) = 
U (00-) = 1. The Berry-Esseen inequality majorizes the supremum norm II S - U II 00 

in terms of the difference of the so-called characteristic functions FdS, FdU and 
a measure for the smoothness of U. The function U, which might correspond to the 
normal distribution, is usually supposed to have a bounded derivative. However, one 
can also use the 'concentration function', 

Qu(8) = sup {U(v + 8) - U(v)} (8 > 0). (24.1) 
v 

One then has a uniform estimate 

liS - Ulloo :::: C {Qu (~) + fA IFdS(t) - FdU(t)1 dt}, VA> O. 
A -A It I 

See for example Fal'nleTh [1968], Elliott [1979], Vaaler [1985], Postnikov [1988], and 
Tenenbaum [1995]. A proof will be given in Section VII.l5. 

Stef and Tenenbaum obtained a corresponding result in terms of the two-sided 
Laplace transforms 

CdS(~) = L e-l;VdS(v), CdU(n = L e-l;VdU(v). (24.2) 

The estimate involves a continuous nondecreasing auxiliary function H on IR+ which 
satisfies a condition of the form 

H(~) :::: CI~4 with CI > 0, V~:::: O. (24.3) 

In practice one may often take H (n = Cd U (~) + Cd U ( -n 
Theorem 24.1. Let Sand U be distribution junctions and let H be a continuous 
nondecreasing function on IR+ which satisfies condition (24.3). Let £, K, A be real 
numbers, with 0 < £ < 1/{3 + H(2)}, 0 < K < A, such that 

l.cdS(~) - .cdU(~)1 :::: £ for 0 :::: ~ :::: K, 

.cdS(~) + .cdU(~) :::: c2H(I~1) for - A :::: ~ :::: A. (24.4) 

Then one has an inequality 

( IOgA 10gfl) 
liS - Ulloo :::: CQu -A- + ---;- , (24.5) 

where fl is any solution of the equation H(fl) = 1/£. The constant C depends only 
on K, CI and C2. 
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The proof is based on quantitative L 1 approximation by polynomials of the 
kind considered in Chapter VII. Stef and Tenenbaum applied their result to number
theoretic questions. 

Finally we give a brief description of recent work motivated by probability theory. 
Let dS(v) be a finite positive measure on lR. with log-concave density s(v): 

dS(v) = s(v)dv = e-p(v)dv, with p(v) convex. (24.6) 

We also need the 'conjugate convex function' 

p*(~) ctg sup{-p(v) - ~v}; (24.7) 
v 

cf. Balkema, Geluk and de Haan [1979]. Under appropriate conditions, there is a very 
close connection between the asymptotic behavior of dS(v) or s(v) and that of the 
two-sided transform .cs(~) for just real~. It is assumed that the Laplace transform 
.cs(~) exists on some nonempty open interval. The transform is log-convex: 

F(~) = .cs(~) = e f (!;), with f(~) convex. (24.8) 

Indeed, f" = {F F" - (F')2}/ F2 2: 0 by Cauchy-Schwarz, applied to the integral 
for F'. The results below involve the right-hand end point of the support of s or dS: 

eR = eR(dS) = sup{v : dS[v, 00) > O}, (24.9) 

(which may be 00), and the left-hand end point of the interval of existence of .cs: 

h = inf{~ : .cs(~) < oo}. (24.10) 

We begin with an Abelian theorem of Balkema, Kliippelberg and Resnick [1993], 
omitting an innocuous 'flat factor' . 

Theorem 24.2. Let s(v) = e-p(v) be log-concave and let its two-sided Laplace trans
form have a nondegenerate interval of existence. Suppose that a = 1/ U is self
neglecting: 

a{v + xa(v)}/a(v) ---+ 1 as v 7 eR, 

locally uniformly inx. Thenfor~ ">I h orv 7 eR, 

.cs(~) rv J21Ta(v)e-l;v s (v) rv J21Ta(v)eP*(l;), 

where ~ = -p'(v), v = -(p*)'(H 

(24.11) 

(24.12) 

Example: p(v) = v2. Balkema et al. (see also the references below) proved a 
number of related Tauberian results. To show the flavor we state an earlier result of 
Feigin and Yashchin [1983]. 
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Theorem 24.3. Let s(v) = e-p(v) be log-concave and let its two-sided Laplace trans
form .cs(l;) = ef(~) (which is log-convex) have a nondegenerate interval of existence 
with eL ::::: O. Suppose that ¢(I;) = 1/ J 1"(1;) is self-neglecting for I; ">l h. Thenfor 
v/, eR, 

e~v+f(~) 

s(v) ~ I; = h(v), 
J2n:1" (I;) , 

where h is the inverse of - f' as in Theorem 21.1. 

It turns out that log-concavity of densities is a Tauberian condition for Laplace 
transforms. We quote a result of Balkema [2002]: 

Theorem 24.4. Let d S j, j = I, 2 be finite positive measures with log-concave den
sities Sj, .cdSj = .csj . Then the following two statements are equivalent: 

(i) The measures dSj have the same right-hand end point eR and Sl (v) ~ S2(V) 
for v /' eR; 

(U) The Laplace transforms .cdSj have the same left-hand end point eL and 
.cdSl(l;) ~ .cdS2 (I;) for I; ">l h. 

Additional references are Balkema, Geluk and de Haan [1995], Balkema, Kliip
pelberg and Resnick [1999], [2003], Balkema, Kliippelberg and Stadtmiiller [1995]; 
cf. also Berg [1960], Stadtmiiller [1993], and Baez-Duarte [1995]. 



v 
Extensions of the Classical Theory 

1 Introduction 

This chapter deals with four different topics. 
Our first subject is the algebraic approach to Wiener's theory (Sections 2-9). After 

some preliminaries on Banach algebras we present an algebraic form of Wiener's 
Approximation Theorem 11.8.3. The subsequent treatment in the context of Banach 
algebras makes it natural to include Beuding's extension [1938] of the theorem to 
weighted L 1 spaces. Our discussion includes the necessary parts of Gelfand's theory 
[1939], [1941a] of maximal ideals, complemented by some of Shilov's results [1940], 
[1947] on so-called minimal ideals. 

Sections 10-13 treat an extension of Wiener's theory to the case of rapidly de
creasing kernels. It is due to Pitt [1938a], [1958] and plays an important role in 
Chapter VI. Let K E LtclR) be a Wiener kernel, so that k(t) =1= 0 for all real t, and 
let S be such that the convolution 

K * Sex) = L K(x - y)S(y)dy exists 

and tends to A L K(y)dy as x ---+ 00. (Ll) 

In the Wiener-Pitt Theorem 11.8.4 one obtains convergence of Sex) to A from (1.1) 
under the condition that S be bounded and satisfy an appropriate Tauberian condition. 

In the case of rapidly decreasing kernels such as K (x) = e-x2 , one need not postu
late that S is bounded: the boundedness can be derived from a condition of at most 
exponential growth. At the same time, the function K (x - y) may be replaced by a 
function J (x, y) of more general type, but such a function must be well-approximated 
by a suitable 'difference kernel'. Important examples are provided by the kernels for 
Borel summability and other circle methods; see Section V1.16. 

In Sections 14-21 we discuss afunctional-analytic method to reduce the general 
case of a Tauberian theorem to the simpler case of bounded functions, or in this 
case, sequences. The method goes back to the Polish school of functional analysis; 
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for its implementation, an appropriate theory of so-called F K -spaces was developed 
by Wilansky, Zeller and others. Cf. the books by Zeller and Beekmann [1958170], 
Wilansky [1984], and Boos [2000]. In the hands of Meyer-Konig and Zeller, the 
technique turned out to be effective in the treatment ofTauberian theorems for lacunary 
series. 

The final Sections 22-26 are devoted to some striking Tauberians of different 
character. The first theorem, due to Erdos, Feller and Pollard [1949], was inspired by 
renewal theory; cf. Feller [1950/68] (chapter 13). The second result is an unusual Tau
berian theorem due to Milin [1970], [1971]. It is important in the theory of univalent 
functions; cf. Duren [1983]. 

2 Preliminaries on Banach Algebras 

For an algebraic formulation of Wiener's theorem we need some simple notions from 
the theory of (complex) Banach algebras. The basics can be found in many books, 
for example Rudin [1966/87] or [1973/91]. Additional references will be given in 
Section 5. 

A BANACH ALGEBRA A is a complex Banach space in which any two elements can be 
multiplied. The multiplication must satisfy the usual associative and distributive laws, 
and it is customary to require that the norm of the product xy satisfy the inequality 

IIxYIl :s IIxlillyll· 

We only consider commutative Banach algebras: xy = yx for all x, YEA. A 
Banach algebra mayor may not have a unit element, that is, an element e such that 
ex = xe = x for all x E A. If there is a unit e, we will require that lIell = 1. 

Examples 2.1. The 'Wiener Algebra' A w consists of the continuous functions I of 
period 2Jr with absolutely convergent Fourier series, 

00 00 

l(t) = L aneint , with norm 11/11 = L Ian I < 00. 

-00 -00 

The product I g is defined in the ordinary way. Hence if g has Fourier coefficients bn , 

then 

I(t)g(t) = Lameimt Lbkeikt = L (Lan-kbk) eint , 
m k n k 

II/gll = ~ I ~an-kbkl :s ~ (~lan-kl)lbkl = 11/1I11gll. 

The function e == 1 serves as unit. 
A more important example is the convolution algebra L lOR), that is, the normed 

space L 1 (JR.), furnished with the product given by convolution: 
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f * get) = ~ f(t - u)g(u)du; (2.1) 

cf. Section 11.9. This algebra has no unit. Indeed, if LI(JR) had a unit e, Fourier 
transformation of the relation e * f = f would show that e == 1, and this would 
contradict the Riemann-Lebesgue lemma. (In the distributional theory of Fourier 
transformation, the Dirac measure 8 plays the role of a unit, but it is not in L I .) 

An IDEAL I in A is a sub algebra with the property that xy is in I whenever x is 
in I and y is in A. The closure 7 of an ideal I is also an ideal. 

A MAXIMAL IDEAL I is a proper ideal (that is, I i= A) which is not contained in 
a larger proper ideal. As a linear subspace of A it must have codimension 1. 

If A does not have a unit element one can adjoin one; cf. Section 6. In the remainder 
of this section we assume that our Banach algebra A has a unit e. An element x E A is 
called invertible if it has a mUltiplicative inverse. For example, if IIx II < 1, then e - x 
is invertible; the inverse is given by the sum of the geometric series e + x + x 2 + .... 
The invertible elements of A form an open set: if x is invertible and lIyll < l/lix- I II, 
then z = x-I y has norm less than 1 and hence x + y = x(e + z) is invertible. 

A proper ideal I cannot contain e or any other invertible element. 

Proposition 2.2. In a commutative Banach algebra A with unit, every proper ideal I 
is contained in a maximal ideal M, and every maximal ideal is closed. 

Proof. Proper ideals may be (partially) ordered by inclusion. By Hausdorff's maxi
mality theorem or Zorn's lemma, there is a maximal ascending chain of proper ideals 
starting with any proper ideal I. The union M of the ideals in such a totally ordered 
family is itself an ideal. M is proper because it does not contain e, and M is maximal 
by the maximality of the chain. 

Finally, a maximal ideal M does not contain an invertible element and since the 
set of the invertible elements is open, M does not contain an invertible element either. 
Thus M is a proper ideal, hence M = M because M was maximal. 

Additional results on maximal ideals will be discussed in Section 5. 

3 Algebraic Form of Wiener's Theorem 

Henceforth we consider L I = L I (JR) as an algebra under convolution. 
For any number a E JR, the functions f ELI whose Fourier transform j vanishes 

at a form a closed ideal Ma. This ideal is maximal. Indeed, let I be any ideal which 
contains Ma as a proper subset. Choose gEl withg(a) i= 0 and leth be any function 
in LI. Then the difference f = h - {h(a)/g(a)}g is in Ma. It follows that h, as a 
linear combination of f and g, is in I. Thus I = L I , hence Ma is a maximal ideal. 

We will see below that all closed maximal ideals in L I are of the form Ma for some 
a E R An ideal which is not contained in one of the maximal ideals Ma is said to 
'belong to 00' . An example is given by the ideal J of the L I functions whose Fourier 
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transform has compact support. One can show that J is contained in every ideal which 
belongs to 00; it is the so-called minimal ideal at 00 (Section 8). This property can 
be used to give a Banach algebra proof for Wiener's theorem; see Sections 7, 8. 

Definition 3.1. For a family :F of L I functions, we let Z (i) denote the zero set of 
:ft, that is, the set of real numbers where the Fourier transform of every function in :F 
is equal to zero. 

For every nonempty compact set K C JR, there is a unique closed ideal I = I (K) 
in L I for which Z (h = K. It consists of the functions whose Fourier transform 
vanishes on K. 

Proposition 3.2. The closed ideals I in L I coincide with the closed linear subspaces 
oj L I that are invariant under translation. 

Proof. (i) Let Y be a closed translation invariant subspace of L I and let J be any 
function in Y. Then Y contains every finite linear combination L CkJ(t - Ak). For 
gEL I and large B, the integral ~ U I > Big (u ) I d u is small, so that also the norm 

\II * get) - i: J(t - u)g(u)du \I 

= r 11. J(t - U)g(U)duldt ~ 1. Ig(u)ldu· IIfII (3.1) 
JJR. lul>B lul>B 

is small. For small I v I, the number 

p(v) = p(f, v) = l'J(t - v) - J(t)ldt 

is small. Thus for a partitioning - B = Uo < u I < ... < Un 

differences Uk - Uk-I, the norm 

\I i: J(t - u)g(u)du - ~ J(t - ud 1:~1 g(u)du \I 

= r It l Uk 
{J(t - u) - J(t - Uk)}g(U)dUldt 

JJR. k=1 Uk-l 

n l uk 
~ (; Uk-l Ig(u)lp(u - uk)du 

(3.2) 

B with small 

(3.3) 

is small. Since the sum in the first member of this array is in Y, it follows from (3.1) 
and (3.3) that the convolution J * g is in Y = Y. Hence Y is an ideal. 

(ii) Let I C LI be a closed ideal and let J be in I. For a < b, let X[a,bj denote 
the characteristic function of [a, b]. As s \. 0, 

1 l1 a+s 
J * - X[a,a+s](t) - J(t - a) = - {J(t - u) - J(t - a)}du -+ ° 

S S a 
(3.4) 
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in L1; cf. (3.2). The convolution on the left is in I. Thus the translate f(t - a) is 
the L 1 limit of functions in I, hence itself in 7 = I. It follows that I is translation 
invariant. 0 

In view of Definition 3.1, Wiener's approximation theorem for families F of L 1 

functions may be stated as follows. The finite linear combinations of translates of 
functions in F are dense in L 1 if and only if the zero set Z (:F) is empty; cf. Theorem 
11.8.3 and Section 11.10. Combining this form of the result with Proposition 3.2, one 
obtains the following algebraic form of Wiener's theorem. It can be found in many 
books that deal with Banach algebras. Here we mention only the simple treatments 
in Goldberg [1961] and van de Lune [1986]. 

Theorem 3.3. Let I be a closed ideal in L 1. Then I = L 1 if and only if Z (i) = 0. 

Corollary 3.4. Every closed maximal ideal I C L1 is of the form Ma with ex E lR.. 

Indeed, if Z(i) would be empty, I would coincide with Ll, so it could notbe a maximal 
ideal. Thus Z (i) must contain a point ex and then leMa. By its maximality, I must 
coincide with Ma. 

Remarks 3.5. Esterle [1980] has given an interesting proof for the 'if' part of The
orem 3.3. Using complex analysis, he found that any closed ideal I for which Z(i) 
is empty must contain the functions of the approximate identity, given by the funda
mental solution of the heat equation au/at = a2u/ax 2 , 

I 2/ 0t(X) = __ e-x t with t \. O . 
.jifi 

Then for any f ELI, the convolutions Ot * f are in I, so that also f = limt \..0 Ot * f 
is in I. 

In the form of Theorem 3.3, Wiener's theorem has extensions to locally compact 
groups; cf. I.E. Segal [1947], Godement [1947], Rudin [1962/90], Eymard [1964], 
Hewitt and Ross [1970]. Several authors have investigated the closed span of the 
translates of the functions in F in cases where Z (:ft) f=. 0; cf. Rudin. 

We will see below that Theorem 3.3 extends to a large class of weighted L 1 spaces. 

4 Weighted L 1 Spaces 

In the following we discuss Beurling's generalization of Wiener's theorem to weighted 
L1 spaces. Here the 'standard' weight functions wO are required to be positive 
measurable functions on R whose logarithms are subadditive: 

w(t + u) .::: w(t)w(u), "It, u E IR; (4.1) 

one may take w (0) = I. The measurability implies that the weight functions are 
locally bounded; cf. Hille and Phillips [1957174] (section 7.4). We consider the Banach 
space Lw = LL of the functions f on lR. such that 

IIfII = IIflli,w = llf(t)IW(t)dt < 00. (4.2) 
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The dual space L';;, of the continuous linear functionals on Lu], is given by the 
(equivalence classes of the) functions </J for which 

I</J (t) I 
II</Jlloo = II</Jlloo w = ess sup -- < 00. , wet) 

With convolution as multiplication, Lw becomes a Banach algebra, a so-called 
Beurling algebra. In fact, by (4.1) 

IIf * gil = k Ik f(t - U)g(U)dUI w(t)dt 

:::s ( If(t - u)g(u)lw(t - u)w(u)dtdu = IIfllllgll. 
J~2 

Condition (4.1) also implies the following relations for the growth indices a and b of 
w; cf. Hille and Phillips: 

def logw(t) . logw(u) 
a = sup = hm , b ~ inf logw(t) = lim logw(u) 

t>O t u-+oo u ' t<O t u-+-oo u 
(4.3) 

with -00 < a :::s b < 00. To prove the second part of (4.3), say, fix any t > 0 and 
set u = nt + v with n E Nand 0 :::s v < t. Then let u go to 00 to show that 

. logw(u) . n logw(t) + logw(v) logw(t) 
hm sup :::s hm sup =. 

u nt + v t 

It follows that lim sup u-1log w(u) :::s b < 00. One may finally let t go to 00 to 
conclude that 

lim sup u- i logw(u) :::s liminf t- i logw(t). 

Thus u-1log w(u) tends to a limit as u -+ 00. Since the limit is :::s b, it must be equal 
to b. The inequality a :::s b follows from (4.1): 

10gw(O) logw(u) + logw(-u) o =:::s -+ b - a as u -+ 00. 
U U 

We now introduce the complex Fourier transform of f E Lw: 

fez) = k f(t)e-iztdt, z = x + iy. (4.4) 

(In this section, x and yare real numbers, of course.) By (4.3), ebt :::s wet) for t > 0 
and eat :::s wet) for t < O. Hence if y :::s band t > 0, 

If(t)e-iztl = If(t)le yt :::s If(t)lw(t). 

Similarly for y ~ a and t < O. Thus it follows from (4.2) that the transform fez) 
exists and is continuous throughout the closed strip 

~ = {z = x + iy : x E IR, a :::s y :::s b}. (4.5) 

The transform is analytic in the (possibly empty) interior ~o of the strip. 
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ApPROXIMATION PROBLEM. Let :F be a family of functions fv in Lw. Under what 
conditions are the linear combinations of the translates of the functions fv dense in 
Lw? Since Proposition 3.2 readily extends to the case of Lw, one may also ask for 
conditions under which a closed ideal I C Lw coincides with Lw. Beurling's work 
[1938] implied the following answer. 

Theorem 4.1. (Beurling's Approximation Theorem) The analog of Wiener's Approx
imation Theorem 3.3 holds for Lw whenever the weight function (J) satisfies the con
dition of 'nonquasi-analyticity', 

~ I log (J) (t) I d 
2 t < 00. 

lR 1+ t 
(4.6) 

Under condition (4.6), the formulas (4.3) imply a = b = 0, so that the complex 
Fourier transform (4.4) becomes the ordinary Fourier transform. 

The proof of Theorem 4.1 given below will use important results on Banach 
algebras due to Gelfand and Shilov. The reader might consider the following open 
question: Can Beurling's theorem be obtained also by appropriate extension of the 
distributional proof for Wiener's theorem in Section 11.11 ? 

5 Gelfand's Theory of Maximal Ideals 

In the following A denotes a commutative (complex) Banach algebra with unit element 
e. We discuss the principal facts of Gelfand's theory for such algebras. Many books can 
serve as supplementary references. Besides Gelfand, Raikov and Shilov [1964/01], 
we mention Loomis [1953], Naimark [1956172], Hille and Phillips [1957174], Rickart 
[1960], Dunford and Schwartz [1963/88], Katznelson [1968176], Rudin [1973/91], 
Palmer [1994], and Dales [2000]. 

Theorem 5.1. (Gelfand-Mazur) For any maximal ideal M in A, the quotient ring 
A' = AIM becomes a normedfield under the coset norm 

IIXII = inf{lIxll : x EX}. (5.1) 

This (as well as any) complex normed field is isometrically isomorphic to the normed 
field rc of the complex numbers. 

Proof. Let I be a proper closed ideal in A. The quotient space AI I consists of the 
co sets X of I. Symbolically, if x E X then X = x + I. The quotient is a ring under the 
usual rules for addition and multiplication modulo I. With definition (5.1) for IIXII, 
the ring AI I becomes a Banach algebra. Indeed, one will have completeness, and for 
the product coset XY, determined by the products xy with x E X, Y E Y, one will 
have the inequality II X Y II :::: II X 1111 Y II. In the coset algebra, I is the zero element, O. 
The coset E containing e is unit element in AI I and has norm 1. 

From here on, let I = M be a maximal ideal in A. Then the quotient algebra 
A' = AIM is a field. Indeed, take any x E A which is not in M. Let Ix be the set of 
all elements of the form 

xy + m with YEA, m E M. 
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Then Jx is an ideal which contains M as a proper subset (Jx contains x). Hence 
Jx = A, and thus e can be represented in the form e = xy + m. Passing to cosets of 
M, it follows that for any given X E A', the equation X Y = E has a solution Y E A'. 

We finally have to show that the elements X of the field A' = AIM are in 
one-to-one correspondence with the complex numbers. To A E <C there is a unique 
coset X = AE. But can every element of A' be represented in the form AE with 
A E <C? Suppose there is an X E A' such that X - AE i= M = 0 for all complex 
numbers A. Then (X - AE)-I exists for every A. For A close to AO one can expand 
(X - AE)-I as a convergent power series in A - 1..0 with coefficients in A'. Also, 
(X - AE)-' = -A -'(E - X/A)-' -+ 0 as A -+ 00. Now let I be any continuous 
linear functional on the Banach space A'. Then 

f(A) = I{(X - AE)-'} 

is locally given by convergent power series, hence f(A) is an entire analytic function 
of A. This function tends to 0 as A -+ 00, so that f == 0 by Liouville's theorem. Since 
this holds for every lone would have (X - AE)-I = 0, which is impossible. One 
concludes that there is a one-to-one correspondence between the elements of the field 
A' = AlMand the complex numbers A. It is easy to verify that this correspondence 
is a norm preserving isomorphism. 

HOMOMORPHISMS. For our Banach algebra A with identity, we consider the family 
of all homomorphisms h onto the complex numbers. Here 'homomorphism' means: 
a continuous linear functional which is also multiplicative. By the preceding, every 
maximal ideal M in A generates an isometric isomorphism between the field A' = 
AI M and the complex field <C: the elements X of A' are the complex multiples 
X = AE. Thus M determines a homomorphism hM of A onto <C by the rule that for 
x E X = AE, one sets hM(X) = A. Conversely, the kernel or 'null space' N of any 
nonzero homomorphism h of A onto <C is a maximal ideal Mh in A. Indeed, the kernel 
N is an ideal because h(x + y) = 0 whenever h(x) = h(y) = 0, while h(xy) = 0 
whenever h (x) = O. Furthermore N is a maximal ideal, because N has codimension 
I as a closed linear subspace of A. 

The correspondence h <=> Mh between a homomorphism and its kernel identifies 
the set ~ of the homomorphisms with the set M of the maximal ideals M in A. We 
will show that the linear functional h = h M has norm:::: 1: 

(5.2) 

Suppose to the contrary that h(x) = A with IAI > IIxll for some x E A. Then IIxlAIl < 
1, so that e - x I A has an inverse given by the usual geometric series. However, 
h(e - xlA) = 1 - h(xIA) = 0, which gives a contradiction. Since hM(e) = 1, the 
norm of h M will actually be equal to 1. 

Corollary 5.2. An element x E A is invertible if and only if h(x) i= 0 for every 
homomorphism h E ~. 

Indeed, if x is invertible then h(x)h(x- I ) = h(xx-') = h(e) = 1, so that 
h(x) i= O. If x is not invertible, the set {xy, YEA} does not contain e, hence it is a 
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proper ideal J CA. This J belongs to a maximal ideal M. The latter is annihilated 
by the homomorphism hM E t::., so that hM(X) = 0. 

ApPLICATION. As an application we give Gelfand's proof [l941c] of 'Wiener's 
Lemma' [1932] on absolutely convergent Fourier series: 

Theorem 5.3. Let f belong to the Wiener Algebra A = A w: 

00 00 

f(t) = Laneint , with Ilfll = L lanl < 00. 

-00 -00 

Suppose that f(t) i= 0for all (real) t. Then 1/ f is also in A: 

00 

with L Ibnl < 00. 

-00 

Proof. We saw in Examples 2.1 that A is a commutative Banach algebra, with unit 
e == 1. For our given f and any real number a, the map ha (f) = f (a) is a complex 
homomorphism of A. We will show that every nonzero complex homomorphism h 
of A takes the function f into one of its values. Let us write v for the function eit 
in A. Then v is invertible and IIvliA = Ilv-lliA = 1. Thus by (5.2), Ih(v)1 :s 1 and 
Ih(v- 1) I :s 1, so that Ih(v) I = 1. It follows that h(v) = eia for a certain pointeia on 
the unit circle C(O, 1). Hence h(vn) = {h(vW = eina for all nEZ, and 

00 00 

h(f) = L anh(vn) = L aneina = f(a). 
-00 -00 

Since f does not take the value 0, Corollary 5.2 shows that f is invertible, that is, 
l/f belongs to A. D 

Incidentally, there is a nice semi-classical proof of the Theorem in Newman 
[1975]. Wiener's Lemma will be put to good use in Section 23. 

GELFAND REPRESENTATION. Let hM be the homomorphism of A whose kernel is the 
maximal ideal M. Recall that the number hM(X) is obtained as follows. Let EM be 
the unit element of the field A / M and let X be the coset in A / M which contains x. 
Then hM(X) is the complex number Ax such that X = AxEM. 

If x is held fixed and M varies, h M (x) defines a function x on the set M of all 
maximal ideals by the formula 

x(M) = hM(X), ME M. (5.3) 

The function x is sometimes called the Gelfand transform of x. 
It is customary to introduce a certain topology on M which makes the functions 

x continuous, and M a compact Hausdorff space. The space M then becomes the 
so-called maximal ideal space associated with A. In the case of the Wiener algebra, 
the maximal ideal space can be identified with the circle C(O, 1). 
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6 Application to the Banach Algebra Aw = (Lw, C) 

If a Banach algebra does not have a unit element one can adjoin one. We describe the 
procedure for the case of the algebra LU) = LL of Section 4, but the construction is 
quite general. 

LU) can be extended to the algebra A = AU) = (LU), C), whose elements have the 
form F = (f, A), with f E LU) and A E C. Addition and multiplication by scalars are 
carried out componentwise in A. The algebra LU) is represented in A by the elements 
(f, 0), while the elements (0, A) represent the field C. Identifying (f,0) with f and 
(0, A) with A, the general element (f, A) E A can be written as the sum 

(f, A) = (f, 0) + (0, A) = f + A. (6.1) 

Multiplication or convolution in A = AU) is defined in accordance with this formula: 

where f * g is formed in LU). The element (0, 1) acts as unit element e. Finally, AU) 
is made into a Banach algebra by setting 

IIFII = 1I(f, 1..)11 = IIfII + 11..1· (6.3) 

We will see that in the case of the Banach algebra A = AU) = (LU), C), the Gelfand 
transform of F = (f, A) is related to the complex Fourier transform of f. Let M be 
a maximal ideal in AU). By formulas (5.3) and (6.1), 

Observe first that LU) is a maximal ideal in AU); it is the kernel ofthe homomorphism 
which maps the elements F = (f, A) onto A. The following theorem characterizes 
the other maximal ideals. 

Theorem 6.1. Let M be any maximal ideal in AU) different from LUJ> and let a and 
b be the indices associated with the weight function w by formula (4.3). Then there 
is a complex number ZM = XM + iYM with a ::::; YM ::::; b such that for all elements 
F = (f, A) E AU), 

(6.5) 

M consists of those elements F = (f, A) E AU) for which 

def A 

F*(Z) = f(z) +1.. isequalto 0 at Z=ZM. (6.6) 

Conversely, the elements F = (f, A) E LU), whose transforms F* satisfy an equation 
(6.6)for some fixed number Z = x + iy with a ::::; y ::::; b,form a maximal ideal in AU). 
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Since the maximal ideals different from Lw are in one-to-one correspondence 
with the points z = x + iy of the closed strip a :s y :s b, one may use the name 
'Gelfand transform' also for F*. 

Proof of the Theorem. Because M f= Lw, M must contain elements F = (f,O) = f 
withhM(f) f=0.By(5.2),lhM(F)I:s IIFII = IIfII+IAI,sothatby(6.4)withA=0, 
I h M (f) I :s II fII· Thus h M defines a continuous linear functional on the space Lw of 
norm :s l. Hence there is a function cfy = cfyM in the dual space Lr;}, with 

such that 

Icfy (t) I 
ess sup -- = IIcfylloo = IIhMIl :s 1, 

w(t) 

hM(f) = k. f(t)cfy(t)dt, V f E Lw. 

What else can we say about cfy? One has 

{ f(t)g(u)cfy(t + u)dtdu = ( f(v - u)g(u)cfy(v)dvdu 
J~2 J~2 

= hM(f * g) = hM(f)hM(g) = k. f(t)cfy(t)dt k. g(u)cfy(u)du 

= ( f(t)g(u)cfy (t)cfy (u)dtdu. 
J~2 

(6.7) 

(6.8) 

Since this holds for all f and g in Lw, in particular for piecewise constant functions 
with compact support, one concludes that 

cfy(t + u) = cfy(t)cfy(u) for almost all points (t, u) E ll~? (6.9) 

It may actually be assumed that cfy is continuous; see the end of the proof. Thus the 
equality in (6.9) holds for all t and u. It readily follows that 

cfy(t) = cfyM(t) = ect for some constant C = CM E Co 

Writing CM = -iZM = -i(XM + iYM), we finally use the inequality from (6.7), 

Icfy (t) I 
IIcfylloo = ess sup -- :s l. 

w(t) 

It shows that eYMt :s w(t) almost everywhere or YMt :s logw(t). Using the limit 
relations in (4.3) with t instead of u, one concludes that 

(6.10) 

Formula (6.5) follows by combining (6.4), (6.8) and (6.10). 
Since the elements F = (f, A) EM form the kernel of hM, they may be charac

terized by the relation 
(6.11) 
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We still have to show that the elements F, whose transforms F* satisfy an equation 
F*(z) = 0 for a fixed number z = x + iy with a :::: y :::: b, form a maximal ideal in 
A",. Let F = (f, A) and G = (g, fL) be in A",. Omitting the fixed argument z, one 
has the relations 

(F + G)* = (f + g + A + fL)* = (f + gt + A + fL = F* + G*, 

(F * G)* = {(f + A) * (g + fL)}* = (f * g + Ag + fLf + AfL)* 

= (f * g + Ag + fLft + AfL = (j + A)(g + fL) = F*G*; (6.12) 

cf. (6.1), (6.2). That (f + gtand (f * gtare well defined at z follows from Section 4. 
Thus the elements F E A", with F* = 0 at z form an ideal. That this ideal is maximal 
follows by the same argument as we used at the beginning of Section 3. 

It remains to verify that ¢ can be taken continuous. By (6.7) and (6.8) one may 
assume that ¢ is locally bounded. By (6.9) there is a subset E C lR of measure 0 
such that for t E lR \ E, there is equality in (6.9) for almost all u. Since ¢ is not 

equivalent to the zero function, there is an interval (c, d) such that fed ¢ (u)d u -I O. 
For t E lR \ E, we may integrate relation (6.9) over c < u < d to show that 

j d+l jd fd 
¢(v)dv = ¢(t + u)du = ¢(t) ¢(u)du. c+l c c 

It follows that ¢ can be made continuous by changing its values on a set of measure 
0, and this does not affect (6.8). 

7 Regularity Condition for Lw 

In this and the next section we will use Shilov's method of regular Banach algebras 
[1940], [1947]. Such algebras are characterized by a separation property involving 
the Gelfand transforms; cf. also Gorin's exposition [1978]. The algebra L", is called 
regular if for every point Xo E lR and every number 8 > 0, there is a function f E L", 
such that 

j(xo) -10, while j(x) = 0 for Ix - xol ~ 8. (7.1) 

Theorem 7.1. Let w be a standard weight function as in (4.1). Then condition (4.6), 
that is, the condition of non quasi-analyticity 

i Ilogw(t)1 
-'-----=------;;-2 -d t < 00, 

IF!. 1 + t 
is sufficient for the regularity of L",. (The condition is also necessary.) 

(7.2) 

The sufficiency of condition (7.2) in Theorem 7.1 may be derived from a theorem of 
Paley and Wiener [1934] (theorem 12) which we formulate as follows. 
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Theorem 7.2. Let g E L2 be nonnegative but not equivalent to O. Then there are an 
L 2 function h and a constant B such that I hi = g and h (x) = 0 for x :::: B if and 
only if 

{ Ilogg(t)l dt < 00. 

lJR 1 + (2 
(7.3) 

Proof of Theorem 7.1. For a weight function w as in (7.2) we apply Theorem 7.2 to 
the function 

1 1 
get) = 1 + w(t) + w( -t) I + t 2 . 

(7.4) 

This g is in Lw n LIn L 2 and it satisfies condition (7.3). If hand B are as in Theorem 
7.2 for our function g, then h is continuous and one may assume that hex) f=. 0 for 
values of x arbitrarily close to B. Now let 8 > 0 be given. Multiplying h(t) by a 
suitable exponential eict if necessary, one may assume that h(O) f=. 0 and hex) = 0 
for x :::: 8. 

For the proof of Theorem 7.1 it is enough to construct a function f E Lw such 
that (7.1) holds with Xo = 0: if f is in Lw then so is f(t)e ict . Now take fl such that 
If II = g, 11(0) f=. o and II (x) = o for x:::: 8. Define h(t) = fl (-t). Then 1121 = g, 
12(0) f=. 0 and 12(X) = 0 for x ::::: -8. Finally set f = fl * h so that I = IL!2. 
Since the functions fj are in Lw so is f; furthermore ICO) f=. 0 and I(x) = 0 for 
Ix I :::: 8. It follows that Lw is regular. 

We indicate why condition (7.2) is necessary for the regularity of Lw. The key is 
provided by the following 'quasi-analyticity' result of Levinson [1936], [1940]; cf. 
also Koosis [1988-92]. Let f ELI be such that 

log IfCt)1 ::::: -eCt) as t ~ 00, 

where e is a positive increasing function such that 

foo e(t) _ 
2 - 00. 

I t 

Then the Fourier transform I cannot vanish on an interval unless it vanishes identi
cally. One may deduce that under some mild conditions on 0), the algebra Lw fails 
to be regular if the integral in (7.2) is divergent; cf. Vretblad [1973]. For the general 
case see Domar [1981], Dales and Hayman [1981]. 

THE MAXIMAL IDEALS IN Aw. Let the regularity condition (7.2) be satisfied. In this 
case the indices a and b in (4.3) must be equal to O. It now follows from Theorem 
6.1 that all maximal ideals in A = Aw different from Lw have the form Me; for some 
a E R Here Ma consists of the elements F = (f, A) such that ha (F) = I (a) + A = O. 
It is convenient to denote the maximal ideal L(v by Moo; the homomorphism with 
kernel Moo is given by hoo(F) = hoo{(f, A)} = A. Under the usual topology, the 
maximal ideal space M of Aw is homeomorphic to the one-point compactification 
IRe = IR U roo} of R In the following we identify M with IRe, and F of (6.4) with 
F* of (6.6). 

Every proper ideal I C A belongs to one or more maximal ideals Ma. 
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Definition 7.3. The set of all maximal ideals Ma which contain I will be called the 
hull H(I) of I. Equivalently one can consider H(I) as the zero set Z(i), the set 
where the Gelfand transform F = F* of every element F E I is equal to zero (the 
'skeleton' of I in the Russian literature). 

By the continuity of the functions F*, the hull H(I) = Z(1) is a compact set 
SCIRe. If I is closed, I consists of all elements F E A whose Gelfand transform 
vanishes on the hull S; we write I = I (S). If I has hull S one also says that I belongs 
to the set S. Note that if I belongs to the point {oo}, I is contained in Lw. 

8 The Closed Maximal Ideals in Lw 

Let w be a weight function as in (4.1) which satisfies the regularity condition (4.6) = 
(7.2), so that the maximal ideals Ma in A = Aw = (Lw, q are in one-to-one 
correspondence with the points a of IRe = IR U {oo}. For the determination of the 
closed maximal ideals in Lw and the proof of Beuding's Theorem 4.1, it is convenient 
to consider minimal ideals in A in the sense of Shilov [1947]. Other references for 
this section are Gelfand, Raikov and Shilov [1964/01], and Dunford and Schwartz 
[1963/88]. 

Theorem 8.1. Among the ideals I C A that belong to the point {oo}, or to another 
compact set SCIRe, there is a minimal ideal J = J(oo), or J(S), respectively. 
It consists of all elements F E A whose Gelfand transform F vanishes on some 
neighborhood of{oo}, or of S. 

For the proof we restrict ourselves to the case S = {oo}. We need 

Proposition 8.2. Let I be any ideal in A belonging to {oo} and let K be any compact 
set in IR. Then there is a function u E I whose Fourier transform u is equal to 1 at all 
points of K. 

Proof. Since I belongs to the point {oo}, it is contained in no maximal ideal other 
than Moo = Lw. Let J be the ideal I(K) belonging to K. Then the hull {oo} of I 
is disjoint from the hull K of J. Now form the ideal I + J consisting of all sums 
u + v with u E I and v E J. This ideal cannot belong to any maximal ideal Ma of 
A. Indeed, suppose that ha(I + J) = ha(I) + ha(J) = 0, or 

ha(u + v) = haCu) + haCv) = 0 for all u E I and all v E J. 

Then ha(I) and ha(J) must both be 0 since one can take v = 0 here, and similarly 
u. However, ha(I) = 0 only if a = 00 and ha(J) = 0 only for a E K. 

Since the ideal I + J does not belong to a maximal ideal, it follows from Propo
sition 2.2 that it coincides with A. In particular I + J must contain the unit element 
e of A: 

e = u + v with u E I and v E 1. 

Hence for any point a E K, 

1 = haCe) = haCu) + haCv) = uCa) + O. 
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Proof of Theorem 8.1. Let I C A be any ideal belonging to {oo}, so that I C Lw. Let 
J consist of all functions I E Lw whose Fourier transform j has compact support 
(in JR). Fixing such an I, we have to show that it belongs to I. Let K = supp 1. By 
Proposition 8.2, there is a function u E I such that £l(a) = 1 for all a E K. Thus 

(u * Ina) = £l(a)j(a) = j(a), Va E K. 

The same equality holds for a outside K = suppj, because then j(a) = O. Hence 

I = u * I, so that I E I, 

as had to be proved. 

For the proof of Beurling's Approximation Theorem 4.1 we restate it as follows. 

Theorem 8.3. Let w be a standard weight function as in (4.1) which satisfies the 
condition (4.6) = (7.2) olnonquasi-analyticity, so that Lw is regular. Let I be any 
ideal in Lw. Then the closure 01 I coincides with Lw if and only if the zero set Z(i) 
in JR is empty. 

Proof. The ideal I can also be considered as an ideal in A = Aw = (Lw, C); cf. 
formula (6.2). In particular I is contained in a maximal ideal Ma of A. 

First suppose that Z(i) contains a point a E R Then I belongs to the corre
sponding maximal ideal Ma, which consists of all elements F = (f, A) such that 
F(a) = j(a) + A = O. In particular Ma contains the closed ideal M~ of all elements 
(f, 0) = I E Lw whose Fourier transform j vanishes at a. The ideal M~ is a maximal 
ideal in Lw; cf. the argument at the beginning of Section 3. Since M~ = Ma n Lw it 
contains I. In particular I =1= Lw. 

Next suppose that Z(i) n JR is empty. Then I is contained only in the maximal 
ideal Moo = Lw of Aw. In other words, I belongs to the point {oo}, or equivalently, 
H(/) = Z(i) = {oo}. Since Lw is regular, Theorem 8.1 now shows that I must 
contain the minimal ideal J = J (00), which consists of all functions I E Lw whose 
Fourier transform has compact support (in JR). 

To complete the proof that I = Lw we use the continuous linear functionals test 
(Hahn-Banach theorem) to show that J = Lw. The continuous linear functionals I 
on Lw have the form 

l(f) = l¢(f) = ll(t)¢(t)dt, with ¢ E LC::; (8.1) 

cf. Section 4. Suppose then that I¢ (f) = 0 for every function I E J. Since j is 
translation invariant, I E J implies that I(t)e- ixt E J for all x E R We choose an 
ItO. Since j has compact support, I is the restriction of an entire function (cf. the 
easy part of the Paley-Wiener theorem), hence I(t) =1= 0 almost everywhere. By our 
hypothesis, L I(t)e-ixt¢(t) = 0, V x E R (8.2) 

Thus I(t)¢(t) = 0 almost everywhere and hence ¢ == O. Conclusion: the only 
continuous linear functional I on Lw which vanishes on J is the zero functional. Thus 
J is dense in Lw. so that I = J = Lw. 
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Corollary 8.4. Assuming that Lw is regular, the closed maximal ideals in Lw are the 
ideals M~ described above, with a E R 

Remark 8.5. Dales and Hayman [1981] have given a proof of Theorem 8.3 by com
plex analysis. Their work extends a method used by Esterle [1980] for the case of the 
ordinary Wiener theorem. It also makes use of a result for a class of rapidly growing 
analytic functions on the unit disc by Hayman and Korenblum [1976]. 

9 Related Questions Involving Weighted Spaces 

We consider 'Beurling algebras' Lw, weighted L I spaces under convolution as in 
Section 4. In their study one distinguishes three cases, depending on w. 

(i) The nonquasi-analytic case, characterized by the condition 

. def~ Ilogw(t)1 
J (w) = 2 dt < 00. 

IH'. 1 + t 
(9.1) 

In this case the indices a and b of (4.3) are both equal to O. The quasi-analytic case, 
given by j (w) = 00, gives rise to two separate cases. 

(ii) The analytic case, given by the condition a < b. 
(iii) The nonanalytic, quasi-analytic case, characterized by j (w) = 00 and a = b. 
In all three cases the maximal ideal space is homeomorphic to the closed strip 

a ::: Re z ::: b. From the Tauberian point of view one would like to know when there 
are closed ideals associated with the point 00. Many authors have studied the primary 
ideals, closed ideals which are contained in at most one maximal ideal. 

Beurling's theorem implies that there are no primary ideals at 00 in the nonquasi
analytic case. Nyman [1950], Korenblyum [1956], [1957a], [1957b], [1958], [1960], 
GeYsberg and KonjuhovskiY [1971], Vretblad [1973] and Hedenmalm [1985] found 
and described primary ideals at infinity for large classes of weights. Domar [1983] 
proved that in the quasi-analytic case, there are always nontrivial primary ideals at 
infinity, hence there can be no analog to Theorem 3.3 in this case. Nyman was the first 
to give a necessary and sufficient condition on a function f in a certain nonregular 
algebra Lw, under which its translates span the algebra. If wet) = eeltl with c > 0, 
the Fourier transform j (x + i y) must not only be free of zeros in the closed strip 
(Iy I ::: c), but log I j (x + iy) I must be o(eJrlxl /(2c») as x -f ±oo; cf. also Korenblyum. 
There are recent applications to Tauberian theory; see Bingham and Inoue [1997], 
[1999], [2000c] . 

Additional references are Wermer [1954], GurariY [1976] and his survey [1998], 
Borichev and Hedenmalm [1995], Nikolski [1995], Carleson [1997], Frennemo 
[1999], [2002], Reiter and Stegeman [2000], Rolewicz [2000]. 

There are extensions of the results to other locally compact Abelian groups. 

lOA Boundedness Theorem of Pitt 

The theorem in question applies to rapidly decreasing kernels that are sufficiently 
close to 'difference kernels'. We begin by making this precise. 
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Definition 10.1. We will say that the kernel 1 (x, y) is well-approximated by the 
difference kernel K (x - y), relative to the weights e-u(x-y) with 0 ::: u ::: d, if the 
products 1 (x, x - z)e-UZ and K (z)e- UZ are majorized by a fixed L 1 function K* (z) 
for x E JR and 0 ::: u ::: d, and if the function 

p(x) = sup r Il(x, x - z) - K(z)le-UZdz 
O:,::u:,::d Jfit 

is bounded on JR and tends to 0 as x -+ 00. 

(10.1) 

For such kernels one has the following 'boundedness theorem'; see Pitt [l938a], 
[1958] (section 4.3) for the case ¢ == O. 

Theorem 10.2. Let d be positive, let 1 (x, y) be well-approximated by K (x - y) 
relative to the weights e-u(x-y) with 0 ::: u ::: d, and let K (z)e- UZ be a Wiener kernel 
forO::: u ::: d. Let S(y) = Of or y < 0 and 

S(y) = O(euy ) for y ~ 0 and some number u < d. (10.2) 

In addition, let S be slowly decreasing or satisfy the step function condition on JR 
(Definition Il.2.3). Finally suppose that 

G(x) = 1 lex, y)S(y)dy = O{e¢(x)} for x ~ 0, (l0.3) 

where ¢ is nonnegative, nondecreasing and differentiable, with ¢' (x) "'" 0 as x -+ 00. 

Then S(y) = O{e¢(Y)}. 
IfG is boundedfor x ~ 0 (so that S is bounded) and 

1 lex, y)S(y)dy - A 1 lex, y)dy -+ 0 as x -+ 00, (10.4) 

then Sex) -+ A as x -+ 00. 

The proof uses Pitt's method and consists of several steps which can be found in 
Sections 11-13. An important ingredient is the following refined form of Wiener's 
division theorem relative to convolution, which is due to Pitt [1958] (section 4.1). 

Theorem 10.3. Let Hand K U be in Ll (JR) with IKU(x)1 ::: K*(x) E Ll(lR)for u in 
an index set I. Suppose that for the Fourier transforms, fj (t) = 0 for I t I > A and 
IKuet)1 ~ m > Of or It I ::: A and u E I. Then there are Ll functions QU and an Ll 
function Q* independent of u such that for all u E I, 

(10.5) 

The proof of Theorem 10.3 depends on careful analysis of the standard proof 
for Wiener's division theorem given in Section 11.9; d. Hardy [1949] or Pitt [1958]. 
The quotient QU is obtained as a sum of local quotients. For fixed numerator Hand 
fixed u, the number of local quotients and their norms depend only on the modulus 
of continuity of K U and on min IKu(t)1 for It I ::: A. The modulus of continuity can 
be bounded in terms of K*. 
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11 Proof of Theorem 10.2, Part 1 

Let J, K, S, G and ¢ be as in Theorem 10.2. Then ¢(x) = o(x) as x -+ 00, hence 

G(x) = l J(x, y)S(y)dy = O(eCX) as x -+ 00, VE: > O. (11.1) 

Having (10.2), we let b be the infimum of the positive numbers u for which S(y)e-uy 

is bounded. We wish to prove that b = 0 and suppose for the time being that b > O. 
Using Pitt's method [1958] (section 4.3), we will show that this supposition leads to 
a contradiction. For the proof we focus on numbers a E (0, b) and c E (b, d) which 
are so close together that 2c - a ::: d. 

STEP 1. Consider the following bounded functions (which vanish for y < 0 and at 
+(0): 

and set 
sup ISk(y)1 = Mk = Mk(C). 

y 

(11.2) 

(11.3) 

Suppose for a moment that it has been shown already that for some numbers a 

and c as above, the sequence 

{Mk(C - a)k / k!} is bounded, with supremum M, say. (11.4) 

Then for y :::: 0 

so that for 0 < e < 1 

IS(y)le- cy f {(c - :?ye}k ::: 1 ~ e' IS(y)l::: 1 ~ e e{ea+(l-e)cjy. 
k=O 

Here one can choose e such that ea + (l - e)c < b, but in view of the definition of 
b, this contradicts the assumption b > O. In other words, if we prove (11.4), we can 
conclude that b = O. The proof of (11.4) will run through Section 12. 

STEP 2. In order to establish (11.4) for small c - a we suppose that it is false. Then 
one can choose arbitrarily large n for which 

Mk(C - a)k Mn(c - a)n 
---- < , k = 0, 1, ... , n - 1. (11.5) 

k! n! 

In the sequel we consider only such special n. For those, 

n-l ( ) n-l k n k 
'" n Mklzl n- k < M '" I(c - a)zln- = M '" ICc - a)zl 
~ k . - n ~ (n _ k)! n ~ k! 
k=O k=O k=l 

::: Mn{e(c-a)lzl - I}. (11.6) 
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By the definition of G and (11.2), 

G(x)e-Cxxn = i lex, y)e-c(x-y){y + (x - y)}ne-C}S(y)dy 

= i lex, y)e-c(x-y) ~ G)(X - y)n-kSk(y)dy. (11.7) 

Let us set supx:::o IG(x)le-ax = Ca; cf. (ll.l). Then by (11.7) and (11.6), for x::: 0, 

Ii lex, y)e-c(x-y) Sn(Y)dyl 

:s IG(x)le- CX xn + i Il(x, y)le-c(x-y) ~ G}x - yln-k Mkdy 

C -(c-aJx n + M [Il( )1 -c(x-y) ~ {(e - a)lx - yW-k 

:s a e X n Jffi. x, y e ~ (n _ k)! 
k=O 

:s Ca { n }n + Mn [ Il(x, x - z)le-CZ(e(c-aJlzl - l)dz. (11.8) 
(e-a)e Jffi. 

STEP 3. We now introduce the convolution 

Tn(x) = Tn,c(x) = Ke-c' * Sn,c(x) = i K(x - y)e-c(x-YJSn.c(y)dy. (11.9) 

By the hypotheses, the functions K (z)e- UZ and I (x, x - z)e-UZ are majorized by 
a fixed Ll function K*(z) for x E lR and 0 :s U :s d; cf. Definition 10.1. Setting 
II K* II = C we thus have in particular 

ITn(x)l::: CMn = CMn(e), 'ix, 'in:::: 0, 'ie E (b,d]. (11.10) 

We use (11.8) and relation (10.1) to estimate I Tn (x) I forlarge x and (our special) n: 

ITn(x)1 = Ii {K(x - y) - lex, y)}e-c(x-yl Sn.c(y)dy 

+ i lex, y)e-C(X-YJSn.c(y)dyl 

:s MnP(x) + Ca(n/{(e - a)e})n 

+ Mn L Il(x, x - z)le-CZ(e(c-allzl - l)dz. (1Lll) 

By the hypotheses the first term on the right is Mn . 0(1) as x -+ 00. The second 
term is o{n!/(e - a)n} as n -+ 00, which by (11.5) is o(Mn). Forlarge x, the integral 
I = I (x, a, c) at the end can be made arbitrarily small by making e - a small. Indeed, 

e-CZ(eCc-aJlzl _ 1) < {e-az ~f z ::: 0, 
e(2c-a)lzl :s e-dz If z < O. 
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Hence 

I :5 ~ Il(x, x - z) - K(z)l(e-az + e-dZ)dz + ~ IK(z)le-CZ(e(c-allzl - l)dz. 

By (10.1) the first integral here is bounded by 2p(x). The final integral tends to 0 
as c - a --+ 0 by dominated convergence: the integrand is majorized by 2K*(z). 

Combining these results we conclude that for given TJ > 0, one can fix c - a so small 
that 

ITn(x)1 :5 TJMn for all large x and (special) n. (11.12) 

12 Theorem 10.2: Proof that S(y) = O(eey ) 

STEP 4. On our way to a proof of (11.4) we next use Pitt's Division Theorem 10.3. 
Let H be the Fejer kernel for ~, 

1 - cos AX 
H(x) = DA(x) = AD(h) = Jrh2 ' 

where A > 0 will be taken large. The Fourier transform th(t) is equal to 1 - Itl/A 
for I t I :5 A and equal to 0 for I t I > A; cf. Example II. 7 .1. For 0 :5 u :5 d, the products 
KU(x) = K(x)e-UX are majorized by the L' function K*(x) which is independent 
of u. Also by the hypotheses, the Fourier transforms IKu(t)1 = IK(t - iu)1 have a 
positive minimum m = mA for 0 :5 u :5 d, It I :5 A. Hence by Theorem 10.3 there 
are L' functions Q~, as well as an L' function Qt independent of u, such that 

DA(x) = ~ K(x - y)e-u(x-Y)Q~(y)dy, with IQ~(Y)I :5 Qt(y). (12.1) 

Thus for u = c and by (11.9), where we write Sn for Sn,c, 

IDA * Snl = IKe-C' * Q~ * Snl = IQ~ * Tnl :5 Qt * ITnl· (12.2) 

Let £ E (0,1) be given and take TJ = £/IIQtll. By (11.10) and (11.12), the last 
convolution may then be estimated as follows: 

{ Qt(y)ITn(x-y)ldY:5 { Qt·CMndy+ ( Qt·TJMndy :5 2£Mn, (12.3) 
JJR J1yl>y J1yI::oY 

provided Y has been suitably chosen and x and n are large. 

STEP 5. We finally use the Tauberian condition. By the hypotheses SO is slowly 
decreasing or satisfies the step function condition on R In the former case there is a 
number 8 > 0 such that for all large x, S(y) - Sex - 8) :::: -£ for x - 8 :5 y :5 x + 8. 
In the latter case S is piecewise constant, and the intervals of constancy all contain 
an interval of the form [x - 8, x + 8] with fixed 8 > O. Taking our special n large, 
we now consider numbers x' for which ISn(x')1 :::: (1 - £)Mn. Notice that by (11.2), 
(11.3) and (11.5) 
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ISn(x')1 = IX'Sn-l(X')1 ::::X'Mn-l ::::x'(e-a)Mn/n, 

so that 
x' ~ (1 - e)n/(e - a) ~ n/d when e is small. 

Let us assume for definiteness that Sn (x') > O. We then let x' be the initial point 
of an interval x - 8 :::: y :::: x + 8 as above. (Otherwise we take x' = x + 8, and then 
use the inequality x' ~ n / d to estimate (y / x,)n from below in the next lines.) For y 
in such an interval, 

Sn(Y) = yne-cyS(y) ~ yne-cy{S(x') - e} 

~ e-2co Sn(x') - e{n/(eeW 

~ e-2CO (1 - e)Mn - eMn ~ e-4do Mn 

when e is small and n is large. Recalling that fIR D)"(z)dz = 1, we thus find 

[ D).,(x - y)Sn(y)dy ~ r+8 D).,(x - y)e-4do Mndy 
JIR Jx-o 

_(jX-O + tx) )D).,(X _ y)Mndy 
-00 Jx+o 

= e-4do Mn i: D)., (z)dz - Mn (1 -i: D)., (Z)dZ) 

= (0 +e-4do ) I:: D(z)dz -1)Mn' 

Combination with (12.2) and 02.3) gives 

(0 +e-4do ) I:: D(z)dz -l)Mn:::: 2eMn 

(12.4) 

for large n. But this is impossible if e (and possibly 8) is small and A is taken large, 
because fIR D(z)dz = 1. 

This contradiction establishes (11.4), so that b = 0 by Step 1. It follows that 
S(y) = O(ecy ) for every number e > O. 

13 Theorem 10.2: Proof that S(y) = O(eq,(y)} 

STEP 6. Recall that the function G(x) in 00.3) is O{e<P(x)} for x ~ 0, where cP is 
nonnegative, nondecreasing, differentiable and such that cP' (x) ~ 0 as x -+ 00. Thus 
we have an inequality 

sup e-cx IG(x)1 :::: B max e<!>(x)-cx = B1/I(C), say, Ve > O. (13.1) 
X~o X~O 

Here 1/I(e) is nonincreasing, and for every large x there is a value of e [namely, 
e = cP' (x)], for which e<P(x)-cx = 1/1 (e). By (11.2), 01.3) and Section 12, 

Mo(e) = sup ISo,c(y)1 = sup e-cYIS(y)1 < 00, Ve > O. (13.2) 
Y Y 
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We wish to prove that e-¢(Y) S(y) is bounded. Suppose then that e-¢(Y) S(y), which 
is bounded on finite intervals, is unbounded for y ~ 00. This will imply that 
Mo(e)/1/f(e) is unbounded for e "" 0. Indeed, let e-¢(Yk)IS(Yk)1 ~ 00 where 
Yk ~ 00. Then by (13.1) and (13.2), for Ck = ¢'(Yk) ~ 0, 

(13.3) 

In particular the function Mo(e) will be unbounded, and being nonincreasing, must 
tend to 00 as e "" 0. Hence the values x' of x for which e-cx IS(x)1 is close to Mo(e) 

must tend to 00 as e "" 0. 
By (11.9) and the first part of (11.l1) with n = 0, and in view of (13.1), (13.2), 

ITo(x)1 = IKe-c, * SO,c(x)1 :s Mo(e)p(x) + e-cxIG(x)1 

:s Mo(e)p(x) + B1/f(e), V x 2: 0. 

Combining this inequality with (12.2) for n = ° one obtains 

1£ DA(x - Y)So,c(Y)dyl = 1£ Q~(y)To(x - Y)dyl 

:s Mo(e) £ Qt(y)p(x - y)dy + B1/f(e) II Qtll. 

(13.4) 

(13.5) 

Now let s E (0, 1) be given. Recall that p(x) in (10.1) tends boundedly to ° as 
x ~ 00. Also using (13.3), we thus find that the right-hand side of (13.5) is less than 
sMo(e) when x is large and e of the form Ck is small. 

Knowing that the values of x' for which ISo,c(x')1 is close to Mo(e) are relatively 
large when e is small, we use the Tauberian condition as in Section 12. It follows that 
there are intervals x - (; :s y :s x + (; with large x throughout which I So,c (y) I 2: 
(1 - s)Mo(e). As a result 

1£ DA(x - y)SO,c(y)dyl 

2: jX+O DA(x - y)(1 - s)Mo(e)dy - Mo(e) (1 - fO DA(Z)dZ) 
x-o -0 

= {(2 - s)Mo(e)} i: DA(z)dz - Mo(e). (13.6) 

Combination of (13.5) and (13.6) shows that for small e = Ck, 

((2 - s) I:: D(z)dz - I)Mo(e) :s 2sMo(e). 

However, this is impossible if s and possibly (; is small and A is taken large. 
The contradiction proves that S(y) = O{e¢(Y)}. 

COMPLETION OF THE PROOF OF THEOREM IO.2. We now turn to the final statement 
in Theorem 10.2. By the hypotheses JIRIJ(x, y) - K(x - y)ldy ~ ° as x ~ 00. 
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Furthermore G is bounded so that we may take ¢ = 0, hence by the preceding, S too 
is bounded. Thus 

l {lex, y) - K(x - y)}{S(y) - A}dy ---+ 0 as x ---+ 00. 

By hypothesis (l0.4) one has flR J(x, y){S(y) - A}dy ---+ 0, hence 

l K(x - y){S(y) - A}dy ---+ O. 

Under a Tauberian condition as in the Theorem, the final relation implies that S(x) 

tends to A as x ---+ 00; see the Wiener-Pitt Theorem 11.8.4. 

14 Boundedness Through Functional Analysis 

Systematic use of functional analysis in summability theory was initiated by the Polish 
functional analysts, notably Mazur [1930], Banach [1932], Mazur and Orlicz [1933], 
[1955]. The work was extended by Zeller [1951a], [1951 b], [1953a], [1953b], [1953c], 
[1956] in Germany and by Wilansky in the United States; cf. the latter's book [1984] 
for references. For matrix methods, the limitable sequences form what Zeller called a 
'Frechet-coordinate space' or F K -space; cf. the brief reference in Kothe [1969] (end 
of section 30). Following Zeller, we give a short introduction to the theory of such 
spaces. 

The basic boundedness principle for Tauberian theory says that the following 
phenomenon occurs in a large class of F K -spaces: 'If there is a divergent sequence 
among the elements of the space, then there is also a bounded divergent sequence 
among its elements' . Thus certain general Tauberian problems, in particular problems 
involving the partial sums of gap series, can be reduced to the case of bounded 
sequences (of partial sums). The final result was the outcome of work by many 
authors: see the articles by Mazur and Orlicz [1955], Wilansky and Zeller [1955], and 
especially Meyer-Konig and Zeller [1956], [1962]. For their proofs, Meyer-Konig 
and Zeller refined the powerful method of the sliding hump (,gleitender Buckel' in 
German); see Sections 18, 19. In a simpler form the method goes back to Lebesgue 
and Toeplitz, 1910-1913. Relatively recent publications include Bennett and KaHon 
[1972], Noll and Stadler [1989], and Swartz [1996]; see also Boos [2000]. 

Fair! y detailed accounts of the theory of F K -spaces can be found in the books by 
Zeller and Beekmann [1958/70], Wilansky [1984], and Boos [2000]. However, the 
more refined applications to Tauberian theorems for gap series have appeared only in 
journal articles. References are given in Sections 20, 21 and Chapter VI. 

15 Limitable Sequences as Elements of an F K -space 

In the following X will denote a sequence space: a linear space whose elements, 
'points' or 'vectors' are semi-infinite sequences 

x = {xn }, n = 0, 1, 2, ... 
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of complex numbers. The element or vector x is called bounded, convergent, divergent, 
... ifthe sequence {xn} is bounded, convergent, divergent, ... in the ordinary sense. 

In the vector space X, we introduce a topology by a countable family of seminorms 
qj: nonnegative, subadditive functionals such that qj (h) = IAlqj (x). The seminorms 
must form a 'separating family': for every vector x =1= 0, at least one seminorm qj 
must be =1= 0; cf. Rudin [1973/91]. Thus the formula 

00 1 qj(x-y) 
d(x,y) = L --..,.----"--

j=o 2J 1 + qj(x - y) 

will define a metric. It is required that the resulting space be complete. Equipped with 
this metric, the space X will be an F -space in the sense of Banach (Frechet space). It 
is called an F K -space if the coordinate or component maps x f-+ Xn are continuous 
(' F -space with componentwise convergence'). 

We now consider summability methods, or more precisely, limitation methods r 
given by semi-infinite matrices r = [Ckn], k, n = 0, 1, ... : 

00 

y = rx means Yk = LCknXn, k = 0,1, .... 
n=O 

(15.1) 

The domain of definition Dr is the set of vectors x for which the numbers Yk in 
(15.1) are well-defined. The effective domain or limitation domain Wr ('Wirkfeld' 
in German) is the subset of Dr which consists of the r -limitable sequences. In other 
words, the vectors x for which the vectors y = rx are well-defined and convergent. 

We always assume that the method r is regular: if Xn ~ A then also Yk ~ A. By 
a classical result which goes back to Toeplitz, r is regular if and only if the following 
conditions are satisfied: 

00 00 

sup L ICknl < 00, LCkn ~ 1 as k ~ 00, 

k n=O n=O 
Ckn ~ 0 as k ~ 00, Vn; 

cf. Banach [1932] (p. 90). More generally one may consider conservative methods 
r, methods which assign some finite limit to every convergent sequence. See Boos 
[2000] for recent work on the subject. 

A matrix method r is called reversible if for every convergent sequence y there is 
exactly one sequence x such that y = rx. For example, a method given by a (lower) 
triangular matrix is reversible if the diagonal elements are different from O. 

The following basic results go back to Mazur and Orlicz [1933], [1955] and Zeller 
[1951a]; see Zeller and Beekmann [1958170] for details and additional references. 

Proposition 15.1. The effective domain Wr of a matrix method r is a separable 
F K -space X under the family of seminorms 

p(x) = sup IYkl 
k 

(where y = rx), (15.2) 
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(k=O,I, ... ), (15.3) 

(n=O,I, ... ). (15.4) 

Remark 15.2. In special cases fewer seminorms may suffice to define the (same) 
topology. If the matrix r is reversible, one can show that the effective domain becomes 
a Banach space (' B K -space') under the norm 

Ilxll = sup IYkl· (15.5) 
k 

Proof of the Proposition (Outline). The set of vectors x for which Ln COnXn con
verges is an F K -space under the seminorms Po and qj, j = 0, 1, .... There is a 
corresponding result for the other rows of r. From this one derives that the domain of 
r is an F K -space under the seminorms (15.3) and (15.4). The seminorm p serves to 
make the effective domain complete. The separability may be derived from the fact 
that the product space X x X x X x ... , in which each factor is furnished with only 
one of the seminorms from (15.2), (15.3) or (15.4), is separable. 

Proposition 15.3. Let X be an F K -space as in Proposition 15.1. Then the continuous 
linear functionals on X have the form 

00 00 

f(x) = I>nXn + l:)kYk + b· lim Yk, 
k--'?oo 

(15.6) 
n=O k=O 

where L anxn converges, y = rx and L Ibk I < 00. 

If r is reversible one may take the coefficients an equal to O. 

16 Perfect Matrix Methods 

A subset E of an F -space X is called fundamental if the finite linear combinations of 
the vectors of E lie dense in X, so that the closed (linear) span of E coincides with X. 

Definition 16.1. A regular limitation method r is called perfect if the vectors 

e ={I,I,I,···}, 

eo = {l, 0, O,,··}, e] = {O, 1,0,···}, 

(16.1) 

(16.2) 

form a fundamental set in the effective domain Wr. More generally, the closed linear 
span of these vectors will be called the perfect part of Wr. 

For every regular matrix method r there is a regular matrix method ,6., whose 
effective domain Wi'. is the perfect part of Wr; cf. Zeller [1956]. The notion of a 
perfect method and related concepts play an important role in consistency theorems; 
see Mazur [1930], Banach [1932], Hill [1937] and the books mentioned in Section 
14. For us the notion is important because of Theorem 16.4 below. 

One may use Proposition 15.3 to derive Mazur's criterion: 
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Corollary 16.2. A regular triangular matrix method r whose diagonal elements are 
1= 0 is perfect if and only if the equations 

00 

L bkCkn = 0, n = 0, 1, 2, ... , 
k=O 

with L Ibkl < 00, imply b = O. 

Examples 16.3. The Cesaro method (C, 1) is perfect. The matrix is 

[ 

1 0 0 0 1 1/2 1/2 0 0 : : : 
1/3 1/3 1/3 0 . . . . 

~~~ .. I.~~. ~~~ .. ~~~ ....... 
Here the system of equations (16.3) takes the form 

bo + bl/2 + b2/3 + b3/4 + ... = 0 
o +bI/2+b2/3+b3/4+··· =0 
o + 0 + b2/3 + b3/4 + ... = 0 
o + 0 + 0 + b3/4 + ... = 0 

hence b = O. 

(16.3) 

As a sequence to sequence transformation, the Euler method has matrix elements 
Ckn = (!) 12k; cf. Section V1.20. In this case the system (16.3) becomes 

00 (k) 1 L n bk 2k = 0, 
k=n 

00 (1 )k-n 
or L k(k - 1) ... (k - n + l)bk 2" = 0, 

k=n 

n = 0, 1,2, .... The final relations say that the function Lg" bkWk (which is analytic 
for Iwl < 1) and its derivatives must vanish at the point w = 1/2, so that b = O. The 
Euler method is perfect. 

The following boundedness principle is basic for the application of F K -spaces to 
Tauberian theory. In the applications X would be the effective domain of a limitation 
method. 

Theorem 16.4. Let X be an F K -space in which the vectors e and ej of(16.1), (16.2) 
together form a fundamental set. Then either every vector x in X is convergent, or X 
contains a bounded divergent vector x. 

The theorem is due to Meyer-Konig and Zeller [1956], [1962]. Predecessors may 
be found in the work of Mazur and Orlicz [1955], and Wilansky and Zeller [1955]. 
Theorem 16.4 will be derived from Theorem 18.1 below. 
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17 Methods with Sectional Convergence 

References for this section are Zeller [1951b], Meyer-Konig and Zeller [1956], and 
Wilansky and Zeller [1956]; cf. also Zeller and Beekmann [1958170]. 

Definition 17.1. One says that an F K -space Xo possesses sectional convergence if 
the vectors eo, el, ... of (16.2) form a basis of Xo. Equivalently, 

x(m) = {xo,···, Xm, 0, O,···} -+ x = {xo,···, Xm, Xm+l,···} (17.1) 

as m -+ 00 for every vector x E Xo. A matrix method r is said to possess sectional 
convergence if the subspace (Wr)o, ofthe vectors x that are limitable to 0, possesses 
sectional convergence. 

It may be derived from Proposition 15.1 that a regular matrix method r has 
sectional convergence if and only if 

sup 1 f CknXn 1-+ ° as m -+ 00, Vx E (Wr)o. 
k n=m+l 

This is equivalent to 'sectional boundedness' in (Wr )0: 

sup 1 'tcknxnl < 00, Vx E (Wr)o· 
k.m n=O 

(17.2) 

(17.3) 

For a regular method r with sectional convergence, condition (17.1) is equivalent 
to 

{xo,···,xm,A,A,···}-+x as m-+oo, VXEWr, (17.4) 

where A = limYk = lim(rx)k. Indeed, (17.4) means that the method r limits the 
vector x' = x - Ae to O. 

Corollary 17.2. A regular method with sectional convergence is perfect. 

Example 17.3. We verify that the Cesaro method (C, 1) possesses sectional conver
gence. Let r be the corresponding matrix, which is reversible (Example 16.3). By 
Remark 15.2, Wr can be considered as a Banach space under the norm 

Ixo + ... +xkl 
Ilxll = sup IYkl = sup . 

k k k + I 

Now take x in (Wr )0, so that Yk -+ 0. Let x(m) be as in (17.1) and set y(m) = rx(m). 
Then 

(m) = { (xo + ... + xk)/(k + 1) if k ::: m, 
Yk (xo + ... + xm)/(k + 1) if k > m. 

We have to show that 

IIx - x(m) II = sup IYk - Am) I -+ ° as m -+ 00. 
k 
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For given E > 0, let ko be so large that IYk I < E when k ::: ko. Clearly Yk - yim) = 0 
for k :::: m, while for k > m ::: ko, 

(m) m + I 
IYk - Yk 1< IYkl + --IYml < 2E. - k+1 

18 Existence of (Limitable) Bounded Divergent Sequences 

In the formulation of Meyer-Konig and Zeller [1956], [1962], the boundedness prin
ciple reads as follows. 

Theorem 18.1. Let X be an F K -space in which the convergent vectors do notform a 
closed set. Then X contains both bounded divergent vectors and unbounded vectors. 

In the applications X will consist of the limitable sequences for a matrix method. 
For the proof of Theorem 18.1 we need some notation and terminology. It is convenient 
to call a vector y eventually constant if the components Yk become constant from a 
certain index on. This is equivalent to saying that y is afinite linear combination of e 
and vectors ej; cf. Definition 16.1. 

If x is a bounded vector, we set 

q(x) = sup IXnl. 
n::'::O 

( 18.1) 

We let S B, SC and S N denote the B K -spaces (Banach spaces with componentwise 
convergence) of, respectively, the bounded sequences, the convergent sequences and 
the null sequences, always under the norm q. 

Several authors have investigated which conservative matrix methods limit no 
bounded sequences besides convergent ones; see for example Garling and Wilansky 
[1972]. This question led to abstract notions of Tauberian operators; cf. Kalton and 
Wilansky [1976]. A bounded linear operator T from a Banach space X to a Banach 
space Y may be called Tauberian if every bounded sequence {xnl C X, for which 
{T Xn leY is weakly convergent, has a weakly convergent subsequence. More recent 
papers on Tauberian operators include Alvarez and Gonzalez [1991], Cross [1992], 
Holub [1993], and Hernando [1998]. 

Derivation of Theorem 16.4 from Theorem 18.1. Let X be as in Theorem 16.4, that 
is, every vector 

DO 

X E X has the form x = ce + LXnen. 
n=O 

Thus x is a limit of eventually constant, hence convergent, vectors y. Suppose now 
that X contains a divergent vector x. Since x can be approximated by convergent 
vectors, the set of the convergent vectors fails to be closed in X. Thus by Theorem 
18.1, X contains a bounded divergent vector. 

Proof of Theorem 18.1 (Meyer-Konig and Zeller [1962]). We assume that X satisfies 
the conditions of the Theorem. 
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STEP I. LetthetopologyinX be given by the sequence of semi norms qj , j = 0,1, .... 
We will show that the seminorms qj may be replaced by an equivalent system of 
seminorms Pk which satisfy the convenient condition (18.4) below. 

Observe that in the F K -space X, the functional x ~ Xo is continuous. Then by a 
general result on continuity of seminorms, there are an integer jo ::: 0 and a constant 
AO > 0 such that 

Ixol :s Ao{qo(x) + ... + qjo(x)}, \:Ix EX; (18.2) 

cf. Zeller [195Ia] (p. 467). We give an independent proof. If (18.2) would be false, 
there would be vectors {x(n)} and constants 0 < A6n) ~ 00 such that 

Replacing each x(n) by a suitable scalar multiple, one may assume that Ixcin) I = 1. 

But then qj(x(n») < IjA6n), j = 0, ... , n. Thus x(n) ~ 0 in X, but xcin) fr 0, a 
contradiction. 

By the same argument, there are h ::: 0 and Al > 0 such that 

we may take h > jo and Al > Ao. Continuing in this way, one obtains indices jk, 
O:s jo < jl < ... and constants Ak, 0 < AO < Al < ... such that 

IXkl :s ).,dqo(x) + ... + % (x)}, \:Ix E X; k = 0,1, .... 

Setting 
Pk(x) = Ak{qO(X) + ... + % (x)}, k = 0,1, ... , (18.3) 

one obtains a system of seminorms Pk which defines the same topology as the family 
{qj}' Thus we may replace the system {qj} by the equivalent system {Pk}; cf. Zeller 
[1953b] (criterion 2.5 and section 7). It is clear that 

po(x) :s PI (x) :s ... ; IXkl:s Pk(X), \:Ix E X; k = 0,1, .... (18.4) 

STEP 2. We next show that to every pair of numbers (B, k), where B > 0 and kENo, 
there is a vector x in X n Sc (hence a convergent vector) such that q (x) = sup IXn I 
is larger than Bpk(X). 

Suppose to the contrary that there is a pair (B, k) such that 

q(x) :s Bpk(X), \:Ix E X n Sc. (18.5) 

Since the set of the convergent vectors in X fails to be closed, there are vectors 
Xn E X n Sc which converge in X to a vector x' ¢. Sc. The vectors Xn form a Cauchy 
sequence in the FK-space X, hence by (18.5), also in the BK-space Sc. Thus Xn 

converges to a vector x* in Sc. The componentwise convergence implies that x* = x', 
which contradicts the condition x' ¢. Sc. 
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STEP 3. One may conclude that to every pair (£, k), £ > 0, kENo, there is a vector 
x in X n Sc such that 

Pk(X) < £, q(x) = 20. (18.6) 

Indeed, by Step 2 with B = 20/£, there is a vector Y E X n Sc such that 
q(y) > (20/£)Pk(y).Sinceq(y) > o one can determine A > o such that q(AY) = 20. 
The vector x = AY will satisfy (18.6). 

19 Bounded Divergent Sequences, Continued 

In the continuation of the proof of Theorem 18.1 we will apply the method of the 
'sliding hump'. 

STEP 4. When £ is small, the vector x in Step 3 has small initial component(s) and one 
or more large 'middle' components; cf. (18.4). Hence the sequence x exhibits at least 
a 'one-sided hump'. We will show that one can find such an x in SN (a null sequence 
x). Then the components eventually become small again; the sequence of components 
exhibits a 'two-sided hump'. The desired vector x will be obtained by combining two 
convergent vectors Y and z as in Step 3 in such a way that the result is a null sequence. 
If Y already has large middle component(s) where z still has small components, the 
combination will have the required hump behavior. More specifically, we will show 
that to every pair (£, k), there is a vector x in X n SN such that 

Pk(X) < £, q(x) = 5. (19.1) 

For the proof, one may take 0 < £ :::: 1 and then choose y in X n Sc such that 
Pk(Y) < £ (hence Iyol < £, "', IYkl < £) and q(y) = 20. We also choose n > k 
such that at least one of the numbers IYk+JI,"', IYnl is larger than 18. Then we 
construct, again as in Step 3, a vector z E X n Sc for which Pn (z) < £ (so that 
Pk(Z) < £, IZk+ll < £,"', IZnl < £) and q(z) = 20. We now take x = AY + ILZ, 
where A and IL are chosen such that x is a null sequence (the vectors Y and z are 
convergent!) and IAI + IILI = 1. Then Pk(X) < £ and 

1 2 
sup IXml>-18--£>5 if 

k<m:sn 3 3 
1 2 

sup IXm I > - - 20 + -19 > 5 
n<m<oo 3 3 

1 
-<A<I, 3 - -

. 1 
If 0::::: A < 3' 

It follows that q(x) > 5. We adjustthis inequality to q(x) = 5 through multiplication 
of x by a suitable scalar. 

STEP 5. After these preparations and following Meyer-Konig and Zeller [1962], we 
construct a bounded divergent vector W E X by the method of the sliding hump; cf. 
Figure V .19. To £ = £0 = 1/20 and k = ko = 0 one forms a null sequence x = Xo as 
in Step 4, so that Pko (xo) < 1/20 and q (xo) = 5. One also chooses a number kJ > ko 
such that IXOk I < 1/20 for k ;:: kl. Since we know that IXOk I ::::: Pk (xo) < 1/20 for 
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(n + 1) 

k 

(n) 

k 

Fig. V.19. Majorants for Xn and x n+ I 

k ::::: ko while q(xo) = sup IXO,kl = 5, one must have kl :::: ko + 2. To 81 = 1/21 
and kl one next forms a null sequence x = XI as in Step 4, so that Pkl (xI) < 1/21 
and q(xI) = 5. One now chooses kz > kl such that IXlkl < 1/21 for k :::: kz; as a 
consequence, kz :::: kl + 2. Continuing in this manner, one obtains a sequence of null 
vectors Xn E X and indices kn such that 

1 
Pkn (xn) < 2n ' q(xn) = 5, 

As a result, cf. (18.4), 

1 
IXnkl < - for k:::: kn+1 :::: kn + 2. 

2n 

max IXnkl = 5. 
kn<k<kn+l 

(19.2) 

(19.3) 

The desired vector w is obtained as the sum w = L~o Xn. It follows from (19.3) 
that the series is convergent in the F K -space X. Indeed, for any given k and for n so 
large that kn :::: k, one has Pk(Xn) < 1/2n. 

The sequence w = {Wk} is bounded. To verify this, we look at a fixed value of 
k and the corresponding element Wk = L~oXnk' We first take k E {kn}, so that 
k = ks, say. Letting n run from 0 to 00, the term Xnk will 'never meet a hump', 
so that IXnkl < 1/2n for all n. Indeed, for n ::::: s - 1, so that s :::: n + 1, one has 
k = ks :::: kn+l, while for n :::: s one has k = ks ::::: kn; the result now follows from 
(19.2) and (19.3). Hence 

IWkl = I Exnkl < 2 for k = ks. (19.4) 
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We next take k rt {kn}, so that ks < k < ks+!, say. For n running from 0 to 00, the term 
Xnk will now meet exactly one hump, namely, for n = s, and then IXnkl ::::: 5. For all 
other values of n one has IXnk I < 1 /2n . Indeed, for n + 1 ::::: s one has k > ks 2: kn+! 
and for n 2: s + lone has k < ks+! ::::: kn. Thus 

IWkl ::::: IXs,kl + L IXnkl < 5 + 2 = 7 for ks < k < ks+l· 
ni=s 

(19.5) 

We now show that the bounded sequence {Wk} fails to converge. Indeed, for every 
integer s 2: 0, the interval (ks, ks+l) contains at least one integer k for which IXsk I = 5; 
cf. (19.3). Selecting such a special number k one will have IXnkl < 1/2n for n i- s as 
before. Hence for the special k 

IWkl 2: IXskl- L IXnkl > 5 - 2 = 3. 
ni=s 

(19.6) 

This holds for infinitely many integers k; combination with (19.4) shows that the 
sequence {wd is divergent. 

STEP 6. Although we will make no use of the fact, we finally observe that X must 
contain unbounded vectors. Suppose to the contrary that X C SB. Now let x* be any 
vector in X which is a limit (in X) of vectors Xn E X n Sc. Then one also has Xn -+ x* 
in the BK-space SB; cf. Zeller [1951a] (theorem 4.5). Observe that Sc is closed in 
SB, hence x* ESC, so that x* E X n Sc. It would follow that X n Sc is closed in X, 
but this contradicts the hypothesis of the Theorem. 

Related more general questions on the existence of unbounded limitable sequences 
were treated by Kuttner and Parameswaran [1994], and Boos and Parameswaran 
[1997]. 

20 Gap Tauberian Theorems 

Following Meyer-Konig and Zeller [1956], [1962], we consider sequence pairs 

(x, a), where Xn = ao + ... + an. (20.1) 

Thus the vector x will be eventually constant precisely if the series L ak breaks off. 
For a given matrix r = [ckn], the limitation method r always denotes the sequence to 
sequence method defined by r. The r -limitable sequences x constitute the effective 
domain Wr, here considered as an F K -space. 

Definition 20.1. Let n = {nk} = {no, n 1, ... } be an increasing sequence of non
negative integers. We say that x or a satisfies the gap condition G(n) if an = 0 for 
ni-no,nl,···. 

A gap Tauberian theorem for rand n is a theorem which asserts the following: 
Vectors x E Wr which satisfy the gap condition G(n) are convergent. In this case the 
gap condition becomes a Tauberian condition for the limitation method r. 
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Definition 20.2. Let r be regular and let n be given. The method r is called n gap
perfect if every vector in Wr which satisfies condition G(n) can be approximated in 
Wr by eventually constant vectors x, which likewise satisfy condition G(n). 

A regular method r will be called gap-perfect if it is n gap-perfect for every 
sequence n. 

Theorem 20.3. Let the method r be regular and n gap-perfect for a certain sequence 
n as in Definition 20.1. Suppose that the gap condition G(n) is a Tauberian condition 
for bounded vectors in Wr. Then it is also a Tauberian condition for arbitrary vectors 
in Wr. 

Proof. The vectors in Wr which satisfy condition G(n) form an F K -subspace Wn of 
Wr. By the hypothesis Wn contains no bounded divergent vectors. Thus by Theorem 
18.1 the convergent vectors in Wn form a closed set. By the hypothesis that r is n 
gap-perfect, every vector in Wn can be approximated by convergent vectors. Hence 
there can be no divergent vectors in Wn . 

Theorem 20.4. A regular matrix method r with sectional convergence is gap-perfect. 

Proof. Let n be any sequence {nkl as above, and let Wn be the subspace of Wr 
consisting of the elements x which satisfy the gap condition G(n). These vectors 
have the form 

no nl-nO n2-nl 
,-'-., ,.-'-, ,.-'-, 

X = {O, ···,0, xno ' ... , Xno ' xnl ,···, Xnl ' Xn2 ' .•. }. 

It now follows from the sectional convergence property that the vectors in Wn can be 
approximated in Wr by eventually constant vectors x(m) which also satisfy condition 
G(n); cf. (17.4). Thus r is n gap-perfect: see Definition 20.2. Since n = {nk} was 
arbitrary, the result follows. 

Example 20.5. The Cesaro method (C, 1) is regular and has sectional convergence 
(Example 17.3), hence it is gap-perfect. 

The higher-order Cesaro methods (C, k) do not have sectional convergence, but they 
are gap-perfect; cf. Zeller [1953cl, Meyer-Konig and Zeller [1956]. 

Definition 20.2 and Theorem 20.3 can be extended as follows. 

Definition 20.6. Let r be regular and let n be given. The n gap-perfect part of Wr 
consists of those vectors in Wr, which can be approximated in Wr by eventually 
constant vectors x that satisfy condition G(n). 

Every vector in the n gap-perfect part of Wr will satisfy condition G(n). 

Theorem 20.7. Let the method r be regular, and let the gap condition G(n) be a 
Tauberian conditionfor bounded vectors in Wr. Then it is alsoa Tauberian condition 
for arbitrary vectors in the n gap-perfect part of Wr. 

The proof is similar to the proof of Theorem 20.3. One need only replace Wn by 
the n gap-perfect part of Wr. 



268 V Extensions of the Classical Theory 

21 The Abel Method 

So far we have only considered sequence to sequence transformations, transforma
tions defined by matrices r = [ckn], k, n = 0,1, .... However, the theory is also 
valid for certain transformations which correspond to the case of a continuous pa
rameter k. Theorem 20.3 can be extended to every method whose effective domain 
is an F K -space; cf. Sections 18, 19. An important example is provided by the Abel 
transformation. Letting x denote the sequence {xn}SO and setting X-I = 0, the trans
formation is given by the function 

00 

F(x, p) = L pn(xn - Xn-I), 0 S P < 1. (21.1) 

n=O 

The effective domain W F consists of the Abel limitable vectors x: the vectors x for 
which F (x, p) is well-defined, and tends to a limit A as p ,/ I. If we set 

(21.2) 

the associated series L:SO an is Abel summable to A: 

00 

F(x, p) = Lanpn -+ A as p,/ 1. (21.3) 

n=O 

We know that the Abel method is regular. Its effective domain W F can be made into 
an F K -space with the aid of the seminorms (norms, actually) 

00 

IIxlio = sup IF(x, p)l, IIxlik = L lanle-n/k , k = 1,2, .... 
O~p<1 n=O 

(21.4) 

Cf. Zeller [1953a], Wlodarski [1955]. 

Theorem 21.1. (Meyer-Konig and Zeller [1956]) The Abel method is gap-perfect. 

Proof. Let x be in WF and satisfy the gap condition G(o) for some sequence 0 

(Definition 20.1). Taking 0 S r < I and an as in (21.2), we define 

x(r) = {xo(r), xI(r), x2(r),···} = {ao, ao + aIr, ao + aIr + a2r2, .. . }. (21.5) 

Notice that x(r) is in W F and also satisfies the gap condition G (0): 

(21.6) 

Assuming, as we may, that the Abel limit A of x is equal to 0, we will show below 
that under the seminorms (21.4) 

x(m)(r) = {xo(r), ... , xm(r), 0, 0, ... } -+ x(r) as m -+ 00, 

x(r) -+ x as r ,/ 1. 

(21.7) 

(21.8) 
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It will follow that x can be approximated in the domain W F by 'finite' vectors x(m) (r) 
that satisfy the gap condition G(n). The conclusion will be that the Abel method is n 
gap-perfect for arbitrary sequences n, hence gap-perfect. 

We first establish (2l.8). One has 

Ilx - x(r) 110 = sup IF(x, p) - F(x(r), p)1 
O:,:p<l 

= sup If anpn - f anrn pn I = sup IF(x, p) - F(x, rp)l· 
p n=O n=O p 

Setting F(x, 1) = limp/'l F(x, p) = A = 0, the function F(x, p) becomes contin
uous for 0 ::: p ::: 1, hence uniformly continuous. Thus Ilx - x(r) 110 ---+ 0 as r ,/ 1. 
The case k 2: 1 is easier: by dominated convergence, 

00 

IIx - x(r)llk = L lan(l - rn)le-njk ---+ 0 as r ,/ I. 
n=O 

Finally, the proof of (21.7). It will be sufficient to consider the O-norm: 

Ilx(r) - x(m)(r) 110 = sup IF(x(r), p) - F(x(m)(r), p)1 
p 

= sup I f anrnpnl::: f lanlrn. 
p n=m+l n=m+l 

For fixed r E [0, 1), the final sum tends to 0 as m ---+ 00. 

The Tauberian theorem for Abel summable power series with Hadamard gaps 
(which is contained in the high-indices theorem of Hardy and Littlewood, Theorem 
1.23.l) is an easy consequence: 

Theorem 21.2. Let the increasing sequence n = (nk}~o of nonnegative integers be 
such that for some number a > 0, 

(21.9) 

Suppose that L8'" an is Abel summable and that an = 0 for n 'I- (nk}. Then the series 
L an is convergent. 

Proof. By the preceding we may apply an analog of Theorem 20.3 to Abel limitable 
vectors such as the vector x, given by Xn = ao + ... + an, n = 0, l, .... Thus it 
is sufficient to show that the gap condition G(n), in which n satisfies (2l.9), is a 
Tauberian condition for bounded Abel limitable vectors s. Now such vectors s are 
also Cesaro limitable; cf. Theorem 1.7.3. We have to show that they converge. 

Suppose then that s = (sn} satisfies condition G(n) and is Cesaro limitable to A. 
Subtracting A from every Sn we may assume that A = O. Then 

s~-l) = So + Sl + ... + Sn = o(n). 
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Now for hk = [and, the integral part of ank, it follows from (21.9) that 

hence 
(-I) (-I) 

hkSnk = snk+hk- I - snk- I = o(nk). 

Conclusion: snk = 0(1), so that the sequence {sn} converges to O. 

Remarks 21.3. A recent paper involving Theorem 21.2 is Tietz and Zeller [1999c]. 
Since Cesaro lirnitability of any order implies Abellirnitability, it follows from Theo
rem 21.2 that the gap condition G(n), with n as in (21.9), is a Tauberian condition for 
(C, k) limitability. Several authors have given independent proofs and obtained refine
ments; cf. Meyer-Konig [1939]. In an 'opposite direction', Krishnan [1975] showed 
(by Wiener-Pitt theory) that the same gap condition works for the generalized Abel 
summability introduced by D. Borwein [1957]. 

In [1956] Meyer-Konig and Zeller also gave a functional-analytic proof of the 
general high-indices theorem for Dirichlet series (Theorem 1.23.1); a further exten
sion is in their paper [1960a]. In the 1956 article they showed, furthermore, that the 
Euler method (Examples 16.3) is gap-perfect. Thus they could prove a gap Tauberian 
theorem for Euler summability, in which the 'right' gaps are square-root gaps: 

(21.10) 

We will derive this result in a different manner; see Section V1.15. Using Theorem 20.7 
and appropriate approximation, Meyer-Konig and Zeller also obtained a restricted 
analog for Borel summability; cf. Section V1.15. 

Certain classical Tauberian theorems, such as Littlewood's theorem, do not seem to 
lend themselves well to treatment by the present methods of functional analysis. Many 
authors have investigated what Tauberian conditions are amenable to the functional
analytic approach. Here we mention articles by Meyer-Konig and Zeller [1978], 
[1981], Jakimovski, Meyer-Konig and Zeller [1981], [1987], Connor [1993], and 
Tietz and Zeller [1998c], [1999a], [1999b]. Additional references for circle methods 
will be given in Chapter VI. 

22 Recurrent Events 

We end the chapter with some Tauberian theorems of different character. The first 
result concerns so-called recurrent events, which we introduce by a classical example. 

Let us consider the 'events E', described by the (failure and prompt) replacement 
of a lightbulb, say the bulb at the front door (which is supposed to be left on all the 
time). Our informal discussion is based on a model for the time-pattern £ of these 
events E. We assume that our lightbulbs have a finite (but variable) positive lifetime, 
measured in suitable units ('days'). A new bulb is installed on day n = 0 and again 
on every day that a bulb fails. Let Pn be the probability that a bulb fails after n days, 
so that 

00 

LPn = 1, Pn::: 0, PO = o. (22.1) 
n=O 
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(We assume the same probability distribution for all bulbs.) Now let qn denote the 
probability that day n is a day of replacement, the day of an 'event'; by our earlier 
assumption, qO = 1. It is assumed that the life-times of the bulbs are 'independent 
random variables'. Hence if there is an event on day k, the probability that there is an 
event on day k + n is always equal to qn. 

An important role is played by the generating functions 

00 00 

P(z) = LPnzn, Q(z) = LqnZn (Izl < 1). (22.2) 
n=O n=O 

Now let n ~ 1. The probability that the event E occurs for the first time on day 
k, 1 :s k < n and again on day n > k is (by our assumption) equal to Pkqn-k. The 
probability that E occurs for the first time on day n is Pn = PnqO. We have mutually 
exclusive cases here for 1 :s k :s n, hence 

(22.3) 

The convolution on the right has generating function P (z) Q(z) because we supposed 
PO = O. Since qO = 1, the generating function for the left-hand side equals Q(z) - 1. 
Equating the two and solving for Q, one obtains the basic relation 

1 
Q(z) = I - P(z) . (22.4) 

The life expectancy of a bulb, or the mean 'recurrence time' in the pattern £ of 
the events E, is equal to 

(22.5) 

For our lightbulbs we may assume that this quantity is finite, but in general J-L may be 
infinite. In our model we exclude the so-called periodic case, where events take place 
only on days 0, m, 2m, 3m, ... for some m ~ 2. The following important theorem of 
integer renewal theory was obtained by Erdos, Feller and Pollard [1949]. 

Theorem 22.1. Let the recurrent pattern of events E with the properties described by 
the formulas above be non-periodic, and let J-L be the mean recurrence time (22.5). 
Then the probability qn that an event occurs at time n has limit 1/ J-L as n -+ 00, where 
1/ J-L must be read as 0 when J-L = 00. 

There are many proofs for this theorem. An equivalent result occurred in work of 
Kolmogorov [1936] on Markov chains; the proof in Section 23 is based on 'Wiener's 
Lemma'. Blackwell [1948], [1953] treated the renewal problem for the non-lattice 
case. Other early contributions are Chung and Wolfowitz [1952], and Chung and 
Pollard [1952]. See also Feller [1950/68] (chapter 13), [1966/71] (chapter 11), and 
Bingham, Goldie and Teugels [1987] (chapter 8). It is interesting that Wiener's Tau
berian theorems have played an important role in the analytic approach to general 
renewal theory; cf. Smith [1954], Karlin [1955], and Bingham [1989]. 
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23 The Theorem of Erdos, Feller and Pollard 

We begin by stating Theorem 22.1 in its original 'Tauberian form', which is indepen
dent of probability theory. 

Theorem 23.1. Let {Pn} be any sequence of nonnegative numbers with the property 
that Ego Pn = 1. Set Ef npn = J1 S 00. Suppose that 

00 

P(z) = LPnZn (23.1) 
n=O 

is not a power series in zm for any integer m ::::: 2; in particular P(z) ¢ 1. Then 
1 - P(z) has no zeros in the unit disc {Izl < l}, and the coefficients in the series 

I 00 

Q(z) = I _ P(z) = L qnzn 
n=O 

(23.2) 

satisfy the limit relation 

(= 0 if J1 = 00). (23.3) 

Proof. Following Erdos, Feller and Pollard [1949], we treat the case J1 < 00 as a 
very nice application of 'Wiener's Lemma' on absolutely convergent Fourier series 
(Theorem 5.3). Let 

00 00 

rn = L Pk (n::::: -1), R(z) = Lrnzn. (23.4) 
k=n+l n=O 

00 

(1 - z)R(z) = r-l + L(rn - rn_])zn = 1 - P(z). (23.5) 
n=O 

Since J1 < 00 the power series for R(z) converges absolutely and uniformly for 
Izl S 1. We will show that R(z) has no zeros for Izl S 1. 

Since P(z) ¢ lone has Pk > 0 for at least one number k ::::: 1; it follows that 
IP(z)1 = IE PnZn I < E Pn = I for Izl < 1. Thus any zeros of R(z) in the closed 
unit disc must occur on the circumference. Now R(l) = J1 > O. Suppose for a 
moment that R(eifl ) = 0, where 0 < a < 2:rr. Then by (23.5) 

00 00 00 

LPk = 1 = P(eifl ) = LPkeikfl = LPkcoska. 
o 0 0 

Thus cos ka = I whenever Pk > O. For suchk ::::: 1 one must have ka = Vk·2:rr, where 
Vk is a positive integer. Hence a is a rational multiple of 2:rr, a = (h / m )2:rr, with 
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relatively prime positive integers h, m and m ::: 2. Thus mVk = mka/(2rr) = kh, so 
that m must divide k. That is, every number k ::: I for which Pk > 0 is a multiple of 
m, contradicting the hypothesis that P(z) cannot be written as a power series in zm 
with m ::: 2. 

By the preceding, the reciprocal 1/ R(z) is analytic for Izl < I and continuous for 
I z I ::::: 1. It can be expanded in a power series for I z I < I: 

I l-z t 
R(z) = 1 - P(z) = n=O bnZn. 

Here the coefficients bn are given by Cauchy's formula, 

IiI -n-l bn = - --z dz, 
2rri C(O,p) R(z) 

(23.6) 

where one would normally take p < 1. However, by the continuity of 1/ R(z) for 
Izl ::::: 1, the circle of integration may be changed to C(O, 1). Writing z = eit , the 
conclusion is that the numbers bn are the Fourier coefficients of 1/ R(eit ): 

1 (2:n: 1 . 
bn = 2rr 10 R(eit)e-lntdt. (23.7) 

We have seen already that the Fourier series R(eit ) = -Ego rneint is absolutely 
convergent and that R(eit ) f. 0 for all real t. Hence by Wiener's Lemma, the Fourier 
series of the reciprocal 1/ R(eit ) is absolutely convergent, -Ego Ibn I < 00. Relation 
(23.6) shows that -Ego bn = 1/ R(l) = 1/ /-t. Now by (23.6) and (23.2) 

00 00 

LbnZn = (1 - z) LqnZn, 
o 0 

so that bn = qn - qn-i for n :::: 1 and bo = qo. Hence 

n 

qn = Lbk -+ 1//-t as n -+ 00. 

k=O 

This completes the proof for the case /-t < 00. 

The case /-t = 00 requires a separate argument, for which we refer to the literature; 
the original paper by Erdos, Feller and Pollard includes an 'elementary proof' for both 
cases. It is an open problem if one could extend the complex-analytic argument to the 
case /-t = 00. Of course, the interpretation of qn in Section 22, as the probability that 
day n is a day on which an event occurs, makes it plausible that qn -+ 0 if the mean 
recurrence time /-t of the events is infinite! 

Probabilistic proofs of Theorem 23.1 may be found in Feller [1950/68] (chap
ter 15), and Grimmett and Stirzaker [1992]. 

Several authors have studied the speed with which qn -+ 0 under various 'moment 
conditions'. We mention C. Stone [1965], Ganelius [1971] (section 8.3), and refer to 
Postnikov [1980] (section 24) for additional information. 
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24 Milin's Theorem 

Milin [1970], [1971] has found an unusual Tauberian theorem which involves expo
nentiation of power series. He used the result to give a simpler proof for the beau
tiful regularity theorem of Hayman [1953], [1955] which asserts the following: If 
F(z) = z + C2Z2 + ... is a univalent or one-to-one holomorphic function in the unit 
disc, then ICn II n tends to a limit y (::::: 1) as n --+ 00; cf. Duren [1983]. Hayman's 
theorem is related to, but not implied by, the famous inequality ICn I ::::: n, which was 
conjectured by Bieberbach in 1916 and established by de Branges [1985]. 

For Milin's theorem, let 
00 

fez) = Lanzn = eg(z), 
o 

As usual we write 

00 

g(z) = L bnzn, 
I 

n 

Izl < 1. (24.1) 

(24.2) 

Theorem 24.1. (Milin) Let:Lf nlbn 12 < 00 and let f and g be as above. Suppose 
that If(x)1 --+ a :::: 0 as x ./ 1. Then 

(24.3) 

Using the tool of 'vanishing mean oscillation', Holland [1988] has shown that the 
'area condition' :Lf nlbnl2 < 00 can be relaxed to :L7 klbkl 2 = o(n) as n --+ 00. 

For the proof of Theorem 24.1, which will be completed in Section 26, we need one 
of the powerful inequalities which Lebedev and Milin developed for the theory of 
univalent functions; cf. Milin or Duren (loc. cit.). 

Proposition 24.2. Let f and g be as in (24.1). Then 

lan l2 ::::: exp It (klbd -~) I· (24.4) 

Proof. Differentiation of the relation fez) = eg(z) gives f'(z) = f(z)g'(z), which 
implies 

n-I 

nan = Laj(n - j)bn- j , where ao = 1. 
j=O 

It is convenient to set 
n n 

An = L lajl2, Bn = Lk21bd (Bo = 0). 
j=O k=1 

Cauchy-Schwarz applied to (24.5) now gives 

n-I n 

n21anl2 ::::: L lajl2 Lk2 1bkl 2 = An-IBn. 
j=O k=1 

(24.5) 

(24.6) 

(24.7) 
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It follows that 

An = An-l + Ian 12 :::: (1 + n12 Bn) An-l 

= n + 1 (1 + Bn - n ) An-l < n + 1 exp ( Bn - n ) An-l 
n n(n + 1) - n n(n + 1) 

:::: (n + 1) exp (~ k~~ ~ ~) ), since Ao = 1. (24.8) 

Applying partial summation to the exponent, one finds that 

= t (klbd _ ~) _ Bn - n 
k=l k n + 1 

n( 1)( k) n+l = L klbd - k 1 - n + 1 = L· ... 
k=l k=l 

(24.9) 

For the next step we combine (24.8) and (24.9), but with n - 1 instead of n: 

An-l ~ ( 2 1) ( k) ~ ( 2 1) Bn log -- :::: ~ klbkl - - 1- - = ~ klbkl - - - - + 1. (24.10) 
n k=l k n k=l k n 

Inequalities (24.7) and (24.10) thus give 

2 An-l Bn {~( 2 1) I Bn (Bn ) lanl :::: -n--;;- :::: exp t; klbkl - k -;;- exp --;;- + 1 . 

Observing that ye-Y :::: lie one obtains (24.4). 

25 Some Propositions 

We continue with the notation introduced in (24.1), (24.2) and suppose that the hy
potheses of Theorem 24.1 are satisfied. For the proof of the Theorem we need addi
tional auxiliary results. 

Proposition 25.1. Let / and g be as in Theorem 24.1. Then/or N ~ 00, 

N 

L Rebn ~ loga (to be read as - 00 if a = 0). (25.1) 
n=l 
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Proof. Take 0 < x < 1. Then 
(Xl 

Reg(x) = L(Rebn)xn = log If(x)1 -+ loga as x ,/ 1. 
n=1 

Also, L~I nlRebnl2 < 00. Conclusion (25.1) now follows from Fejer's Tauberian 
theorem (Remarks 1.5.5) or Tauber's 'second theorem', Theorem 1.5.3. 

Proposition 25.2. Let f and g be as in Theorem 24.1, and let Sn and an be as in 
(24.2). Then the sequence {sn} is bounded and 

Sn - an -+ 0 as n -+ 00. 

Proof. One has 
n 

_ nSn - (so + Sl + ... + Sn-l) _ 1 " 
Sn -an - - - ~kak' 

n n k=O 

Using (24.5) in the form kak = L~=o ak- jib j, one derives that 

1 n kIn n 
sn -an = - LLak-jibj = - Libj Lak-j n n k=O j=O j=O k=j 

1 n 

= - L ibjsn-j. 
n j=O 

Hence by Cauchy-Schwarz and the convergence of L~o i Ib j 12, 

2 1~2 2~ 2 (1)~ 2 ISn -ani :::: n2 ~i Ibjl ~ISkl =0 ;; ~ISkl. 
j=O k=O k=O 

(To verify the final step one may take n > m and write 

n 

L/lbjI2:::: L/lbjI2+n L ilbjI2.) 
j=O j:'Om 

(25.2) 

(25.3) 

(25.4) 

We will now apply the Lebedev-Milin inequality of Proposition 24.2 to the series 

That is, we have to replace an in (24.4) by Sn and bk by bk + 1/ k. The result is 

ISnl2 :::: exp!~ (k Ibk + ~12 -~)) 

:::: exp !~klbd + 2 ~Rebk). (25.5) 
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Thus by the hypotheses and Proposition 25.1, the sequence {sn} is bounded. Relation 
(25.2) now follows from (25.4). 

Proposition 25.3. Let f and g be as in Theorem 24.1 and let {sn} be as in (24.2). 
Then the sequence {sn} is very slowly oscillating in the following sense. For every 
e > 0, there is a constant B such that 

ISq -spl < e whenever B:o:::: p:o:::: q:o:::: 2p. (25.6) 

Proof. By Proposition 25.2 the sequence {sn} is bounded, ISn I ::0:::: M, say. The averages 
Un of (24.2) will have the same bound. For given e > 0, we take B so large that 
ISn - Un I < e for n ::: B; cf. Proposition 25.2. 

Now let B :0:::: p :0:::: q :0:::: 2p. Then for some number 0 = O(p, e) with 101 :0:::: 1, 

Hence 

So + ... + Sp-l + sp + ... + Sq-l P q - P 
uq = =U - +OM--. 

q p q q 

q-p q-p 
IUq - upl :0:::: --(lupl + M) :0:::: -- 2M, 

q p 
q-p 

ISq -upl:o:::: --2M+e. 
p 

(25.7) 

Using the final inequality, but with q replaced by n, in (25.7), one finds that for certain 
numbers 0 with 101 :0:::: 1, 

q-l q-l 
P 1" 1" uq = u p - + - L..,.; Sn = up + - L..,.;(Sn - up) 
q q n=p q n=p 

o ~ (n - p ) = up + - L..,.; -- 2M + 8 
q n=p p 

0{(q_p)2 } =Up +- 2M+(q-p)8, 
q 2p 

so that 
(q _ p)2 q _ p 

ISq - upl:o:::: 2p2 2M + -p- 8 + 8. 

Continuing in this manner, one arrives at the inequalities 

I I < (q - p)' 2M + (q - p),-l + + q - P + Sq -U 8 ... --8 8 
p - r!pr (r - 1)!pr-l p 

2M 
:0::::-, +e8, 

r. 
2M 

ISq - spl :0:::: -, + (e + 1)8. (25.8) 
r. 

For sufficiently large r, one thus obtains (25.6), with 58 instead of 8. 
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26 Proof of Milin's Theorem 

Let f and g as in (24.1) satisfy the hypotheses of Theorem 24.1 and let Sn = Lk=O ak. 

Then 

(26.1) 

By Propositions 25.2 and 25.3, the sequence {sn} is bounded and Sn is nearly constant 
on intervals p ::: n ::: q = mp. More precisely, ISn I ::: M, say, and for given 8 E (0, 1) 
and integer m > 1, there is a number B = B(8, m) such that 

ISn - spl < 8 whenever B ::: p ::: n ::: q = mp. 

For our 8 we fix m such that (1 - 8)m ::: 8. 

For p ::: B we now take x such that x P = 1 - 8, so that x q = xmp ::: 8. Then 

If(x) - sp(x P - xq)1 

p-l q-l 00 

= L Sn(xn - xn+l) + L(Sn - sp)(xn - xn+l) + L Sn(x n - xn+l) 

n=O n=p n=q 

p-l q-l 00 

::: L M(x n - xn+l) + L 8(Xn - xn+l) + L M(x n - xn+l) 

It follows that for some number 8 E (0, 1), 

Isp(l - 288) - f(x)1 ::: (2M + 1)8. (26.2) 

For given 8 this holds for all large p and corresponding x = (1 - 8) 1 / p. Note that x 
is close to 1 when 8 is small. Hence (26.1) and (26.2) imply that Is p I is close to ex for 
all large p. D 
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Borel Summability and General Circle Methods 

1 Introduction 

Emile Borel published extensively on summability theory, emphasizing applications 
to analytic continuation. We mention a few of his papers: [1895], [1899], [1901] 
and his book [1901l28]. Hardy contributed to the development of Borel's methods in 
[1904a], [1904b] and [l911b]. 

For Tauberian theory, Borel's most important method is the so-called exponential 
method. Accordingly, we will say that a series L~o an, with partial sums Sn = 
Lk=O ak, is Borel- or B -summable to A if the corresponding series L~o snxn / n! 
converges for all x and 

00 

L snxn/n! 
_n=-::-O.,---__ = f Sn xn e-x -+ A 

f xn In! n=O n! 
as x -+ 00. (Ll) 

n=O 

The Tauberian theory for Borel summability started with Hardy and Littlewood 
[1913al Parallel to Littlewood's Tauberian condition Ian I .:s C / n for the case of 
Abel summability, Hardy and Littlewood soon [1916] found the optimal order con
dition Ian I .:s C / In for the implication 

Borel summability => convergence; 

cf. Theorem I.9.1. It was followed by a broader condition of Valiron [1917] on the 
partial sums Sn (Section II). The one-sided condition for convergence which is now 
standard in 'Borel Tauberian theory' is 

lim inf (sm - sn) ~ 0 as n -+ 00 and O.:s ../iii - .jii -+ 0 (1.2) 

(special case: ak ~ -C / ../k). This is R. Schmidt's analog [1925b] of his earliercondi
tion of 'slow decrease' for the case of Abel summability, where the requirement on m 
andn was 0 .:s (m-n)/n -+ o instead of (what is essentially) 0 .:s (m - n)/Jn -+ O. 
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Schmidt's complicated proof was simplified by Vijayaraghavan [1928], who used his 
'method of the monotone minorant' (Section 1.19) to derive boundedness of the partial 
sums; see Section 8. 

A few years later, Wiener [1932] would incorporate the 'Borel Tauberian' in his 
general theory; cf. Section 12. As an interesting alternative to Wiener's method, Hardy 
and Littlewood [1943] used Vitali's theorem for the Borel Tauberian; see Section II. 
Both their 1916 and their 1943 treatment made use ofrelated summability methods, 
now called Ta ('Taylor method') and Va or Fa (,Valiron method'); see Section 21. 
For Ta they used the name circle method; cf. Hardy's book Divergent Series [1949]; 
there appears to be no connection with the Hardy-Littlewood circle method of number 
theory. Starting with Knopp's work [1922-23] on Euler summability (Section 20), 
so-called circle methods were extensively studied, notably in Germany; cf. Meyer
Konig [1949] and the account in Zeller and Beekmann [1958170]. The name circle 
methods is appropriate in connection with analytic continuation; in each step, such a 
method typically provides the analytic continuation throughout a circular disc. 

In the meantime, Zygmund [1931] had found an interesting special Borel Tau
berian theorem for series with 'Ostrowski gaps'. As applications he obtained a new 
proof for Ostrowski's theorem on overconvergence, and for Hadamard's theorem on 
the non-continuability of functions with lacunary power series; see Section 7. 

Since 1965 there is also a Borel high-indices theorem, that is, a Tauberian theorem 
for lacunary series in which Borel summability implies convergence without any order 
condition on the terms. Whereas in the high-indices theorem for Abel summability 
(Theorem 1.23.1) the optimal gaps are Hadamard gaps, the right gaps in the Borel 
case are square-root gaps: an t= 0 only for n belonging to a sequence of positive 
integers {Pk} such that 

y' PH 1 - .Jiik ::::: 8 for some number 8 > 0, (1.3) 

or equivalently, PH 1 - Pk ::::: t: ffi for some number t: > O. A restricted form of the 
Borel high-indices theorem, one involving the order condition 

an = ()(ebv'/i) for some constant b, ( 1.4) 

had been obtained by Pitt [1938a], cf. his correction in [1958] (p. 92). The order 
condition was relaxed by Meyer-Konig and Zeller [1956]. The final step to a true 
high-indices theorem was taken by Gaier [1965], [1966] and Mel'nik [1965]; see 
Sections 15-17. 

One of the classical Hardy-Littlewood theorems [1914a] dealt with Abel sum
mabIe series L~o an whose partial sums Sn are positive: the relations 

00 00 

L anxn = (l - x) L snxn -+ A as x ? I 
n=O n=O 

and Sn > 0 (or Sn ::::: -C) imply 

S~-l) = LSk ~ An as n -+ 00. 

k<n 
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In other words, L~o an will be Cesaro summable to A; cf. Theorem 1.7.3. Not so 
long ago, Tenenbaum [1980] obtained a Tauberian theorem for Borel summable series 
with positive partial sums Sn. His conclusion may be expressed in the form 

s(-l) - s(-l) ~ Ac.;ri for every number c > O. (1.5) 
[n+c.jnl n 

Equivalent conclusions include a certain Riesz-type summability; see Section 13 and 
Bingham [1984a], [1984b], [1984c). 

Comparing the Tauberian results for Borel summability with the earlier results 
for Abel summability, one may observe that in all cases, important parameters have 
to be replaced by their square root. An explanation for this fact may be given in the 
context of probability theory; see Kosambi [1958] and cf. Diaconis and Stein [1978], 
Bingham, loco cit. and [1981], [1985]. 

We begin this chapter with the standard results on analytic continuation involving 
Borel summability. 

For the Tauberian theory we choose a broader approach which applies to what we 
call general circle methods r = r). of index A > O. Such methods involve nonnegative 
functions Un, n = 0, I, ... , defined on a suitable unbounded subset X C JR.+. (One 
may think of a half-line or an arithmetic progression.) A key property is that for some 
number 8 > 0 and In - xl ::: 8x, 

(n-x)21 (A) ,,,,(In-xI3 In-xl+I) 
logun(x)=-A x +2 10g lrX +v x2 + x . (1.6) 

The r). -limitability of {sn} to A is defined by the relation 

00 

LSnUn(X) -+ A as x (E X) -+ 00; (1.7) 

n=O 

see Section 5. The best known special cases are Borel and Euler summability; for the 
Euler method and other examples, see Sections 20, 21. Under Schmidt's Tauberian 
condition (1.2) and under other conditions such as Sn :::: 0, all circle methods r). of 
fixed index A tum out to be equivalent to a single integral method (Sections 9, 10). 
This confirms the well-known fact that the special circle methods share a great deal 
of Tauberian theory; see Section 22 and cf. Hardy's book, Meyer-Konig (loc. cit.), 
Zeller and Beekmann (loc. cit.), Bingham (loc. cit.), and Tietz and Zeller [2000). 

The common theory presented here for the methods r). includes restricted high
indices theorems of Zygmund and Pitt type. We derive the unrestricted Borel high
indices theorem from the restricted version which involves condition (1.4). The same 
approach may be used to verify known high-indices results for special circle methods 
such as Ta (see Section 23). It also leads to a new growth result for power series with 
square-root gaps; see Section 19 and Korevaar [200Ib], [200Ic). In Section 18 we 
discuss the optimality of various Tauberian conditions. Finally we observe that Borel 
and Abel summability can be treated together as special cases of so-called power 
series methods. This area has become very active notably since 1980; we present a 
sketch in Sections 24, 25. 



282 VI Borel Summability and General Circle Methods 

There is a recent book by Shawyer and Watson [1994] which is devoted entirely 
to Borel-type and circle methods of summability. Besides classical results it contains 
much work of 'David Borwein' s school' , as well as some applications and an extensive 
bibliography. The present chapter includes more (and partly new) Tauberian theory. 

2 The Methods Band Bf 

The results in Sections 2---4 go back to Borel [1895], [1899], [1901] and show the 
influence of Hardy's work [1904a], [1904b], [191lb]. For the exposition in these 
sections, cf. Hardy's book [1949] (sections 8.5-8.7). 

In the following we require of the series L~o an that I an 11/ n / n ---+ 0 as n ---+ (X) 

or equivalently, that the series 

def 00 xn 
a(x) = "'an -, L n! 

n=O 

00 n 
def L x f3(x) = sn-

n! 
n=O 

(2.1) 

(with Sn = L~=o ak) converge for all values of x. There are two Borel methods, 
which will be denoted by Band B', respectively. 

Definitions 2.1. The series L~o an is said to be B-summable to A if the sequence 
of partial sums {snl is B-limitable to A, that is, the series for f3(x) converges for all 
x and 

00 

F(x) ~ e-x f3(x) = LSn(xn/n!)e-X ---+ A as x ---+ (X) (2.2) 
n=O 

along JP?+. The series L~o an is said to be B'-summable to A' if the series for a(x) 
converges for all x and 

as x ---+ (X) (2.3) 

along JP?+. 

We will see below that the more complicated looking method B' is the most convenient 
for analytic continuation. 

The two methods are nearly equivalent: 

Theorem 2.2. The methods Band B' are equivalent precisely for those series 
L~oan for which e-Xa(x) ---+ 0 as x ---+ 00. Every B-summable series is B'
summable to the same sum. The series L~o an is B -summable to A !l and only !l 
the series L~oan+! is B'-summable to A - ao. 

Proof. Differentiation of (2.1) gives 

, Loo xn a (x) = an+l-, 
n! 

n=O 

, ~ xn 
f3 (x) = LSn+! I' 

n. 
n=O 



so that 
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e-Xf3(x) - ao = fox d{e-Yf3(y)} = fox e-Y{f3'(y) - f3(y)}dy 

= r e-Y I:an+! yn dy = r e-Yo/(y)dy 10 n! 10 n=O 

= e-Xa(x) - ao + fox e-Ya(y)dy. (2.4) 

Thus by (2.2)-(2.4) 

F(x) = e-x f3(x) = e-Xa(x) + cjJ(x) = cjJ'(x) + cjJ(x). (2.5) 

The first statement in the Theorem is an immediate consequence: the condition 
e-Xa(x) --+ 0 is necessary and sufficient in order that F(x) --+ A imply cjJ(x) --+ A 

and vice versa. To verify the second statement, suppose that L:ZO an is B-summable 
to A. Then by (2.5) 

cjJ'(x) + cjJ(x) --+ A or (d/dx){excjJ(x)} '" Aex as x --+ 00. 

By integration from large C > 0 to x this is seen to imply that cjJ(x) --+ A. [Alterna
tively, one may apply I'Hospital's rule to the quotient of eXcjJ(x) and eX.] The third 
statement follows from the second line of (2.4). 0 

Convergence Sn --+ A implies B-summability of L:ZO an to A; see formula (Ll). 
Hence by Theorem 2.2, convergence of L:ZO an to A also implies its B' -summability 
to A. Thus the Borel methods are regular. 

There are series which are B'-summable but not B-summable: 

Example 2.3. The series L:ZO an given by a(x) = eX (sin eX) is B'-summable: 

lox loX i ex sin VIi! sin v e-Ya(y)dy = (sineY)dy = --dv --+ -]f - --dv 
o 0 ! V 20v 

as x --+ 00. However, the series cannot be B-summable: e-Xa(x) = sin eX does not 
have a limit, hence by (2.4), neither does e-x f3(x). 

Gaier [1953b] has shown that the methods Band B' are equivalent whenever 
an = O(ecn ) for some constant c. Cf. Karamata [1939b] for an early result in the 
same direction, and D. Borwein and Smet [1974] for an extension. 

3 Borel Summability of Power Series 

In the case of power series L:~o anzn it is convenient to work with summability B'; 
if desired, one can pass to summability B with the aid of Theorem 2.2. In this section 
it is not assumed that the power series has positive radius of convergence. 
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Theorem 3.1. Suppose that the (formal) power series L~o anzn is B'-summablefor 
z = zo =1= O. Then it is B' -summable for z on the segment [0, zo], and uniformly so 
on every segment [ozo, zo] with 0 E (0, 1). 

Proof. It may be assumed without loss of generality that Zo = 1. The hypothesis 
implies that the series for a (x) in (2.1) converges for all x. Accordingly one may 
write 

00 

a(zx) = Lan(zx)n/nL (3.1) 
n=O 

Given relation (2.3), one now has to show that for x --+ 00, the transform 

gx(z) = foX e-Ya(zy)dy tends to a function g(z) (3.2) 

if 0 :s z :s 1, with uniform convergence for 0 :s z :s 1. It is clear that one has 
summability for z = 0, hence let z > O. Treating real and imaginary part separately, 
we may assume that a (y) is real. Then for 0 < x < x', by the standard mean value 
theorem (of Bonnet) involving a positive nonincreasing function, 

1 jW = _e(l-l/zlzx e-Va(v)dv, 
z zx 

(3.3) 

where zx < w :s zx'. Since the improper integral Jooo- e-Va(v)dv is convergent, the 
final member in (3.3) tends to 0 as x, x' --+ 00, uniformly for 0 :s z :s 1. 

Remarks 3.2. More elaborate analysis shows that the B' -summability in Theorem 
3.1 is uniform on [0, zo]; cf. Hardy's book [1949] (section 8.7). 

A power series with zero radius of convergence may be B' -summable on a segment 
[0, ZO] and nowhere else. This can be derived from examples given by Hardy [19l4b]; 
cf. Hardy's book (sections 8.7, 8.9). However, the B'-sum can always be continued 
analytically to a neighborhood of the open interval (0, zo): 

Theorem 3.3. Suppose that the (formal) power series L~O anzn is B'-summablefor 
z = zo =1= O. Then its B'-sum g(.) on the segment [0, zo] has an analytic extension 
(also called g) to the open disc which has this segment as a diameter. 

Proof. We may again take zo = 1. By the preceding proof, the B'-sum g(.) on [0, 1] 
can be represented as 

1000- 1 1000 -g(z) = e-Ya(zy)dy = - e(l-l/zlve-va(v)dv. 
o z 0 

(3.4) 

By the summability for z = 1 thefunction cjJ (v) = J; e-Ya (y )dy is bounded. Hence, 
replacing 1/ z by s and taking s > 1, one finds 

g(l/s) = s foOO- e-(s-llvdcjJ(v) = s(s - 1) foOO e-(s-l)vcjJ(v)dv. (3.5) 
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The Laplace integral on the right is absolutely convergent for Re s > I and uniformly 
convergent for Re s :::: I +.5 > I. Thus the right-hand side represents an analytic 
function of s in the half-plane {Re s > I} which agrees with g (I Is) for real s > I. We 
have thereby obtained an analytic extension of g (l Is) to the half-plane {Re s > I}, 
and of g(z) to the disc 

4 The Borel Polygon 

We now consider Borel summability of power series with finite positive radius of 
convergence R, 

00 

fez) = I>nzn, Izl < R < 00. (4.1) 

n=O 

In particular the power series will be B'-summable to the value f (z) for real z in 
(0, R). Thus 

1100
-= - e-v/za(v)dv, 

z 0 
° < z < R; (4.2) 

cf. the preceding section. By change of scale one may assume that R < I and we now 
suppose that the series L;;x=' anzn is B'-summable for z = I. Then the right-hand side 
of (4.2) represents the B'-sum g(z) of L;;x=' anzn for ° S z S 1. By Theorem 3.3, g 
has an analytic extension from [0, I] to the open disc with diameter (0, I). Since g 
agrees with f on (0, R), the extension of g provides an analytic continuation of f 
from the disc !leO, R) = {izl < R} to the disc !lO/2, 112) = {Iz - 1/21 < 1/2}. 

By another change of scale and rotation the result may be formulated as follows: 

Theorem 4.1. Let fez) = L;;x=' anzn have finite positive radius of convergence and 
suppose that the power series is B' -summahle at Zo i= 0. Then f has an analytic 
continuation j to the disc {Iz - zo/21 < IzoI/2}. 

MITTAG-LEFFLER STAR AND BOREL POLYGON. Let f(-) be analytic in a disc !leO, R). 
One considers analytic continuation of f from the origin along each ray arg z = e. 
If there is a singular point on such a ray, the one closest to the origin is denoted by 
Pe = Reeie . The Mittag-Leffler star for f (with base-point 0) is obtained from the z
plane by omitting the part of each ray arg z = e from the first singular point Pe to 00. 

It is clear that f has a (single-valued) analytic extension j to its Mittag-Leffler star. 
Borel summability provides a convenient way to obtain at least part of this extension. 

The Borel polygon TI for f (with base point 0) is obtained as follows. For each ray 
arg z = e which contains a (first) singular point Pe, one draws the line L Pe through 
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Pe perpendicular to the ray. One now considers the open half-plane He with boundary 
LPg which contains the origin and hence the disc ~(o, R). (The points Z E He are 
given by the inequality Re {ze-ie } < Re.) The intersection of the half-planes He, 
o .:s () < 2rr is a convex open set and this is the Borel polygon fl. It contains the 
disc ~(o, R) and is contained in the Mittag-Leffler star. The function f has a unique 
analytic extension from ~(o, R) to fl; it is given by j. 
Examples 4.2. For fez) = 1/(1 - z) on ~(o, 1) the Mittag-Leffler star is the plane 
minus the half-line [1, (0). The Borel polygon is the half-plane given by {Re z < I}. 
For fez) = 1/(1 - Z2) the Borel polygon is a strip, for fez) = 1/(1 - Z3) it is a 
triangle. 

Theorem 4.3. Let fez) = Lgo anzn have finite positive radius of convergence R. 
Then the power series Lgo an zn is B' -summable at the points of the Borel polygon 
fl for f and it is uniformly summable on every compact subset of fl. The B' -sums 
provide the analytic continuation f of f from ~(o, R) to fl. The power series is not 
B' -summable at any point outside the closure of fl. 

Proof. We continue with the notation Pe, He introduced above. Let P = ~o be a 
point of fl. For the proof that the series Lgo an ~o is B' -summab1e one may assume 
that I ~o I 2: R, otherwise the series is convergent and a fortiori B' -summable. We first 
show that fl must contain the closed disc 

~o = {iz - ~0/21 .:s 1~01/2} 

with diameter 0 P; see Figure VI.4. Indeed, a ray arg z = () which makes an angle 
less than rr /2 with 0 P cannot contain a singular point Pe in ~o. Otherwise the 
boundary line of He would intersect the segment 0 P and this would put P outside 
the open set fl. It follows that fl contains the union D of the disc ~(o, R) and a 
(small) neighborhood of ~o. In particular the analytic continuation f of f to fl is 
analytic in D. 

We now let r be a positively oriented circle in D which contains the closed disc 
~o in its interior. Then there are positive numbers {) and 1J such that for every point 
z E r, 

As a result Re (1 - ~o/z) 2: 1J > O. By Cauchy's formula, 

f(~o) = _1_. ( fez) dz = _1_. ( fez) dz t JO e-(l-I;o/z)tdt 
2m 1r z - ~o 2rrl 1r z 10 

= _1_. {DO e-tdt ( fez) esot/Zdz. 
2rrl 10 1r z (4.3) 

Here the inversion of the order of integration is justified by absolute convergence: the 
first repeated integral is majorized by 

(4.4) 
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To evaluate the final inner integral in (4.3) we change the path of integration to a 
circle C = C (0, r) inside ~ (0, R) without crossing the origin. By Cauchy's theorem, 

Hence 

i fez) ~ot /Zd - i fez) ~ot /zd - ~ i n- l ~ot /zd --e Z - --e Z - ~ an Z e Z, 
r z c Z n=O C 

f n- l ~ot /zd - f n- l Loo (I;ot)k d - 2 . (I;ot)n 
Z e Z - Z k Z - lrl . 

C C k!z n! k=O 

1 i fez) ~ot /Z d _ ~ (I;ot)n - (r t)· - --e z - ~an-- -Q' ~o 
2lri r z n!' 

n=O 

cf. (2.1), so that by (4.3) 

(4.5) 

The integral here is (absolutely) convergent; this follows from the absolute con
vergence of the final repeated integral in (4.3). Thus by Definitions 2.1 , the series 
L~oanl;o is B'-summable to ](1;0). 

The proof shows also that the series Lg=' anl;n is uniformly B'-summable to ](1;) 
in a small neighborhood of 1;0; cf. (4.3) and (4.5) with I; instead of 1;0 and (4.4) with 
an adjusted value rJ. 

The series Lg=' an zn cannot be B' -summable at a point Q outside clos n. Indeed, 
if it were, f would have an analytic continuation to the open disc with diameter 0 Q. 
It would follow that on rays which make an angle less than lr / 2 with 0 Q, f would 
have no singular point inside this disc. Thus by the definition of n, the point Q would 
belong to clos n. 0 
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Corollary 4.4. The power series Lo anZn for fez) is B' -summable at every regular 
point zo of f on the circle of convergence, and uniformly so in a neighborhood of ZOo 

For if f is analytic in a neighborhood of the point zo on the circle of convergence, 
then Zo (and some neighborhood of it) will lie inside the Borel polygon for f. 

Remarks 4.5. In Theorem 4.3 and Corollary 4.4 one can also use B-summability. 
Indeed, the function fez) - ao with power series L~l anZn = L~o an+lZn+1 has 
the same Borel polygon fl as f, hence the latter series is B' -summable to f (z) - ao 
in fl. By Theorem 2.2 the series L~o anZn is then B-summable to fez) in fl. 

Many other so-called circle methods can be used for analytic continuation; cf. 
Sections 20, 21 and Meyer-Konig [1949], Shawyer and Watson [1994]. Although 
easy to apply, the Borel and circle methods usually do not give maximal continua
tions. There exist more powerful summability methods, such as those of LindelOf, 
Mittag-Leffler and Le Roy, which give the analytic continuation of f (z) = Lo anZn 

throughout the Mittag-Leffler star. See for example Hardy [1949] (sections 4.11 and 
8.10) and cf. Zeller and Beekmann [1958170] (section 69). 

There is an important principle for analytic continuation by summability methods, 
sometimes called the Borel-Okada principle; cf. Okada [1925-28]. If a regular method 
sums the geometric series Lo zn to 1/(1 - z) throughout a certain starlike domain 
S with base-point 0, then it provides the analytic continuation for fez) = Lo anZn 

throughout the intersection of S with the Mittag-Leffler star for f. See Hardy (loc. cit.), 
Hille [1962] (section 11.4), Boos [2000] (section 5.2). Thus it is important to know 
which methods sum the geometric series in prescribed domains. This question and 
related problems of overconvergence (Section 7) have been extensively studied by Luh 
and collaborators; see Luh [1971], [1974], Luh and Trautner [1976], [1978], Faulstich 
(= K. Stadtmiiller) and Luh [1982], Faulstich, Luh and Tomm [1981/82], [1983]. 

There are many other approaches to these problems; see for example lakimovski 
[1964], Grosse-Erdmann [1993a], [1993b], Luh, Martirosian and Milller [2002]. 

5 General Circle Methods r l. 

Borellimitability of a sequence {sn} to A is defined by the relation 

where 

00 

LSnUn(X) -+ A as x -+ 00, 

n=O 

def xn -x 
un(x) = -e , 

n! 

00 

sothat LUn(x) = 1. 
n=O 

We will verify that the 'Borel functions' Un have the following 

(5.1) 

(5.2) 

Basic Properties 5.1. The functions Un, n = 0, 1, 2, ... are defined on a subset X of 
lR+ which contains an increasing sequence of points Xk /' 00 for which the difference 
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sequence {Xk+l - Xk} is bounded. They are nonnegative and uniformly bounded. For 
fixed small 0 > 0 and -ox::: h = n - x ::: ox, their logarithms have a uniformly 
convergent development 

(5.3) 

with Ie > O. Moreover, for any number 0 E (0, 1), there is a positive constant c = 
c(o, .) such thatfor In - xl 2: ox, the functions Un satisfy a uniform estimate 

(5.4) 

VERIFICATION FOR THE BOREL FUNCTIONS. We recall Stirling's formula; cf. Whittaker 
and Watson [1927/96]: 

log(n!) = n logn - n + (1/2) log(2rrn) + O(l/n), n 2: 1. 

Applied to the Borel functions in (5.2), it shows that for -ox::: h = n - x ::: ox with 
o < 0 < 1 (so that n 2: I when x > 0), 

h2 h3 h4 
logux+h(x) = -~ + 2· 3x2 - 3· 4x 3 + ... 

-~ log{2rr(x + h)} + 0 (~) . (5.5) 

This formula implies (5.3) with Ie = 1/2. 
For the proof of (5.4) we first take n = p = [x + 8x]. Then by (5.5) for x :::: Xo, 

logup(x) ::: -02x/2 + 03x /6::: -02x/3 ::: -o(p - x)/3. 

For n > p one has 

so that 

___ x_n_-_p __ ,- ::: (p x+ I )n-p 

n(n-1) ... (p+l) 

log{un(x)/up(x)} ::: -en - p) 10g(1 + 0) < -en - p)0/3. 

Combining the above with the inequality for log up ex) one obtains (5.4) for the case 
n - x 2: ox with c = 0/3, provided x 2: xo. The result is also true for 0 < x < Xo 
and the proof for n - x ::: -ox is similar. 

The Basic Properties 5.1 will suffice to develop the Tauberian theory for Borel 
summability. These properties are shared by a large class of methods which accord
ingly have a corresponding Tauberian theory. 
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Definition 5.2. Let the functions Un (n E No) on a domain X C jR+ have the Basic 
Properties 5.1 with parameter A; in particular X must contain a sequence Xk / 00 

with bounded difference sequence {Xk+1 - xd. A limitation method (5.1) involving 
such functions Un will be called a general circle method r). of index A. 

A sequence {sn} is said to be limitable to A by the method r). if 

00 

F(x) = L:>nUn(X) is well-defined for x E X 
n=O 

and F(x) -+ A as x (E X) -+ 00. (5.6) 

[It will follow from (6.7) that U(x) = L~o un(x) -+ 1 as x -+ 00.] 

A series L~o an is called r). -summableto A ifits partial sums Sn are r).-limitable 
to A. 

Explicit examples of circle methods other than the Borel method B will be dis
cussed in Sections 20, 21. For the classical matrix circle methods, a prototype of 
formula (5.3) was given by Meyer-Konig [1949]; cf. also Meir [1963] and Shawyer 
and Watson [1994] (p. 51). 

6 Auxiliary Estimates 

We will derive several consequences of the Basic Properties 5.1. Here the following 
notation is convenient; we take h ::: 0: 

rl(X, h) = L un(x), r2(x, h) = L un(x), 
n<x-h n>x+h 

RI(x,h)= L (n+1)un(x), R2(x,h)= L (n+1)un(x), 

rex. h) = TJ + r2. R(x, h) = Rl + R2 = L (n + 1)un(x). (6.1) 
In-xl>h 

Proposition 6.1. Let the functions Un belong to a circle method r). as in Definition 
5.2, let 1/2 < Y < 2/3 and let x E X be::: 1. Thenfor In - xl S x Y , 

_ {f -).(n-x)2/x { f/\ (In - xl 3 In - xl + I)} un(x) - e 1 + v 2 + , 
nx x x 

(6.2) 

{ n - x (n - x)2 1) } 
un(x) - Un+I(X) = 2A-x - + 0 x2 + ~ un(x), (6.3) 

whilefor In - xl S 8x with sufficiently small 8 > 0, 

un(x) S 5xe-).(n-X)2/(2X). (6.4) 
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For 0 E (0, 1), y as before and x ---7 00, one has 

rex, ox) :::: R(x, ox) = O(e-aX) for some a = a(o, A) > 0, (6.5) 

r(x,x Y ):::: R(x,xY ) = O(e-x") forsome TJ > 0. (6.6) 

Also, maxn un(x) = O(l/yIx) andmaxx un(x) = O(l/,Jn). Finally,forany a E lR 
and b 2: 0, and x ---7 00, 

00 00 

Vex) = L un(x) ---7 1, Lin" - x"l un(x) = O(x,,-1/2), (6.7) 
n=O n=O 

rj(x, bJx) ---7 web) = ~ roo e-v2 dv. 
yJT lbh 

(6.8) 

(The limit web) ranges over the interval (0, 1/2].) 

Proof. We begin with the first O-term in the last line of (5.3). For Ih I :::: 0 jX with 
sufficiently small OJ> 0, one has inequalities of the form 

(6.9) 

For x ---7 00, the first estimate shows that this O-term tends to ° uniformly when 
Ihl :::: x Y since 3y < 2. The exponential of that remainder will then be equal to 
1+ O(lh 13/ x2). The exponential of the final O-term in (5.3) can be dealt with in the 
same way to complete a proof of (6.2). For the proof of (6.4) one combines (5.3) with 
the second remainder estimate in (6.9). Formula (6.3) requires the first expansion in 
(5.3). 

The proof of (6.5) follows from (5.4) by simple computation. For the proof of 
(6.6) one may combine (6.5) with an estimate for R(x, ox) - R(x, xY). If 0 is small, 
(6.4) provides a good bound on the terms Un (x) with x Y :::: In - xl :::: ox. Their sum 
may be estimated with the aid of an integral of the form 

Cl f8X 2 100 2 , 2y-1 - e-Ai /(2X)dt :::: C2. e-V dv = O(e-C x ) 
yIx x y cx y - 1j2 

with c' > 0. Since y > 1/2 this gives (6.6). 
The results on the maxima of Un (x) will follow from (6.2) since by (6.6) the 

maxima must occur for relatively small In - x I; cf. also (6.3). The remaining results 
for sums may be based on additional comparisons with integrals. In these sums one 
may limit oneself to In - x I :::: x Y because of (6.6). The pattern of the proofs will 
become clear from a discussion of r2 (x, bJx) with b 2: 0. 

Let x be 2: I. For I v - n I :::: I, 

e-A(n-x)2/x = e-ic(v-x)2/x { 1+ 0 Cv -:1 + I) } . 
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Thus by (6.2) for Iv - nl .s I and Iv - xl .s x Y , 

un(x) = [fe-A(v-d/x {I + 0 (IV :2x13 + Iv - ~I + 1) } . (6.10) 

This estimate will be important when we derive integral forms of fA -limitability. For 
h = by'x and x --+ 00 formulas (6.6) and (6.10) imply 

x+h<n:::x+xY 

r+! 
L in un(x)dv + 0(1) 

x+h<n:::x+xY n 

(): r Y 
2 { ( t 3 t + 1) } =Y;-;ih e-At / x 1+0 x 2 +-x- dt+o(l) 

1 100 
2 I 100 

2 = C e- v dv + 0(1) --+ c e- v dv. 
V n: h,jAlX V n: b-/i 

(6.11 ) 

For b :::: 0 the limit web) in (6.11) can take any positive value not exceeding 1/2. 

Corollary 6.2. It follows from the first relation in (6.7) and (6.6) that the methods 
fA are regular: 

00 

if Sn --+ A then LSnUn(X) --+ A as x --+ 00. 

11=0 

(6.12) 

Remarks 6.3. The estimates in Proposition 6.1 are extensions of those for the Borel 
case in Hardy [1949] (section 9.1). They can be interpreted in terms of probability 
theory. The formulas describe the approximation of 'circle measures' by the normal 
distribution. Borel summability corresponds to the Poisson measure, Euler summa
bility to the binomial distribution; cf. Feller [1950/68] (chapter 7). Many authors have 
established connections with probability theory; see Schmetterer [1963] and the ref
erences in Remarks 13.2. The restriction 1/2 < Y < 2/3 is the signature of so-called 
'large deviations'; cf. Ibragimov and Linnik [1971]. Diaconis [2002] made interesting 
comments on the relation between summability theory and probability. 

7 Series with Ostrowski Gaps 

One says that a series L~o an has a gap (Pk, qk) if an = 0 for Pk < n < qk. If there 
is an infinite sequence of gaps (Pk, qk) with qk / Pk :::: P > 1, one speaks of a series 
with Ostrowski gaps. Zygmund r 1931] proved the special Tauberian theorem below 
for the case of Borel summable series with Ostrowski gaps. The theorem is special 
in that it implies convergence only of partial sums corresponding to the gaps. As an 
interesting application we discuss Zygmund' s proof for Ostrowski's 1921 theorem on 
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so-called overconvergence: the convergence of special partial sums oflacunary power 
series outside the circle of convergence. Of the many publications on overconvergence 
we mention Ostrowski [1926], [1930] and the survey by Bourion [1937]. Ostrowski's 
theorem implies Hadamard's theorem on non-continuability of analytic functions with 
lacunary power series; see below. 

We will prove a Zygmund-type Tauberian theorem for all methods r A as in Sec
tion 5. 

Theorem 7.1. Given a number p > 1 and a circle method r A, one can find numbers 
a = a(p, r A) > 1 with the following property. For series I:~o an which are r A-

summable to A and have an infinite sequence of gaps (Pk, qk) with qk / Pk ::::: p, the 
condition 

an = O(an), or Sn = L ak = O(an), 
k~n 

implies that the partial sums SPk corresponding to the gaps converge to A: 

SPk -+ A as k -+ 00. 

(7.1) 

(7.2) 

Proof. Let I:go an be rA -summable to A and have Ostrowski gaps with constant p. 
In terms of the functions Un for the method rA, the summability means that 

F(x) = 
(l-o)x~n~(lH)x In-xl>ox 

= Sx + Tx (say) tends to A (7.3) 

as x E X goes to 00. Recall that the domain X of the functions Un contains a sequence 
Xv / 00 such that xv+ 1 - Xv :s f.1 for some constant f.1. We now choose 0 = 1- 1/ ,JP, 
so that for large k, 

~ ~ 
1 _ 0 :s --/Pkqk < "jPkqk + f.1 :s (qk/.jP) + f.1 = (1 - O)qk + f.1 < 1 + o· 

From here on we restrict x to a subsequence {XVk) of {xv} such that 

~<x <~. 
1 - 0 - Vk 1 + 0 

(7.4) 

For x = XVk' all terms in the principal sum Sx in (7.3) have Pk :s n < qk. so that 
Sn = SPk' Hence by (6.7) and inequality (6.5) for the remainder rex, ox), 

Sx = Spk L un(x) = Spk{U(X) - rex, ox)) = sPk{1 + o(I)} (7.5) 
In-xb8x 

as x = X Vk -+ 00. 

Suppose now that condition (7.1) holds with some number a > 1. By (5.4) the 
remainder Tx may then be estimated as follows: 

ITxl:S L ISnlun(x):s C L ane-cln-xl 
In-xl>ox In-xl>ox 

(7.6) 
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provided a l +8e-c8 < 1. Thus if we require 1 < a < exp{c8/(l + 8)}, it follows 
from (7.6) that Tx --+ ° as x = X Vk --+ 00. Then by (7.3) Sx --+ A, and by (7.5) also 
Spk --+ A. 0 

In the Borel case, Ostrowski's theorem on overconvergence is a corollary: 

Theorem 7.2. Let the power series L~o anzn have an infinite sequence of gaps 
(Pk. qk) with qk/ Pk 2: P > 1 andfinite positive radius of convergence R. Suppose that 
the sumfunction fO is regular at a point zo on the circle C(O, R). (More precisely: f 
has an analytic continuation / to a neighborhood ofzo.) Then the partial sums SPk (z) 
corresponding to the gaps converge at and around zo; the convergence is uniform in 
a neighborhood of zoo 

Proof. One may assume R = 1, so that an = O{(1 + e)n} for every e > 0. Hence if 
a is any number greater than 1 and Zl has absolute value less than a, then 

(7.7) 

By Corollary 4.4 and Remarks 4.5, the series L~ anzn is B-summable to fez) in a 
neighborhood U(zo) of the regular point zo on C(O, 1). We now apply Theorem 7.1 
to the series Lan zl instead of L an, specializing r A to the Borel method and taking 
a in inequality (7.7) equal to a number a(p, B). The conclusion is that the partial 
sums SPk (Zl) converge to j(zl) whenever Zl belongs to the intersection of U(zo) and 
the disc {Izl < a}. More precise analysis shows that the convergence is uniform in 
some neighborhood of zoo 

Hadamard's theorem [1892] may be deduced from Ostrowski's: 

Theorem 7.3. Let fez) = L~o apkzPk with exponents Pk E No be a so-called 
lacunary power series with 'Hadamard gaps': 

PHI 2: p > 1 for k 2: ko, 
Pk 

(7.8) 

and with finite positive radius of convergence R. Then every point of the circle C (0, R) 
is a singular pointfor the sum function f. 

Proof. We again take R = 1 and suppose for a moment that Zo E C(O, 1) is a 
regular point for f. Then by Theorem 7.2 the partial sums Spk(Z) will converge in 
a neighborhood of ZOo But then the whole sequence of partial sums {sn(Z)} would 
converge at a point outside the circle of convergence, which is impossible. 

Remarks 7.4. Condition (7.8) can be weakened: according to Fabry's gap theorem 
(1896), the condition Pk/ k --+ 00 is sufficient for non-continuability of f beyond 
the circle of convergence. See for example Landau and Gaier [1986] (appendix 2, 
section 2). 

Theorem 7.1 implies a 'restricted high-indices theorem' for rA-summability in 
the case of Hadamard gaps (7.8). In Sections 15-17 we will discuss high-indices 
theorems under a weaker gap condition. 
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8 Boundedness Results 

This section serves as preparation for proofs of the Borel Tauberian Theorem and its 
extension to circle methods under Schmidt's general condition 0.2). 

SIMPLE RESULTS. Under the Hardy-Littlewood condition an = O( 1 / "jii), bounded
ness of F (x) = L~o SnUn (x) on X (Definition 5.2) readily implies boundedness of 
the partial sum function sex) = Lk9 ak. Indeed, by (6.7) 

00 

L:)Sn - s(x)}un(x) = F(x) - s(x)U(x) = F(x) - {I + o(1)}s(x) 
n=O 

as x -+ 00. The boundedness of S (x) (initially on X) then follows from the inequality 

ISn -s(x)l:s lakl = O(IJn - JXI + 1), 
min{n,x}<k:s;max{n,x} 

together with the relations (6.7), (Incidentally, a similar argument shows that the 
stronger condition an = 0(1/"jii) is a Tauberian condition for rA -summability; cf. 
Hardy and Littlewood [1913a] for the Borel case.) 

The same method shows that the conditions an = 0(1) and F(x) = o(JX) imply 
sex) = o(JX), and similarly with 0 instead of o. It is more difficult to show that 
an = 0(1) and convergence F(x) -+ A imply sex) = o(JX) in, for example, the 
Borel case. (The proof indicated by Hardy and Littlewood [1916] proceeds by way 
of Cesaro summability; cf. Lord [1935].) 

We now turn to SCHMIDT'S CONDITION (1.2). It requires that for any given number 
e > 0, there are constants Band 0 > 0 such that 

This implies that for the function S (x), which is equal to Sn for n :s x < n + 1, there 
are positive constants c j such that 

S(z) - s(y) :::: -CJ (.jZ - ,J"Y) - C2 for z :::: y :::: 0; (8.2) 

cf. the derivation of formula (1.16.4). Below we deduce the boundedness of the se
quence {sn} from that of F(x) under Schmidt's condition. In Section 9, the condition 
of r A -limitability will be written in integral form for the case of bounded {sn} or 
Sn = o("jii). In Section 11 we prove the Tauberian theorem under Valiron's condi
tion, the two-sided predecessor of (8.1). For the one-sided result we will use Wiener 
theory (Section 12). 

Theorem 8.1. (Boundedness Theorem) With junctions Un as in Definition 5.2 for a 
general circle method rA, let the sum 

00 

F(x) = L::>nUn(X) (8.3) 
n=O 
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be well-definedfor x in the domain X of the functions Un, and let the sum function 
F(x) be bounded as x E X goes to 00. Suppose that Schmidt's Tauberian condition 
(8.1) is satisfied, or at least, that there are constants c j such that the function s (-) 
satisfies condition (8.2). Then sO is bounded. 

Proof. We will again use the 'method of the monotone minorant' (Section 1.19); 
cf. Vijayaraghavan [1928] for the case of Borel summability. The negative of the 
minorant, 

a(z) ~ -mins(y) = max{-s(y)}, 
y::::z y::::.:: 

(8.4) 

is nondecreasing and one can derive from (8.2) that 

a(z) - a(y) SCI (v'z - ../y) + C2 for z ~ y ~ 0; (8.5) 

cf. the proof of Lemma 1.19.3. In the following we take b > 0, x E X large, and we 
set v = x - b,JX, w = x + b,JX. Then by Proposition 6.1, 

q(x, b,JX) = I:>n(X) ~ web), r2(x, b,JX) = L un(x) ~ web). (8.6) 
n<v n>w 

Here the values of w(b) range over the interval (0, 1/2). 
(i) As before we write V (x) = L~o Un (x), which by (6.7) is close to 1. Observe 

also that ,JX - y'v < b, so that -Jii - y'v S l-Jii - ,JXI + b. Thus condition (8.2) 
and the relations (6.7) give 

~ s(v){U(x) - rl (x, b,JX)} - 0(1). (8.7) 

On the other hand, by the boundedness of F(x) for our large x E X and (8.4), 

LSnUn(X) = F(x) - LSnUn(X) S 0(1) + a(v)rl (x, bv'x). (8.8) 
n;:::v n<v 

Since Vex) - rl (x, ,JX) ~ 1 - web), combination of (8.7) and (8.8) gives 

rl(x,bv'x) 
s(v) S v'x a(v) + 0(1) as x -+ 00. (8.9) 

Vex) - rl (x, b x) 

We will use (8.9) with a fixed value bl > ° of b, so that w(bJ} < 1/2. Then the 
coefficient of a (v) will be less than I for all large x EX. Thus 

[-a (v) S] s(v) S a(v) + 0(1), (8.10) 

first for large v = x - bl,JX, and finally for all v ~ 0. Hence if a (.) is bounded, so 
is s(·). 

(ii) With the aid of (8.10) one can prove an inequality for s (.) which goes in the 
other direction. By (8.2) and (6.7), 
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:::: -s(w){U(x) - r2(x, b,jX)} - 0(1); 

cf. the derivation of (8.7). On the other hand, by (8.10) and (8.5), 

- L snun(x) = -F(x) + L snun(x) :::: 0(1) + L a(n)un(x) 
n::::w n>w n>w 

:::: (0) + a(w) L un(x) + L {C] (In -,JW) + C2}Un(X) 
n>w n>w 

:::: a(w)r2(x, b.jX) + 0(1). 

Combining these inequalities one finds that 

-Sew) :::: r2(X, b.jX) a(w) + 0(1) 
U(x) - r2(x, bJX) 

as x ---+ 00. (8.11) 

We will use (8.11) with a value b2 of b for which W(b2) < 1/3. Then by (8.6) the 
coefficient of a (w) will be less than 1/2 for all large x. It follows that 

-Sew) :::: a(w)/2 + 0(1), (8.12) 

first for all large w = x + b2JX, and finally, for all w :::: O. Suppose now that a(·) 
is unbounded. Then by (8.12), -sew) :::: 2a(w)/3 for all large w, but this would 
contradict the definition of a in (8.4). Hence a(·) and s(·) are bounded. 

9 Integral Formulas for Limitability 

If one has a suitable boundedness result for the sequence {sn}, the condition of rA-

limitability, 

00 

F(x) = LSnUn(X) ---+ A as x E X goes to 00, (9.1) 
n=O 

can be put into convenient integral form. For the Borel case, where X = JR+, the form 
below is due to Hardy and Littlewood [1916]; cf. Hardy [1949] (section 9.10). 

Theorem 9.1. Let the functions Un belong to a circle method r A as in Definition 5.2 
and let Sn = o(Jn) as n ---+ 00. Define 

S(v) = Sn for n :::: v < n + 1, n = 0,1,2, .... (9.2) 

Then the limit relation (9.1) for a sum is equivalent to the integral relation 

- ffi OO 
2 F(x) = - e-A(v-x) Ix s(v)dv ---+ A as x ---+ 00 

lTX 0 
(9.3) 

in X. The validity of (9.3) for x in X implies its validity for x ---+ 00 along JR+. 
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Proof. Let 1/2 < Y < 2/3 and Sn = o(.jn). 
(i) Taking x E X we set u(x, v) = Un (x)for n :s v < n + 1. Since s(v) = 0(.JV) 

as v --+ 00, it follows from the uniform estimate Un (x) = O( 1 /.jn) and the estimate 
(6.10) for un(x) that 

L snun(x) = 1, u(x, v)s(v)dv + 0(1) 
In-xl:<,x Y Iv-xl:<,x Y 

= ~ [ e-A(V-X)2/X{1+0(lv-2xI3 +IV-XI+l)}S(V)dV 
V ;;: J1v-xl:<,xY x x 

+0(1) 

= ~ [ e-A(v-x)2/xs (v)dv+o(1) 
V ;;: J1v-xl:<,xY 

+0(1) [ e-A(v-x)2/x { Iv -2x13 + Iv - xl + I} dv 
J1v-x!:<'xY x x 

= ~ [ e-A(v-x)2/xs (v)dv + 0(1) as x --+ 00. 

V;;: J1v-x!:<'xY 
(9.4) 

On the other hand, by (6.1) and (6.6) 

L snun(x) = O{R(x, x Y )} = 0(1) as x --+ 00, (9.5) 
In-xl>xY 

while the estimate s(v) = O(v + 1) on IR+ implies that 

~ [ e-A(v-x)2/x s(v)dv = 0(1). 
V;;: J1v-xl>xY 

(9.6) 

Combination of (9.4)-(9.6) shows that for x --+ 00 in X, 

(Xl ff1(Xl 2 F(x) = LSnUn(X) = - e-A(v-x) /x s (v)dv+o(l). 
n=O lfX 0 

(9.7) 

It follows that under our conditions, (9.1) is equivalent to (9.3) for x EX. 

(ii) Having convergence for x E X, one derives from Definition 5.2 that (9.3) 
must hold for a sequence x = Xk --+ 00 with 0 < Xk+l - Xk :s ft, say. Now for 
Xk :s z < Xk+! and Iv - xkl :s x[, 

(v - z)2 

Z 

so that by an argument as before, 

j A [ {e-A(v-d/z _ e-A(v-xd/Xk} s(v)dv = 0(1) as Xk --+ 00. 

If Xk J1V- XkI9k 
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From this and (9.3) for x = xk ~ 00 one concludes that 

[£100 2 - e-A(v-z) IZs(v)dv ~ A 
lrZ 0 

as Z ~ 00 along JR+; cf. part (i). 

For Tauberian theory, one likes to have a limit relation in convolution form. For 
the Borel case and bounded s(·), the integral formula below is due to Wiener [1932]; 
cf. Hardy [1949] (section 12.15). 

Theorem 9.2. Let s(v) be locally boundedfor v ~ 0 and 0(.JV) as v ~ 00. Define 

S( ) = { s(y2)for y ~ 0, 
y 0 for y < o. (9.8) 

Then the limit relation F(x) ~ A (9.3) for x ~ 00 along JR+ is equivalent to 

F*(x) = If-L e-4A(x-y)2 S(y)dy ~ A as x ~ 00 along JR+. (9.9) 

Proof. We take 1/2 < Y < 2/3 and Iv - xl s x Y with x ~ 1. Then 

v - x .JV + ,J'X ( .JV - ,J'X) ,J'X = (v'v -./X) ,J'X = 2(v'v -./X) 1 + 2,J'X 

( v - X)2) 
= 2(v'v - ./X) + 0 x,J'X , 

(9.10) 

Similarly 

_1 =_1 {l+o(lv-XI)}. 
,J'X.JV x 

(9.11) 

Hence by the definition of F and (9.6), 

- (fl x+xY 
2 F(x) = - e-A(v-x) Ix s(v)dv + 0(1) 

lrX x-xY 

(fl x+xY 2 s(v) 
= - e-4A(v'V-v'i) -dv + 0(1) 

lr x-xY .JV 
(9.12) 

as x ~ 00. Substituting v = y2 and replacing x by x2, one next obtains 

(9.13) 
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It remains to show that F*(x) - F(x 2 ) ---+ 0 as x ---+ 00. This may be derived from 
the observation that integrals of the form 

100 2 
e-4Az (x + z)dz, 

cx 2y-i 

tend to 0 as x ---+ 00. 

Thus under the given conditions, (9.3) implies (9.9), and conversely. 

Remark 9.3. In the derivation of Tauberian theorems for Borel summability, Hardy 
and Littlewood [1916], [1943] used an integral formula related to (9.3) and analogs 
of (9.3) for sums; cf. Hardy [1949] (chapter 9). 

10 Integral Formulas: Case of Positive Sn 

Let the functions Un belong to a circle method r A as in Definition 5.2. In the case 
Sn :::: 0 it is convenient to introduce the sum function 

S(-I)(V) = I:>n. ( 10.1) 
n:Sv 

Lemma 10.1. Let Sn 2: 0 for all n and let F (x) = L~o Sn Un (x) remain bounded as 
x ---+ 00 in X. Then for v and n ---+ 00, 

s(-I)(v + v'v) - s(-I)(v) = O(v'v), Sn = O(Jn), 

s(-IJc2v) - s(-Il(v) = O(v), s(-I)(v) = O(v), 

s(-I)(v + w) - s(-I)(v) = O(w) for w :::: v'v. 

Proof. For In - xl :::: "jX and large x E X relation (6.2) shows that 

c 
Un (x) ::::"jX with c = c(rA) > O. 

Thus by the boundedness condition on F, 

"jX 
<-

"jX 
snun(x) :::: -F(x) = O(Jx) 

c c 
x-.JX<n:sx+.JX 

(10.2) 

as x E X goes to 00. Since X contains a sequence Xk /00 with Xk+1 - Xk = 0(1), 
the first relation (10.2) follows. The other relations are easy consequences. 

Theorem 10.2. For Sn :::: 0 the relation F(x) ---+ A as x E X goes to infinity (5.6), 
which expresses the r A -limitability of {snl to A, is equivalent to the integral relation 

[fl CXJ 2 F(X) = - e-A(v-x) /xds(-I)(v) ---+ A 
JTX 0 

as x ---+ 00 (10.3) 

along X or JR+. 
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Proof. Looking at the proof of Theorem 9.1 we indicate the necessary changes. 
In order to preclude common discontinuities of u(x, v) and s(-l)(v), we now set 
u(x, v) = un(x) for n-1/2 :::: v < n+ 1/2. Lemma 10.1 shows thatsn = O(.Jii) and 
by (6.6), y'nun(x) is quite smallforlargex whenn ~ x±xY , where 1/2 < Y < 2/3. 
Thus 

L snun(x) = [, u(x, v)ds(-l) (v) + 0(1); 
In-xl:::xY Iv-xl:::xY 

cf. the beginning of array (9.4). The second line of (9.4), this time with ds(-l)(v), 
follows from (6.10). The terms after the a-sign again result in remainders 0(1). For 
example, 

by the final inequality (10.2). Thus 

L snun(x) = If ( e-A(V-X)2/xds (-1)(v) + 0(1). 
In-xl:::x Y :n:x J1v-xl:::x Y 

(10.5) 

Forthe sum over In -xl> x Y one has (9.5) and for the analog of(9.6) with ds(-l)(v) 
one has to estimate a similar sum. 

This gives the analog of (9.7). It follows that for x -+ 00 in X, the limit relation 
F(x) -+ A is equivalent to the integral relation (10.3). The result may be extended 
to x -+ 00 along jR+ as in part (ii) of the prooffor Theorem 9.1; this time one would 
use (10.2). 

Theorem 10.3. For Sn ~ 0 and s(-l)(v) = Ln:::v Sn as in (10.1), let 

d'L.( ) ~ {(2Y + 1)-lds(-1)(y2 )for y ~ 0, 
y 0 for y < O. (10.6) 

Suppose that the sequence {sn} is r A -limitable to A. Then 

r+1 
In d'L.(y) = 0(1) for n E Z. (10.7) 

Furthermore, the limit relation i?(x) -+ A asx -+ 00 along jR+ in (10.3) is equivalent 
to the limit relation 

F*(x) =!!§ 1 e-4A(x- y )2 d 'L.(y) -+ A as x -+ 00 along JR+. (10.8) 
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Proof. For (10.7) we may take n ::: O. Then by Lemma 10.1 

I
n+1 In+1 ds(-I)(y2) s(-I)(n2 + 2n + 1) - s(-I)(n2) 

d}.;(y) = 2:S 2 = 0(1). 
n n y+l n+l 

The derivation of (10.8) from (10.3) is similar to the derivation of (9.9) from (9.3). 
Indeed, combination of (10.5) (and the lines following it) with formulas (9.10), (9.11) 
will show that 

F(x) = j A r+xY e-A(v-x)2/xds (-I)(v) + 0(1) 
JrX ]x-x y 

f§A lx+XY -4A(0i-vlx)2 ds( -I) (v) = - e +0(1). 
Jr x-xY 2Jv + 1 

[For the remainder estimates required in the last step one may proceed as in (10.4).] 
As before, one next substitutes v = y2 and replaces x by x 2: 

f§A 1(X2+x2Y)I/2 
F(x2) = - e-4A(y-x)2 d}.;(y) + 0(1). 

Jr (x2_x2y)I/2 
(10.9) 

For the proof that F*(x) - F(x2 ) -+ 0 as x -+ 00 one may set x - y = z and 
integrate by parts, using the estimate }.;(y) = 1ri d}.;(t) = O(y) as y -+ 00. 

11 First Form of the Tauberian Theorem 

There seems to be no really simple proof for the Borel Tauberian theorem as there is 
for Littlewood's theorem, even under the two-sided Hardy-Littlewood condition of 
[1916]: 

(11.1) 

It may be argued that Wiener theory provides the best approach, as it also handles the 
general Schmidt condition (1.2); see Section 12. To be sure, the boundedness of the 
sequence {sn} is easier to obtain under condition (11.1) and one can give a Wiener-type 
proof without invoking Wiener's general Fourier theory; cf. Pitt [1957]. At this point 
we also mention a complex-analysis proof by Jurkat [1956b], which uses condition 
(11.1) to go from Borel summability to Euler summability (E, q) of arbitrarily high 
order q (cf. Section 20), and from there to convergence. A probabilistic treatment 
involving Wiener theory was given by Schmaal, Starn and de Vries [1976]. 

Here we pursue another alternative. Instead of Wiener theory, we use Vitali's 
theorem, as Hardy and Littlewood [1943] have done for an auxiliary special circle 
method. Along that path they obtained a new proof for the Borel Tauberian theorem 
under condition (11.1). We will see that such an approach also handles Valiron's 
generalization [1917] of condition (11.1): 

sm - Sn -+ 0 as n -+ 00 while O:s .;m - In -+ O. (11.2) 
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Theorem 11.1. Suppose that the sequence {sn} is Borel- or r).. -limitable to A and 
satisfies the Valiron condition (11.2). Then Sn -+ A. 

Proof. We carry out a reduction to Theorem 11.2 below. Set 

S( ) = {sn for In :s y <.In+T, n = 0,1,2, ... , 
y 0 for y < o. (11.3) 

Then for every number c > 0, there are M and 8 > 0 such that 

IS(y) - S(x)1 = Is([y2]) - s([x2])1 S c for x ~ M and Iy - xl :s 8. (11.4) 

In other words, the function SO is slowly oscillating on IR; cf. Definition 11.2.3. From 
Section 8 we also know that the sequence {sn} is bounded, hence so is S. By Section 
9 the r).. -lirnitability then implies the integral relation (9.9): 

F*(x) = ~ l e-4)..(x-y)2 S(y)dy -+ A as x -+ 00. (11.5) 

The convergence of S(x) and hence {sn} to A now follows from 

Theorem 11.2. Let S be bounded and slowly oscillating on IR, and satisfy the limit 
relation (11.5). Then S (x) converges to A as x -+ 00. 

For the proof of Theorem 11.2 we will extend the limit relation (11.5) to a class 
of related integral transforms. For bounded S and x E IR we consider the analytic 
functions of w given by 

Gw(x) = jYff l e-w(x-y)2 S(y)dy, Re w = u > 0, (11.6) 

with the principal value of the square root. Observe that these functions are uniformly 
bounded in every angular domain of the form 

Dc ~ {w = u + iv : u > 0, Iwl/u < C}. (11.7) 

Indeed, for all x E IR 

IGw(x)1 :s /':1 f!£ l e-u(x- y )2 IS (Y)ldy :s .JC sup IS(y)l, V wE Dc· 

(11.8) 

Proposition 11.3. Let S be bounded and suppose that G a (x) -+ A as x -+ 00 for 
some constant a > O. Then G w (x) -+ A as x -+ 00 for 0 < w < a, and in fact, for 
all w with Rew > O. 

We first prove 

Lemma 11.4. LetO < b < a and let S be such that the integralforGb(x) is absolutely 
convergent. Then so is the integral for G a (x) and 

1 
where 

c 

1 

b 
(11.9) 

a 
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Proof. For absolutely integrable S the formula may be obtained by Fourier trans

formation. Indeed, G a is the convolution of y'a/ne-ax2 and S, so that the Fourier 
transform G a (t) = fIR G a (x )e-itx dx is equal to the product of the Fourier transforms 

e-t2 /(4a) [cf. formula (1.25.7)] and Set). The relation 

Gb(t) = e-t2 /(4b)S(t) = e-t2 /(4c) . e-t2 /(4a) Set) 

then shows that Gb is the convolution of y'c/ne-cx2 and Ga. 
For a general proof of (11.9) one can use the formula 

H -b(X-Z)2 -1 If -C(X_t)2~ -a(t-z)2d -e - -e -e t, 
n IR n n 

(11.10) 

which may be verified directly or by Fourier transformation. Having (11.10) one mul
tiplies both sides by S (z), integrates over IR and finally inverts the order of integration. 

Proof of Proposition 11.3. (i) By the hypotheses and (11.8), G a (x - z) -+ A bound
edly for z E IR as x -+ 00. Hence by (11.9), Gb(X) -+ A by dominated convergence 
whenever 0 < b < a. 

(ii) For the second part we use VITALI'S THEOREM: Let D be a domain (connected 
open set) in the complex w-plane, let {¢(w; v)}, v -+ Va be a uniformly bounded 
family of analytic functions on D, and let ¢(w; v) converge to a limit as v -+ Va for 
every w in a subset with at least one limit point in D. Then there is a unique analytic 
function 1jJ(w) on D such that ¢(w; v) -+ 1jJ(w) uniformly on every compact subset 
of D. Cf. Titchmarsh [1939] (section 5.21). 

We apply this theorem with 

D = Dc as in (l1.7), v = x E IR -+ Va = 00, ¢(w; v) = Gw(x). 

The required boundedness follows from (11.8), while by part (i) of the proof there 
is convergence to the constant A everywhere on the real interval 0 < w ::S a in Dc. 
Thus ¢(w; v) -+ 1jJ(w) == A throughout Dc. Since this holds for every C > 0, one 
concludes that Gw(x) -+ A throughout the half-plane Re w > o. 
Proof of Theorem 11.2. Let S satisfy the hypotheses of the Theorem. Then by (11.5) 
the hypotheses of Proposition 11.3 are satisfied with a = 4),.. Conclusion: for every 
number u > 0, 

Gu(x) = ~ k e-u(x-d S(y)dy = I!£ k e-ut2 Sex + t)dt -+ A (11.11) 

as x -+ 00. By the boundedness of Sex + t) we also have 

I!£!X/2 2 

- e-Ul Sex + t)dt -+ A 
n -x/2 

as x -+ 00. (11.12) 

Now for It I ::S x/2 and large x, it follows from (11.4) that 



12 General Tauberian Theorem with Schmidt's Condition 305 

IS(x + t) - S(x)1 < Eltl + s, where E = s/8. 

Thus for large x 

I ~lx/2 e-ut2 {S(x) - S(x + t)}dtl < ~lx/2 e-ut2 (Eltl + s)dt Vi ~p Vi ~p 
< ~ l e-y2 (E Yu- + s) dy < 2s, provided u > uo· (11.13) 

Letting x ~ 00 for fixed u > uo, we conclude from (11.13) and (11.12) that 

lim sup IS(x) - AI ::s 2s. 
x--->oo 

This completes the proof of Theorems 11.2 and 11.1. 0 
We remark that Kratz [2000] gave a proof of the Borel Tauberian theorem under 

condition (11.1) which also used Vitali's theorem. 

12 General Tauberian Theorem with Schmidt's Condition 

Here we obtain Schmidt's form [1925b] of Theorem 1.9.1 for Borel summability 
and our extension to rA-summability. Vijayaraghavan [1928] simplified Schmidt's 
original proof. Wiener [1932] used his own method to deal with Borel summability, 
but if one has already proved boundedness of the sequence of partial sums {sn}, it is 
more convenient to use the Wiener-Pitt Theorem 11.8.4. 

Theorem 12.1. Let I:g" an be Borel summable to A, or more generally, summable 
to A by a circle method rA' Thus in terms of the partial sums Sn = I:~=o ak and the 
functions Un belonging to the method r A (Definition 5.2), I:g" snun(x) exists for x 
in the domain X of the functions Un and 

00 

F(x) = L:>nUn(X) ~ A as x ~ 00 in X. (12.1) 
n=O 

Suppose that Schmidt's Tauberian condition is satisfied: 

liminf (sm - sn) ~ 0 for n ~ 00 and O::s ,Jm - In ~ o. (12.2) 

Then Sn ~ A as n ~ 00. 

Proof. Let the hypotheses of the Theorem be satisfied. Then it follows from Theorem 
8.1 that the sequence {sn} is bounded. As before it is convenient to introduce the 
functions s(v) = Sn for n ::s v < n + 1, n = 0,1,2, ... and 

S( ) = {S(y2) for y ~ 0, 
y 0 for y < O. 

(12.3) 
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Then SO is bounded and hence by Theorems 9.1 and 9.2, the r A -limitability (12.1) 
is equivalent to the integral relation 

~ ~ e-4A(x-y)2 S(y)dy -+ A as x -+ 00. 

It is easy to see that the function 

(4i 4 2 
K(x) = KA(x) = V -;-e- AX 

is a Wiener kernel (Section 1I.8) and that fIR K(x)dx = K(O) = 1. Indeed, 

K(t) = ~ ~e-4Ax2 e-itxdx = e-t2 /(16A) f= 0; 

(12.4) 

(12.5) 

cf. formula (I.25.7). We finally verify that the function S is slowly decreasing on ~ 
(Definition 1I.2.3): by (12.2), 

liminf {S(y) - S(x)} = liminf {s(i) - s(x2)} ~ 0 

for x -+ 00 and 0 S Y - x -+ O. 

It thus follows from the Wiener-Pitt Theorem 11.8.4 that S(x) -+ A as x -+ 00. 

Remarks 12.2. For the equivalence of a limitation method r A to the limitation (12.4) 
one needs only the conditionsn = 0(.J1i) or S(y) = o(y); see Section 9. For bounded 
{sn} or S(·), it follows from Wiener's theory that the integral relations (12.4) for 
different values of A are all equivalent (cf. Section 11.8). Thus for bounded sequences 
{sn}, any circle method r A is equivalent to any other circle method r JL. For the case 
of special circle methods such results go back to Meyer-Konig [1949]; cf. Zeller and 
Beekmann [1958/70]. 

A predecessor of the general Theorem 12.1 can be found in Sitaraman and Swami
nathan [1977]. Certain general Borel-type methods require adjustment of condition 
(12.2); cf. Kratz and Stadtmiiller [1990b], Kiesel and Stadtmiiller [1991]. 

13 Tauberian Theorem: Case of Positive Sn 

Here we discuss results of Tenenbaum [1980] and subsequent authors, extending them 
to general circle methods. 

Theorem 13.1. Suppose that the sequence {sn} is Borel limitable to A, or more gen
erally, limitable to A by a circle method r A (Definition 5.2). Then the Tauberian 
condition Sn ~ -C, "In, implies that the sum function s(-l)(v) = Ln::::v Sn satisfies 
the relation 

as v -+ 00, VbER (13.1) 
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There are equivalent conclusions in terms of the function s (v) which is equal to Sn 
for v :::: n < v + 1, n = 0, 1, 2, ... : 

j X+b 

x s(t2)dt ---+ Ab, (13.2) 

The final relation is equivalent to the Riesz-type summability R(evln , 1) of the series 
I:g:' an = I:g:'(Sn - sn-J) to A; see formula (13.11) below. 

In the other direction, the relations (13.1) (with no further condition on the num
bers sn) imply the limitability of {sn} to A by every circle method rA' 

Proof. Let Sn :::: -C. Adding C to the numbers Sn, so that s(-ll(v) is increased by 
C[v + 1], one may assume that the numbers Sn are:::: O. We will now use the notation 
of Theorem 10.3. In particular, the positive measure d~(y) on lR is defined in terms 
of ds(-l) by the formula 

_ {(2Y + l)-lds(-1)(y2) for y :::: 0, 
d~(y) - 0 "0 lor y < . 

(13.3) 

The kernel involved in the integral (10.8) will be denoted by K as in (12.5): 

K(x) = KA(x) = ~e-4Ax2. (13.4) 

By Theorem 10.3, the r A -limitability of the sequence {sn} to A implies that 

In +! 
n d~(y) = 0(1) for nEZ, (13.5) 

and the r A -limitability is equivalent to the relation 

i K(x - y)d~(y) ---+ A = A i K(y)dy as x ---+ 00. (13.6) 

We now apply Wiener's so-called second Tauberian theorem which involves mea
sures; see Section II. 13. Our kernel K is of the required class M: it is a continuous 
L I function such that 

IIKIIM = L sup IK(x)1 < 00. 
nEZ n::x::n+l 

It is also a Wiener kernel; cf. Section 12. Hence relation (13.6), which involves the 
positive measure d~ satisfying condition (13.5), implies the corresponding relation 

L H(x - y)d~(y) -+ A L H(y)dy as x -+ 00 (13.7) 

for every kernel HEM. In particular the rA-limitability of {sn} to A implies its 
r /l-limitability to A for every number p., > O. 
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We next take B(z) equal to the characteristic function of an interval [-b, 0] 
with b > O. Strictly speaking such a function is not in M, but since d'E is positive, 
approximation from below and above by 'trapezoidal functions' will take care of the 
difficulty. In view of (13.3), it follows that 

l
x+b lx+b 1 

'E(x + b) - 'E(x) = d'E(y) = __ ds(-1)(y2) 
x x 2y + 1 

1 
" .jfi Sn -+ Ab as x -+ 00, Vb> O. (13.8) ~ 2 n+l 

x2<n:::(x+b)2 

Now Sn ~ 0 and 1/(2y + 1) is decreasing, so that also 

(13.9) 

Taking b small one finds that Sn = o(.jfi), hence 

s(-1)(x2 + 2bx) - s(-1)(x2) '" 2Abx as x -+ 00, 

which implies (13.1). 
In terms of the function s(·) one successively obtains the following equivalent 

forms of (13.9): 

1(x+b)2 
s(v)dv '" 2Abx, 

x 2 

r+b 
lx s(t2)2tdt '" 2Abx, 

{X~ (X~ 
lx s(t2)g(t)dt '" A lx g(t)dt as x -+ 00 (13.10) 

for every positive monotonic function g. Taking get) = et one obtains the equivalent 
relations 

fox s(t2)e t dt '" Aex, jZ s(log2 y)dy '" Az as z = eX -+ 00, 

and likewise for z -+ 00, 

( e-Jri) L 1 - -z- an -+ A. 
e,fii :::z 

(13.11) 

The final relation says that the series L:g" an is summable to A by the first order 

Riesz method corresponding to the sequence An = e-Jri; cf. the definition of the 
Riesz means of order k at the end of Section 1.18. Cf. also Hardy and Riesz [1915], 
Chandrasekharan and Minakshisundaram [1952]. 

THE OTHER DIRECTION. Tenenbaum's method for the converse in the Borel case can 
be adapted to deal with the 'Abelian step' from (13.1) to rA-lirnitability. Replacing 
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Sn by Sn - A in (13.1) one may assume that A = O. One next shows that the validity 
of (13.1) for every real number b implies that 

s(-I)(v + byV) - s(-\)(v) 
yV --+ 0 uniformly for, say, O::s b ::s 1 (13.12) 

as v --+ 00. For this one may argue as in the case of slowly varying functions; see 
Section IV.3. It follows from (13.12) that 

S(-IJcV + w) - s(-l)(v) = o(JV + w), s(-I)(v) = o(v) (13.13) 

for v --+ 00, w 2: O. In particular Sn = o(~). Now let 1/2 < Y < 2/3. For the 
proof that the sequence {sn} is r A -limitable to 0, it is sufficient to show that 

L SnUn (x) --+ 0 as x --+ 00; 

In-xlsxY 

cf. inequality (6.6), or by partial summation, that 

L {s(-l)(n) - s(-l)(x)}{un(x) - Un+l(X)} --+ O. 
In-xlsxY 

By (13.13) and (6.3), the last sum is of the form 

In-xl+1 
oCln - xl +.JX) unCx) = 0(1) as x --+ 00. 

In-xlSxY x 

In the final step we have used (6.4) and comparison with an integral as in Section 6; 
cf. also (6.7). 

Remarks 13.2. Although optimal as to order, the one-sided Tauberian condition 
Sn 2: -c in Theorem 13.1 can be relaxed to boundedness of the numbers Sn from 
below in a certain average sense; see Section 18. 

Theorem 13.1 had several predecessors involving Borellirnitability. For that case 
relation (13.1) is due to Tenenbaum [1980], who was motivated by the application 
to number theory described below. For the Tauberian part he made use of Vitali's 
theorem; cf. the method of Hardy and Littlewood [1943] for the classical Borel 
Tauberian and Section 11. Special cases had been treated earlier by Moh [1972] 
and Diaconis and Stein [1978]. The latter discussed a result for Borel and Euler 
summability in the context of probability theory. Related results for a variety of circle 
methods and Riesz summability, which also include probabilistic elements, are in 
Bingham [1981], [1984a], [1984b], [1984c], [1985], [1988], [1989], Bingham and 
Goldie [1983], [1988], Bingham and Stadtmiiller [1990], Kiesel [1993a], Kiesel and 
Stadtmiiller [2000]. For their proofs, Moh, Bingham, and Bingham and Goldie used 
the extension of Wiener's theory due to Beurling which was discussed in Section 
IV.II. 

Finally we remark that the equivalence of B-limitability and the relations (13.1) 
for positive Sn may also be derived from a general result of Wiener and Martin [1937]. 
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14 An Application to Number Theory 

Theorem 14.2 below is due to Tenenbaum [1980]. It is a far-reaching generalization 
of von Mangoldt's classical result to the effect that 'up to large x, there are roughly 
as many integers with an even number of prime factors as with an odd number'. 
Tenenbaum's proof makes use of a refined estimate by Halasz [1971] which we state 
as a proposition. 

Let E be any set of primes such that 

1 L - =00. 

pEE P 

We let g(n) = gE(n) denote the number of prime factors of n which belong to E 
(consistently counting multiplicity, or not counting multiplicity). As usual, g-l(m) 
denotes the set of those positive integers n for which g (n) = m. The counting function 
for g-l(m) is called N(m, x): 

N(m, x) = number of n :::: x such that gE(n) = m. (14.1) 

Proposition 14.1. Let 0 < 8 < 1 and 

y = YE(X) = L 
pEE, p:5:cx P 

(14.2) 

Then for 1m - y I :::: (1 - 8) Y and y :::: 2, the counting function N (m, x) satisfies the 
uniform estimate 

ym { (Im- YI ) (I)} N(m, x) = x m! e-Y 1 + 0 Y + 0 -JY . (14.3) 

Observe that (ym /m!)e-Y is equal to the Borel function um(Y); cf. (5.2). 
Now let S be any set of nonnegative integers. Its counting function is denoted by 

a = s(-l): 

a(v) = s(-l)(v) = LSn, 
n:5:cv 

{ I if n E S, 
Sn = 0 if n (j S. (14.4) 

We write T = g-l (S) for the set of those positive integers n for which the number 
gE(n) belongs to S. 

Theorem 14.2. The set T has ordinary density 0 E [0, 1] if and only if the set S has 
'Borel density' o. That is, if and only if the sequence {sn} is Borel limitable to 0 or 
equivalently, if and only if the counting function a = s(-l) satisfies relation (13.1) 
with A = o. (In that case S will also have ordinary density 0.) 

Proof. Let r be the counting function for T: 

rex) = number of n :::: x such that m = g(n) E S. 
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We fix y between 1/2 and 2/3. By (14.1) 

rex) = L N(m,x) 

N(m, x) + () L N(m, x), 
mES,lm-yl:::yY Im-yl>yY 

(14.5) 

where the final summation is over all integers m ::: 0 with 1m - yl > yY, and 
o ::: () = ()(x, S) ::: 1. If S is the set of all nonnegative integers, then rex) = [x], 
while by (14.3) and (6.6), 

L N(m, x) = x{1 + O(yy-l)} L um(y) 

Im-YI:::yY Im-YI:::yY 

= x{1 + O(yy-l)}. 

Hence for every set S the final term in (14.5) is majorized by 

L N(m, x) = [x] - x{1 + O(yy-l)} = o(x) as x -+ 00. 

Im-yl>yY 

Substituting this estimate into (14.5) and using (14.3) and (6.6) once again, we obtain 

Um(y) + 0(1) 
mES,lm-yl:::yY 

00 

= {I + 0(1)} L smum(y) + 0(1). (14.6) 
m=O 

Thus r(x)/x has a limit 8 if and only if {sn} is Borel limitable to 8. By Theorem 13.1 
such limitability is equivalent to (13.1) with A = 8. 0 

For the case where E is the set of all primes and S is an arithmetic progression, 
Pillai and Delange had proved earlier that T has ordinary density (equal to that of S). 
See Tenenbaum's paper for more complete references. 

15 High-Indices Theorems 

A Tauberian theorem for lacunary series in which there is no order condition on the 
terms is called a high-indices theorem. If there is still a weak order condition one may 
speak of a 'restricted' high-indices theorem. In the case of general circle methods 
(Section 5), it is appropriate to consider lacunary series with 'square-root gaps'. 

Definition 15.1. We will say that the series Lgo an (is lacunary and) has square-root 
gaps if an = 0 for all n which do not belong to a sequence of positive integers {Pk} 
with the property that 

JPHI - Jiik::: 8 for some number 8 > 0 and all k, 

or equivalently, PHI - Pk ::: s,JPk for some number s > O. 

(15.1) 
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We also say that the sequence {Pk} has square-root gaps. Example: Pk = k2. 
In Section 16 we prove the following restricted high-indices theorem for general 

circle methods. 

Theorem 15.2. Let the series I:~ an have square-root gaps as in Definition 15.1, let 
the terms an satisfy an order condition 

an = 0 (ehv'n) for some constant b, (15.2) 

and suppose that I:~ an is summable to A by a general circle method r A• In other 
words, the partial sums Sn are such that I:~ snun(x) is well-defined/or x in the 
domain X a/the/unctions Un and 

00 

F(x) = LSnUn(X) -+ A as x -+ 00 in X. 
o 

Then Sn -+ A as n -+ 00. 

(15.3) 

Recall that by Definition 5.2, the domain X contains a sequence Xk /' 00 with 
bounded difference sequence {XH 1 - Xk}. 

For which (special) circle methods is there a true high-indices theorem for series 
with square-root gaps - a theorem without any order condition on the terms? For 
Euler summability (Section 20) a positive answer was obtained by Erdos [1952] 
(who imposed the stronger condition PHI - Pk :::: Cy'Pk for a sufficiently large 
constant C), and Meyer-Konig and Zeller [1956]. For the moment we limit ourselves 
to Borel summability. 

Theorem 15.3. Let the series I:~ an have square-root gaps and be Borel summable 
to A, that is, the series I:~ snxn In! converges/or x > 0 and 

00 n 

F(x) = ~ sn~e-x -+ A as x -+ 00. 
~ n' o . 

Then Sn -+ A as n -+ 00. 

(15.4) 

Theorem 15.3 will be derived from Theorem 15.2 in Section 17. It will be shown 
in Section 18 that in these theorems, square-root gaps are optimal. 

Remarks 15.4. In [1938a], Pitt stated a high-indices theorem for Borel summability 
under the order condition that an should be O(eSn ) for every positive number 8. 

However, he later found that he needed the stronger condition an = O(ehv'n); see 
Pitt [1958] (p. 92). The order condition was relaxed to an = O(eCn ) through the 
functional-analytic work of Meyer-Konig [1953], Zeller [1953c], and Meyer-Konig 
and Zeller [1956]. Finally Gaier [1965] and Mernik [1965] succeeded in removing 
the restrictions by reducing the general case to the result of Meyer-Konig and Zeller. 
Later Gaier found a simpler reduction to the case an = O(ehv'n) [1966], [1967]; see 
Section 17. Ingham [1968a] has given an independent proof for Theorem 15.3 (also 
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in two steps) with the aid of his method of peak functions. Another reduction of the 
general case to the result of Meyer-Konig and Zeller may be found in Tunm's book 
[1984] (section 22). 

That the gap condition ( 15.1) was optimal in the Borel high-indices theorem could 
be derived from work of Lorentz [1948], [1949], [1951] and Erdos [1956]. 

For certain other special circle methods there also are high-indices theorems under 
weaker order conditions than (15.2); cf. Section 23. However, for most methods there 
is no unrestricted high-indices theorem. A striking example is provided by the discrete 
Borel method (domain X = N), for which no gap condition can give such a theorem; 
see Meyer-Konig and Zeller [1960b]. 

Rajagopal [1969] proved a gap Tauberian theorem for Borel summability which 
connects the oscillation of {sn} and F(x). 

16 Restricted High-Indices Theorem for General Circle Methods 

For the proof of Theorem 15.2 we adapt the method which Pitt used for the case of 
Borel summability. The first step is to change the condition of r A -summability (15.3) 
to integral form. Not knowing that Sn = o(Jn), one cannot proceed as in Section 9. 

By reduction of the domain X of the functions Un, it may be assumed that X is 
a sequence Xk / 00 such that Xk+ 1 - xk ~ IL for some constant IL and that Xo is 
suitably large. We now redefine Un (x) as Un (Xk) for Xk ~ x < Xk+ 1, k = 0, 1, 2, ... 
and set un(x) = 0 for 0 ~ x < xo. One readily verifies that the new functions Un 
on JR satisfy condition (5.4) and the final estimate in (5.3). Thus they satisfy all the 
relations in Proposition 6.1, except perhaps the now dispensable formula (6.3) for the 
difference Un - Un+l. In terms of the new functions Un, we define 

J(X, y) = 2yun(x2) if In ~ y <.In+l, n = 0,1,2, .... (16.1) 

We set J(x, y) = 0 for y < 0 and also for x < O. As usual, we define 

S(y) = Sn for In ~ y <.In+l, S(y) = 0 for y < O. (16.2) 

Then in terms of the function F of (15.3), 

d f 1 00 jJii+T G(x) ~ J(x, y)S(y)dy = L 2yun(x2)S(y)dy 
lR n=O .jri 

_ ~ ( 2) _ { F(Xk) if "JXk ~ x < JXk+l, 
- ~snun x - 0 ·f - r;;:;; 

o 1 X < Xo = yXo· 
(16.3) 

Applied to the sequence {xkJ C X, condition (15.3) implies the limit relation 

G(x) -+ A as x -+ 00 along JR+. (16.4) 

By taking xo sufficiently large we may assume that G is bounded. 
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For the application of Pitt's method we show that the kernel lex, y) is well
approximated by the difference kernel 

K(x - y) = lfje-4A(X-y)2 (16.5) 

in the sense described by the following Proposition; cf. Section V.lO. 

Proposition 16.1. For any given number d > 0 and for 0 :::: u :::: d, the products 
l(x, x - z)e-UZ and K (z)e- UZ are majorized by an integrable function K*(z) inde
pendent of x E lR and u, and the function 

p(x) = sup (Il(x, x - z) - K(z)le-UZdz 
O:su:sd J~ 

is bounded on lR and tends to 0 as x -+ 00. 

(16.6) 

Proof. It is clear that the products K (z)e- UZ are majorized by the L 1 function 

(16.7) 

We now turn to the majorization of 1 (x, x - z)e-UZ , where we may take x - z = y > 0 
and x 2: xo 2: 1. It will be convenient to discuss the behavior of 1 (x, x - z) in a 
number of cases separately. The starting point will be definition (16.1) for 1 (x, y) as 
2yu n (x 2) when n :::: y2 < n + 1. The cases depend on the distance between y and x, 
or between nand x 2. For each case we use an appropriate estimate from Sections 5, 
6. Throughout, let 1/2 < Y < 2/3 and n :::: i < n + 1. 

STEP I. We begin with the case 

( 16.8) 

Hence by formula (6.10) with x2 instead of x and v = y2 (so that n :::: v < n + 1), 

STEP 2. Next consider the case 

(16.10) 
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with small 8 > O. We may then apply inequality (6.4), replacing x by x 2: 

Observe that 

lex, x - z) = 2yun(x 2) ::: C~e~A(n~x2)2/(2x2). 
x 

1 
In -x212: Ii _x21_1 2: "2li _x21 

provided ly2 - x21 2: 2. In this case 

Then by (16.11) and (16.10), by which y2 < n + I ::: (1 + 8)x2 + 1, 

lex, x - z) ::: c' e~az2 = (Izl + l)e~az2 O{(x + 1)]~2y} 

(16.11) 

(16.12) 

(16.13) 

with a = }../8 > O. There is also such an inequality if ly2 - x21 < 2, which implies 
Izl = Iy - xl < 2/x. Then on the one hand, lex, y) = O{(x + l)un(x 2)} = 0(1) 

(cf. Proposition 6.1), while on the other hand, e~az2 2: 17 > O. 

STEP 3. It remains to deal with the case 

(16.l4) 

We now appeal to estimate (S.4): 

lex, x - z) = 2yun(x 2) ::: Cye~cln~x21 with c = c(8) > O. (16.IS) 

For x 2: io with sufficiently large io one has ly2 - x21 2: 2; cf. (16.14), so that (16.12) 
is satisfied. Thus 

(16.16) 

The factor y in (16.1S) can be estimated in terms of Izl. Indeed, there are positive 
numbers 8) such that for x 2: suitable io, ly2 - x 2 1 > 8]x2, hence either 

y > (1 + (2)X or y < (1 - (3)X. 

It will be enough to deal with the first alternative. Then x < y / (l + (2), so that 

-z = y - x > 82y/(l + (2), y < (1 + (2)lzl/h (16.17) 

Combining (16.1S)~( 16.17), one obtains 

lex, x - z) ::: C'lzle~bz2 = (Izl + 1)2e~bz2 O{(x + 1)]~2y} (16.18) 

with b = c(8)/2 > O. 
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STEP 4. It follows from (16.9), (16.13) and (16.18) that for u E [0, d], the products 
1 (x, x - z)e-UZ (which vanish for x < X'o) are majorized by an integrable function 
of the form 

(16.19) 

with tL = min {4A, a, b} > O. Thus, cf. (16.7), the function p(x) of (16.6) is bounded 
onR 

Furthermore, p(x) will tend to 0 as x -+ 00. Indeed, by (16.9), (16.5), (16.7) and 
(16.19), taking x ::: X'o ::: 1, 

p(x)::: ( Il(x, x - z) - K(z)led1z1dz = { + { 
JJR J1zl <ox2Y-l/3 J1z1 >x2Y-l/3 

::: { e-4AZ2+dlzl . O{(x + 1)6y -4}dz 
J1zl <ox2Y-I/3 

+ ( {K~(z) + Kt(z)}dz = 0(1) as x -+ 00. (16.20) J1z1 >x2Y-I/3 

This completes the proof of Proposition 16.1, which shows that all requirements of 
Definition V.lO.l are satisfied for 'good approximation' of lex, y) by K(x - y), 
relative to the weights e-u(x-y) with 0 ::: u ::: d. 

We are now ready to use the Pitt-type Boundedness Theorem V.I 0.2. For the 
convenience of the reader we state the relevant special case: 

Theorem 16.2. Let d be positive, let 1 (x, y) be well-approximated by K (x - y) 
relative to the weights e-u(x-y) with 0 ::: u ::: d, and let K (z)e- UZ be a Wiener kernel 
forO::: u ::: d. Let S(y) = Of or y < 0 and 

S(y) = O(euy ) for y ::: 0 and some number u < d. (16.21) 

Tn addition, let S be piecewise constant, with the intervals of constancy having length 
::: 8 > O. Finally suppose that 

G(x) = k l(x, y)S(y)dy = O{(x + 1)0<} for x ::: 0, 

where ex ::: O. Then S(y) = O{(y + 1)0<}. 

(16.22) 

Proof of Theorem 15.2. We will verify that the functions l, K, Sand G described 
by (16.1 )-(16.5) satisfy the conditions of Theorem 16.2, with ex = 0: 
- One has S(y) = 0 for y < 0 and it follows from hypothesis (15.2) that Sn 

"LZ=o ak = O(ecv'n) for some constant c, so that 

S(y) = O(ecy ) for y ::: O. 

-It follows from Proposition 16.1 that for any number d > c, the kernel 1 (x, y) is 
well-approximated by the kernel K (x - y) in (16.5) relative to the weights e-u(x-y) 

with 0 ::: u ::: d. 
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- Direct calculation shows that the Fourier transform of K U (z) = K (z)e- UZ is zero 
free for every value of u, so that the functions K U are Wiener kernels: 

cf. formula (1.25.7). 
- The function G in (16.3) is bounded. 
- We finally show that S satisfies the condition of piecewise constancy. Indeed, the 
hypotheses of Theorem 15.2 imply that Sn = SPk for Pk ::: n < PHI, so that 

S(y) = SPk for v'Pk::: y < .jPHl' 

Moreover .jPHI - ffi 2: 8 for some number 8 > O. Thus S is piecewise constant, 
and the intervals of constancy have length 2: 8. 
Conclusion from Theorem 16.2: the function S of (16.2) is bounded. 

By the boundedness of S and the fact that p(x) in (16.6) tends to 0, one has 

IL {lex, y) - K(x - Y)}S(Y)dyl ::: sup lSI· p(x) ---+ O. 

Hence by (16.4), 

L K(x - y)S(y)dy ---+ A = A L K(z)dz as x ---+ 00. 

The convergence of S(y) (and hence of sn) to A now follows from the Wiener-Pitt 
Theorem 11.8.4. Indeed, the piecewise constant function S satisfies the 'step function 
condition' of Definition 11.2.3. 

17 The Borel High-Indices Theorem 

In order to derive Theorem 15.3 from Theorem 15.2 we verify Gaier's result [1966] 
that the hypotheses of Theorem 15.3 imply the growth estimate (15.2). Let 

00 00 

fez) = Lanzn In! = LbnZn with bn = 0 for n rf- {pd, (17.1) 
o 0 

where we suppose as a minimum that 

0< PI < P2 < ... 
1 

and L - < 00. 
Pk 

(17.2) 

Proposition 17.1. Let f be an entire function with lacunary power series as in 
(17.1), (17.2) and suppose that If(x)1 ::: eX for 0 ::: x < 00. Then there is a 
constant C such that for all k, 
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h TI n P j + Pk + 1 
were k = . 

j# Ipj - Pkl 
(17.3) 

If condition (17.2) is replaced by the stronger condition that the sequence {Pk} have 
square-root gaps as in (15.1), there is a constant b such that 

(17.4) 

Proof. (i) Let ~k denote the linear span of the powers tPj with j =1= k. We will use the 
formula of Muntz [1914] and Szasz [1915] for the distance d2 in L2(0, 1) between 
t Pk and ~k: 

(17.5) 

Note that d2 is majorized by the distance doo under the supremum norm: 

In order to find an upper bound for Ibpk I = la pk II Pk! one may assume that bPk =1= 0. 
Setting x = Rt we now use the bound for I f (x) I and the uniform convergence of the 
series for f (x) on [0, R]: 

eR :::: sup If(x)1 = IbpklRPk sup It Pk + l~~)bp)bpk)RPj-PktPj I 
O:o;x:O;R O:o;t:O;l j# 

:::: IbpklRPk doo(t Pk , ~k) :::: IbpklRPk d2(t Pk , ~k). 

Hence by (17.5) 
eR eR 

Ib I < = -J2Pk + 1 TIk. Pk - RPkd (tPk ~) RPk 2 ,k 

The optimal choice for R is R = Pb so that by Stirling's formula for Pk!, 

Ibpkl s (elpk)PkJ2Pk + 1 TIk S CpkTIklpk!, 

which implies (17.3). 

(17.6) 

(17.7) 

We remark that Gaier's estimate was a little more precise: using complex analysis, 
he obtained ,JPk in the final member of (17.7) where we have the factor Pk. 

(ii) To derive (17.4) from (17.3) we will verify that for the case of square-root 
gaps (15.1), 

(17.8) 
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Following Gaier we set () = t Y) = (P) I Pk) 1/2. Then 

{ , P + Pk , ( 1) } , (2 + 1 , log Ilk = Llog i_I +. < L log ~ +logCl, 
)# Pi Pk P; + Pk }# t} 1 

where we may take Cl = fl}(l + lip}). Now by (15.1) with j instead of k, 

t}+l - t} = (JPi+l - v'P)/v'!ik::: 81v'!ik with 8> O. 

Hence 

(17.9) 

Observe that the function ¢(t) = log(lt2 + I1/1t2 - 11) on (0, (0) is increasing for 
t < 1 = tk and decreasing for t > 1. Thus the right-hand side of (17.9) may be 
interpreted as a lower Riemann sum for the integral of ¢ over (0, (0), hence it is 
bounded by C2 = 1000 ¢(t)dt. This proves (17.8) and by (17.3), also (17.4). 

Proof of Theorem 15.3. Let the series z=g" an satisfy the conditions of the Theorem. 
Then by (15.4) 

In particular there will be a constant C3 such that 

,fanxn In!, :::: C3ex for x::: o. 
o 

Thus it follows from Proposition 17.1 for the case of square-root gaps that an 
O(eb.fii) for some constant h. Under this condition the convergence of Sn to A follows 
from Theorem 15.2. 

18 Discussion of the Tauberian Conditions 

We recall the original Hardy-Littlewood condition 

(18.1 ) 
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in the 'Borel Tauberian', Theorem I.9.1; cf. Section 1l. It follows from the work 
of Lorentz [1951] that condition (18.1) is optimal here as to order; cf. Peyerirnhoff 
[1969] and Kwee [1983] (the latter also considered Tauberians involving Borel-type 
methods and Cesaro summability). We will show in Proposition 18.2 that (18.1) is an 
optimal order condition for all general circle methods r A' The proof is based on the 
following observation. 

Lemma 18.1. Let Sn = LZ=o ak :::: -c for all n. Then the condition 

S~-I) = So + SI + ... + Sn = An + o(Jn) 

implies the summability of L~ an to A by every method r A• 

(18.2) 

For Borel summability this was shown by Hardy [1904b]; cf. Hardy [1949] (section 
9.9). For the methods r A the result may be obtained from the final part of Theorem 
13.l. 

Proposition 18.2. For any positive increasing function ¢ ,/ 00, there is a DIVERGENT 

series L~ an with Ian I :::: ¢ (n) / In which is summable by every method r A' 

Proof. (Cf. Section I.24) We will construct a generating function F = L~ SnUn by 
adding nonoverlapping blocks Fp,q = L SnUn with positive integers p and q. The 
block Fp.q involves nonzero Sn only on the interval {p < n < p + 4q}. The numbers 
Sn are defined by the following conditions: 

Thus 

Sn increases linearly from 0 to q¢ (p) /,J p + 4q 
for p :::: n :::: p + q, 

Sn decreases linearly from q¢ (p) /,J p + 4q to -q¢ (p) /,J p + 4q 
for p + q :::: n :::: p + 3q, 

Sn increases linearly from -q¢ (p) /,J p + 4q to 0 
for p + 3q :::: n :::: p + 4q. 

¢(p) ¢(n) 
lanl=lsn-sn-ll= ::::-- for p+l::::n::::p+4q. 

,Jp +4q In 
It is desired that 

max Sn = - min Sn = q¢ (p) ~ 1 
p<n<p+4q p<n<p+4q ,J p + 4q 

for large p. 

(18.3) 

(18.4) 

Replacing the original ¢ by a smaller positive function ¢ ,/ 00 if necessary, one may 
assume that I :::: ¢(n)/ In --+ O. We then ensure (18.4) by taking 

q = [JPN(p)]· (18.5) 

For the block F p,q the sums s~ -I) are :::: O. They vanish for n :::: p and for n :::: p + 4q, 
while 

(-I) (-I) q2¢(p) 
max sn = S 2 = ~ q = o(JP) as p --+ 00. 

p<n <p+4q p+ q ,J P + 4q 
(18.6) 
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We now set 
00 

F(x) = L Fpk,qk(X), 
k=1 

where the terms are of the form Fp,q with P = Pk, q = qk = L../JikI¢(Pk)] and 
PHI::: Pk + 4qk. Then the blocks Fp,q in the sum do not overlap, so that for the 

calculation of an, Sn and s~-I), one never has to deal with more than one block. It 
follows that for the sum F, we have Ian I ::s ¢(n)/ In for all n and s~-l) = o(Jn) 
as n ~ 00. Since the sequence {sn} is bounded, Lemma 18.1 shows that the series 
Lg" an is rA -summable to O. However, by (18.4) the partial sums Sn fail to converge. 

D 

Essentially the same construction proves the optimality of the Schmidt condition 
(12.2) in Theorem 12.1. A small modification will show that the condition Sn ::: -C 
in Theorem 13.1 cannot be replaced by a condition of the form Sn ::: -¢(n), where 
o < ¢ ./ 00; cf. Tenenbaum [1980] for the Borel case. 

However, the condition Sn ::: -C in Theorem 13.1 can be relaxed to boundedness 
of the sequence {sn} from below in the following average sense: 

1 
lim lim inf inf r.; " Sn > -00. 
b'-,;.O v--*oo O<a<b by v ~ 

- v<n:,,:v+a.jii 

(18.7) 

As in Section 13 we write s(-l)(v) = Ln:,,:v Sn. 

Proposition 18.3. Condition (18.7) is necessary and sufficient in order that the lim
itability of {sn} to A by a general circle method r A be equivalent to the condition 
that 

S(-I)(V + b.fV) - s(-l)(v) 

.fV 

for every real number b. 

.fV L Sn ~ Ab as v ~ 00 (18.8) 
v<n:,,:v+b.jii 

Thus for a sequence {sn} satisfying condition (18.7), its limitability by one method 
r A implies its limitability by every method r w 

The important condition (18.7) was introduced by Bingham and Goldie [1983]. 
Bingham and coauthors proved Proposition 18.3 for a variety of special circle meth
ods. Besides Bingham and Goldie, see Bingham [1984a], [1984b], [1985], [1988], 
and Bingham and Tenenbaum [1986]. In their proofs, Bingham et al. used the follow
ing auxiliary result. Condition (18.7) on a sequence {sn} implies (and is implied by) 
the existence of a representation 

where {s~} satisfies condition (18.8) and s~ ::: O. This decomposition will also estab
lish Proposition 18.3 in its general form. 
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A related (fairly general) result was obtained by Stadtmiiller [1995]; cf. also 
Motzer and Stadtmiiller [1994]. 

Finally we show that in the high-indices theorems of Section 15, square-root gaps 
are optimal. 

Proposition 18.4. Let {Pk} be any increasing sequence of positive integers such that 

liminf (.jPk+! - y'Pk) = O. 
k-'>oo 

(18.9) 

Then there exist DIVERGENT series L:Z" an, with an = 0 for n rf- {Pk} and Ian I :::: 1 
for n E {Pk}, which are summable to zero by every method rA' 

Proof. For the proof we choose a subsequence of {Pk} from well-separated pairs 
(p j, P j+]) for which .j P j+! - .jPj ---+ O. The pairs which we select are denoted by 
(qk, qk + rk). The precise requirements are 

(18.10) 

Observe that as a result qk + rk < 4qk and rk = o(-JZik). We now set an = 1 for 
n = qk, an = -1 for n = qk + rk, k = 1,2, ... and an = 0 for all other n. Then 
Sn = 1 for qk :::: n < qk + rk, k = 1, 2, ... and Sn = 0 otherwise. 

It is clear that the series L: an is divergent. We describe how one can show that 
it is r A -summable to O. Let the functions Un satisfy the conditions of Definition 5.2 
and form F = L:~o SnUn. Then 

00 

F = L Vk, where Vk = (18.11) 
k=! 

Take k large and initially consider values of x such that Ix - qkl :::: x Y /2, where 
1/2 < Y < 2/3. Thenrk = o(yix) ask ---+ 00 and In-xl:::: x Y forqk:::: n < qk+rk. 
Hence by (18.11) and (6.2), 

(18.12) 

The maximum value of Vk(X) occurs for x ~ qk and by (18.12) it is 0(1) as 
k ---+ 00. As the distance between x and qk increases, the value of Vk (x) falls off 
exponentially because of (5.4). Since the blocks Vk are well-separated, the value of 
F = L: Vk at a given point x is essentially determined by the one or two terms for 
which qk is relatively close to x. It follows that F (x) ---+ 0 as x ---+ 00, so that L:Z" an 
is rA-summable to O. 

Remark 18.5. Rangachari [1968/69] and Stieglitz [1971] discussed Tauberian con
ditions which allow the presence of small nonzero terms in the gaps of Theorem 15.3 
for Borel summability. 
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19 Growth of Power Series with Square-Root Gaps 

Here we discuss another application of the method of Sections 16, 17. It involves the 
growth of entire functions with lacunary power series. Such functions grow at about 
the same rate in every direction, depending on the extent of the gaps. Let {Pk} be a 
given increasing sequence of positive integers and let f be an entire function with a 
power series of the same form as before: 

00 00 

fez) = I.>nzn In! = I:>nzn with an = 0 for n rj. {pd· (19.1) 
o 0 

For the case of Fabry gaps (Pk I k --+ 00), P6lya [1929] proved that f has the same 
order and type in every angle. Moreover, if the order is finite, it is the same on every 
ray. 

For the case of 'Hadamard sequences' {pd, that is, PHI - Pk ::: apk with a > 0, 
Gaier [1966] has shown that f has exactly the same growth on every ray arg z = e. 
For example, if 

If(x)1 .:s eX for x::: 0, (19.2) 

then 
If(z)1 .:s Celzl, 'v'z E C. (19.3) 

Surprisingly, such a strong result holds also for everywhere convergent power series 
with square-root gaps; cf. Korevaar [200 I b]. 

Definition 19.1. For a > 0, let Ea denote the class of all entire functions f of the 
form (19.1) for which the sequence of exponents {Pk} has square-root gaps which we 
describe as follows: 

PHI - Pk ::: av'Jik for k = 1,2, .... (19.4) 

Theorem 19.2. There are constants Ca and Ca depending only on a such that for any 
function f E Ea which satisfies the growth condition (\9.2) on the positive real axis, 
one has the (equivalent) inequalities 

If(z)1 .:s Cae lzl , 'v'z E C. (19.5) 

Square-root gaps are optimal for the step from (19.2) to (19.3): one cannot allow 
sequences {pd as in (18.9). 

Outline of the proof. Let f E Ea satisfy condition (19.2). Then by Proposition 17.1, 
an = O(ehv'n) for some constant h. 

We turn to the corresponding function F(x) = z=g" snxne-x In! as in (15.4) with 
Sn = Z=3 ak, and the related function G(x) = F(x 2 ). Writing ¢(x) = z=g" sn xn In!, 
the first line of (17.10) gives 

00 n loX 
f(x) = Lan~ = ¢(x) - ¢(t)dt, n' 0 o . 
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so that f' = ¢' - ¢. Notice also that f(O) = ¢(O) = O. Hence for x :::: 0 condition 
(19.2) shows that 

IF(x) I = I¢(x)e-XI = lfox !'(t)e-tdtl = k(x)e-X + foX fCt)e-tdtl ::: 1 + x. 

Thus by (16.3), where we now keep the original Borel functions Un, 

IG(x)1 = Il lex, Y)S(Y)dyl = IF(x 2)1 ::: x 2 + 1. (19.6) 

Since the present function 1 (x, y) also is well-approximated by the difference kernel 
K(x - y) of (16.5) we can apply Boundedness Theorem 16.2. Indeed, S(y) = O(ecy ) 

for some constant c and S(y) satisfies a suitable condition of piecewise constancy. 
Conclusion: S(y) = O(y2) or Sn = O(n). This, however, is the best one could derive 
from (19.6). 

To obtain the more precise estimate an = O("fii) one has to refine the Tauberian 
method. One has to work directly with f (x) instead of ¢ (x) and define a function 
A(y) in terms of the numbers an analogously to the definition of S(y) in (16.2). It is 
now necessary to manufacture a suitable Tauberian condition. For this one may intro
duce running averages of A(y)e-cy (with small c) over short intervals. Appropriate 
modification of the Tauberian argument in Section V.13 will then show that 

A(y) = O(y) or an = O(vn). 

This leads to the first inequality (19.5); for square-root gaps, the two inequalities in 
(19.5) are equivalent. For details see Korevaar (loc. cit.). The optimality of square-root 
gaps follows by a construction similar to the one used for Proposition 18.4. 

Remark 19.3. Theorem 19.2 has an extension to the case of series 

L aAkzAk / leAk + 1) 
k 

in which the (positive) exponents Ak need not be integers, but satisfy a square-root 
condition analogous to (19.4). The step from (19.2) to (19.3) now is a little more 
complicated; cf. Korevaar [200Ic). We mention the following application which is 
obtained by appropriate change of variables. If an entire function f (z) = Lk b Pk ZPk, 

involving positive exponents Pk as in (19.4), satisfies the growth condition 

If(x)1 ::: e rxP for x :::: 0, with p, r > 0, 

then 
If(z)1 ::: C(o:, p)erlzlP , V z. 

OPEN PROBLEM. There should be a related growth result for lacunary power series 
with finite radius of convergence. What is the precise result? 
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20 Euler Summability 

After Borel summability, the most important special circle method is Euler summa
bility, which we discuss in some detail; cf. Knopp [1922-23], [1964], Hildebrand 
[1974]. 

It is perhaps of interest to begin with some heuristics. In the calculus of finite 
differences one introduces symbolic operators on semi-infinite sequences ao, aI, .... 

We mention the forward shift E, which changes ak to ak+ 1, and the forward difference 
f).. = E - 1. The classical Euler transform is used in numerical work to accelerate 
convergence. It replaces the series 

00 00 

L n L n n 1 (-1) an = (-1) E ao = --aD 
1 +E 

n=O n=O 

(20.1) 

by its formal equivalent, 

(20.2) 

Examples 20.1. The convergence acceleration works especially well for alternating 
series L ( _l)n an with regularly decreasing an such as an = 1/ (n + 1). Here 

which gives 
00 (_l)n 00 I 

log 2 - '" -- - '" ----,----:- L..., n + 1 - L..., (k + 1) . 2k+l . 
n=O k=O 

Euler applied the method also to divergent series. Observe that - f)..zO = ZO - Z 1 = 
1 - z, ... , (_f)..)k ZO = (1 - z)k; f)..OzO should be read as 1. Thus the series 

00 1 
has Euler transform L 2k+ 1 (1 - zl. 

k=O 

The new series converges for 11 - zl < 2 to the sum 1/(1 + z), which is the analytic 
continuation of the sum of the original series in the unit disc {Iz I < I}. 

It is perhaps not so well known that the Euler transformation can be used to obtain 
the analytic continuation of the Riemann zeta function. Starting with the series 

00 1 

L(-l)n (n + I)Z 
n=O 

( 2) 00 1 
for l1(Z) = 1 - 2z L nZ ' 

n=l 
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Sondow [1994] proved that 

1 00 1 k (k) 1 
I;(z) = 1- 21-z L 2HI L(-\)n n (n + l)z' 

k=O n=O 
Vz=/=1. 

Returning to the general case, we prefer to write the original series as L~o an. If 
( _1)n an in (20.1) is replaced by an, the general term in the transformed series (20.2) 
becomes 

k 
def 1 ~ (k) 1 k 

bk = k+1 ~ an = k+T(l + E) ao· 2 n 2 n=O 
(20.3) 

Definition 20.2. The series L~o an is Euler summable to A if the transformed se
ries L~o bk converges to A. Equivalently (see below), the series L~o an is Euler 
summable to A, and the sequence of the partial sums Sn is Euler limitable to A, if the 
sequence 

def I ~ (k) 
tk = 2k ~ n Sn 

n=O 
(k = 0, I, ... ) converges to A. (20.4) 

The sequence (td is called the Euler transform of the sequence {sn}. 

The second part of the definition shows that the convergence of a series implies 
its Euler summability, to the same sum. 

The two forms of the definition are indeed equivalent: 
Proof. (i) We first show that the partial sums Wk = L~=o b) are given by 

I k (k + 1) 
Wk = k+1 L Sn· 2 n + I n=O 

(20.5) 

For the verification one may replace b) by the expression (1/2)+ 1) (1 + E)) ao. Observe 
that one has the following identity for polynomials in the operator E: 

k 1 . 1 1 - {(l + E)/2}HI L 2)+1 (1 + E)} = 2" 1- (l + E)/2 
}=o 

= _1_ (1 + l)k+1 - (l + E)HI = _1_ HI (k + 1) Ii - E) 
2HI 1 - E 2HI L j 1 - E 

)=1 

I HI(k+I) . = - ~ (l + E + ... + E}-I). 
2HI ~ j 

)=1 

We apply the two sides of the identity to ao. Then the left-hand side becomes 
L~=ob) = Wk· On the right-hand side, (l + E + ... + E)-I)ao can be written 
as s) -I. Replacing the dummy index j by n + lone obtains (20.5). 

(ii) By (20.4), (20.5) and (20.3), 
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2k(tk - Wk-l) = t C)sn - ~ c: l)sn 
n=O n=O 

= t C)sn - t C)sn-l = t C)an = 2k+1bk. (20.6) 
n=O n=! n=O 

Suppose now that L:go bk = A or Wk -+ A. Then bk -+ 0 and Wk-l -+ A, hence by 
(20.6) also tk -+ A. 

For the converse one observes that 

1 k {(k + 1) (k) } 1 k (k) 
2Wk - Wk-l = 2k L n + 1 - n + 1 Sn = 2k L n Sn = tk· 

n=O n=O 

Thus 
1 I I 

Wk = 2tk + 22 tk-! + ... + 2k+l to, 

hence if tk -+ A, then also Wk -+ A. D 

What can one say about the size of the terms in an Euler summable series? 

Lemma 20.3. For sequences {an} and {en}, one has 

Cn = (1 + E)nao = t (n)ak ifandonlyif an = Llnco. 
k=O k 

(20.7) 

IfL:go an is Euler summable, then an = 0(3n). 

Proof. Defining c j as (1 + E)i ao, one finds that 

Llnco = (E - l)nco = t G)En- k(-l)kco = t G)Cn-k(-I)k 
k=O k=O 

= t C) (1 + E)n-kao(-I)k = (l + E - l)nao = an· 
k=O 

For the other direction one starts with an = Ll n Co and observes that then 

Suppose finally that L:~o an is Euler summable. Then by Definition 20.2 the 
series L:~o bk is convergent, so that bk = 0(1). Thus if we define Cn by the left-hand 
side of (20.7), then by (20.3), Cn = 2n+1bn = 0(2n). The right-hand side of (20.7) 
now shows that 
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It follows from the Euler summability of the series L~o( _1)n zn on the interval 
{-I < z < 3} that one cannot replace 3 by a smaller number. D 

We can now prove an important 'inclusion' result. 

Theorem 20.4. If the series L~o an is Euler summable to A, then it is also Borel 
summable to A. 

Proof. Euler summability of L an implies that the numbers tk in (20.4) remain 
bounded as k ---+ 00 and by Lemma 20.3, that an = 0(3n ). Thus also Sn = 0(3n ) and 
by absolute convergence, 

(Xl k (Xl k k (k) (Xl n (Xl k-n k X X X x 
2t-- - ~- s-

L k k! - L k! Ln' n - L n n! L (k - n)! 
k=O k=O n=O n=O k=n 

Hence if tk ---+ A, then for x ---+ 00 also 

(Xl xn (Xl (2x l 
e-x '""' s - = e-2x '""' t -- ---+ A. L n n! L k k! 

n=O k=O 

EULER METHODS (E, q) AND Ea. There is a whole family of Euler methods (E, q), 
o < q < 00. They are defined by the relations 

k k 
t('1) ~ 1 '""' (k) k-n s = (q + E) s ---+ A 
k (q + l)k f::6 n q n q + 1 0 

(20.8) 

as k ---+ 00. These methods become more powerful as q increases and formally tend 
to the Borel method as q ---+ 00; cf. Hardy [1949] (sections 8.1-8.5). Every (E, q) 
summable series is also Borel summable; cf. the proof of Theorem 20.4 for the case 
q = 1. Most of the results in the present section are due to Knopp [1922-23]; cf. the 
expositions in Hardy (loc. cit.), Knopp [1964] and Baron [1966177] (section 18). 

With parameter a = 1/ (q + 1), the method (E, q) is known as the Euler-Knopp 

method Ea. In terms of a, the transform t~q) becomes 

(20.9) 

21 The Taylor Method and Other Special Circle Methods 

Under the classification used by Zeller and Beekmann [1958170], the group of so
called circle methods includes the summation/limitation methods B (Section 2) and 
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Ea (Section 20), and the methods Ta, Sa and Va described below. With different 
notation, the 'Taylor method' Ta and the 'Valiron method' Va made their appear
ance in the work of Hardy and Littlewood [1916]. They used these methods (also in 
[1943]) as a tool in the study of Tauberians for Borel summability; cf. Hardy's book 
[1949]. Independently and in connection with analytic continuation, the method Ta 
was considered by Fekete; it was discussed in the Hungarian textbook Beke [1916] 
(pp 433-435); cf. Vermes [1951] (see his note added in proof), and Fekete [1958]. 

The TAYLOR METHOD Ta was studied in detail by Wais [1935], Meyer-Konig [1949] 
and Vermes [1949]. By way of motivation, suppose thatthe series J (x) = L~o anxn 
converges for Ix I < 1. From the point of view of analytic continuation, it is natural to 
expand the sum function J around a point inside the unit disc, which for the theory 
one may take as 1 - a E (0, 1). [Some authors use the point a instead.] Setting 
x = 1 - a + ay we obtain 

00 

J(I-a +ay) = L)k/, 
k=O 

J(k)(1-a) k 
with bk = k! a . (21.1) 

It follows that 

(21.2) 

If J has an analytic continuation (also called f) to a neighborhood of the point x = 1, 
complex analysis shows that the Taylor series for J(x) around the point x = 1 - a 
has radius of convergence greater than a. In that case the series in (21.1) must have 
radius of convergence greater than 1, and then the series L~o bk will converge to 
the value J(1). 

Example 21.1. Taking an = (_l)n zn and a = 1/2, a short calculation shows that 
the series (21.2) for the terms bk converge when Izl < 2: 

bk=~G)(~Zr =(~zYE(k:m)(~Z)m 

= (~zY E (-km-I) Gf = (~zY (1 + D-k
-

1 

Keeping Izl < 2 so that the terms bk are well-defined, the series L~o bk converges 
for Izl < Iz + 21 or Re z > -1 to the analytic continuation of the original sum 
L~o ( _l)n zn: 

00 2 00 ( )k 
{; bk = 2 + z {; 2 ~\ = 1 + z 

We return to the General Case of (21.1). Setting L~=o ak = Sn, the partial sum 

tk = L~=o bn is the coefficient of yk in the expansion 
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00 00 

1 a", n '" n --/(1 - a + ay) = -- Lanx = a LSnx 
l-y I-x o 0 

Thus 

(21.3) 

We now forget about the earlier assumption of convergence for z=g" anxn and 
define numbers bk by the series in (21.2) with a E (0, 1). One can use the asymptotic 
relation (ktn) ~ nk / k! as n -+ 00 to verify that these series all converge if and only 
if the sequence 

{nk(l - a)n an }, n = 0,1,2, ... is bounded for every kEN. (2l.4) 

Under this condition one can derive formula (21.3) from (21.2) and conversely. 

Definition 21.2. The series Z=~O an is Tet-summable to A ifthe numbers bk in (21.2) 
are well-defined and the series L~O bk converges to A. Or equivalently, if the num
bers tk in (21.3) are well-defined and tk -+ A. The sequence {snl is then called 
limitable to A by the Taylor method Tet . 

(Note that some authors use parameter 1 - a where we have a.) 

Since 

t e : n) (l - a)n = t (-k n- 1) (a - I)" 
n=O n=O 

= (l + a - l)-k-l = a-k- 1, (21.5) 

it readily follows from (2l.3) that a convergent sequence {snl with limit A is also 
Tet-limitable to A. 

By the first line in (21.3), the matrix for Tet-limitability is equal to a times the 
transpose of the matrix for Eet-limitability; cf. (20.9). 

The METHOD Set (Meyer-Konig [1949], Vermes [1949]) is obtained from Tet by a shift 
of indices: instead of (21.3) one uses the rule 

(21.6) 
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The VALIRON METHOD Va (also called Fa) is given by 

(a > 0). (21.7) 

There are many relations between the above (and other) methods; see Zeller and 
Beekmann (loc. cit.) for formulas and references. 

GENERALIZED BOREL METHODS. Several authors have investigated Borel-type meth
ods; cf. Zeller and Beekmann. Here we mention an example from the extensive work 
of D. Borwein and coauthors. Slightly changing their notation, we will say that a 
series L~o an with partial sums Sn is B(a, fj)-summable to A (with a > 0, fj ~ 0) 
if 

00 atan+/3 
f(t) = L Sn r(an + fj + 1) e-t exists and f(t) -+ A as t -+ 00. (21.8) 

n=O 

See Borwein [1958], [1960] and subsequent papers, and Shawyer and Watson [1994]. 
For a = 1, fj = 0 one obtains the ordinary Borel method. 

22 The Special Methods as fA. -Methods 

For appropriate choices of the index A, the speciallimitability methods in Sections 
20,21 can all be considered as circle methods r A in the sense of Definition 5.2. In 
order to prove this for the matrix methods, one has to represent the corresponding 
sequence to sequence transformations 

00 

tk = L UknSn as 
n=O 

(22.1) 

Example 22.1. (The Taylor method Ta) Comparing the defining relation (21.3) with 
(22.1), one sets un(x) = Ukn = 0 for n < k and 

un(x) = Ukn = a k+! (:)(1- a)n-k for n ~ k. (22.2) 

Aiming for the Basic Properties 5.1 (cf. Proposition 6.1), we want the maximum of 
un(x) to occur for n ~ x. Since Ukn is maximal for n ~ kia, the parameter x = Xk 
is taken equal to kla. Replacing k in (22.2) by ax, one obtains 

(22.3) 

It follows from (21.5) that L~oUn(X) = 1, hence the functions Un are uniformly 
bounded. 
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Writing n = x + h, we now use Stirling's formula to obtain a representation of 
type (5.3). For x = Xk = k/a ::: 1 the result has the form 

with 

h2 1 ( A ) h3 h4 logun(x) = -A- + -log - + a3- + a4- + ... 
x 2 JrX x 2 x 3 

+ h ~ + b2 h
2 + ... + 0 (~) , 

x x 2 x 

1 a 
A= ---. 

2 1 - a 
The development will be uniformly convergent for Ihl :::: 8x with 8 < I-a. 

(22.4) 

(22.5) 

A short calculation will also provide an estimate of the form (5.4); cf. the proof 
of the Basic Properties 5.1 for the case of the Borel functions. Thus Ta is a circle 
method of type rA, with index A given by (22.5). 

The proof in the other cases is similar. The result is 

Theorem 22.2. The special circle methods Ea, Ta, Sa (with 0 < a < 1), Va (with 
a > 0) and B(a, f3) (with a > 0, f3 ::: 0) can be considered as circle methods rA' 
The function Un (x) associated with Sn, the domain X of the variable x and the index 
A can be obtainedfrom the defining relations (20.9), (21.3), (21.6), (21.7), (21.8) 
and the following table: 

Ea x =ak A = 1/{2(l - a)} 
Ta x = k/a A = a/{2(l - a)} 
Sa X = (1 - a)k/a A = a/2 
Va x=k A=a 
B(a, f3) x=(t-f3)/a A = a/2 

Here k runs through the positive integers and t is a continuous parameter greater 
than f3. To get an explicit expression for Un (x), one takes the coefficient of Sn in the 
defining relation and expresses the parameters k or t in terms of x. 

Cf. also Meir [1963]. In conjunction with Theorems 12.1,13.1 and Proposition 
18.3 for the methods rA, Theorem 22.2 confirms the known fact that the various 
special circle methods have a great deal of common Tauberian theory: 

Theorem 22.3. Let L~o an be summable to A by one of the methods Ea, Ta, Sa, 
Va or B(a, f3). Suppose that the partial sums Sn = L~=o ak satisfy the Tauberian 
condition (Schmidt condition) 

lim inf (sm - sn) ::: 0 for m ~ 00 and 0 :::: Jm - In ~ o. (22.6) 

Then Sn ~ A as n ~ 00. 

Theorem 22.4. Let the sequence {sn} be limitable toA by one of the methods Ea, Ta, 
Sa, Va or B(a, f3). Set s(-l)(v) = Ln<v Sn. Suppose that Sn ::: 0 or Sn ::: -c for all 
n, or more generally, that the average-type condition 
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1 
lim lim inf inf r.: '" Sn > -00 (22.7) 
b'\..O v~oo O<a<b by v ~ 

- v<n~v+av'V 

is satisfied; cf Section 18. Then 

s(-l)(v + b~) - s(-l)(v) 
~ --+ Ab as v --+ 00, Vb> O. (22.8) 

Remarks 22.5. The rA -limitability of a sequence {sn} and the Schmidt condition 
(22.6) imply that {sn} is bounded (Section 8). If Sn = o(v'fi), the limitability is 
equivalent to a limit relation for integrals (Section 9); if Sn = 0(1), r A -limitability 
implies r wlimitability for every index J-L (cf. Remarks 12.2). The latter is also true 
if the sequence {sn} is bounded from below or satisfies the average-type condition 
(22.7); cf. Sections 13, 18. 

Extending early results in Hardy and Littlewood [1916], Meyer-Konig [1949] 
established the equivalence of a number of classical circle methods for bounded 
sequences {sn}; cf. Tietz and Zeller [2000] for a recent discussion. Gaier [1952] 
proved corresponding equivalences if the function fez) = Lo anzn is bounded on 
the unit disc. 

Meyer-Konig obtained such results also under the weaker conditions Sn = o( v'fi) 
and an = 0(1). In this case a method with index al is equivalent to another method 
with index a2 whenever a 1 and a2 correspond to the same value of A in Theorem 22.2. 
Some of these equivalences hold for all sequences {sn} of finite order: Sn = O(nY ); 

see Hyslop [1936a], [1936b], Faulhaber [1956], Zeller and Beekmann [1958170], 
Shawyer and Watson [1994]. 

It may seem surprising that Mobius transformations of the unit disc need not 
preserve the convergence of a power series at points of the circumference (Tunin 
[1958]). An analysis of this phenomenon involving circle methods was made by 
Ishiguro, Meyer-Konig and Zeller [1990]. 

lurkat [1956b] proved that a B-summable series Lo an for which one has 
LO snzn In! = O(elzl) is Euler summable. Other comparisons in this area were 
made by Fridy and Roberts [1980], and Boos and Tietz [1992]. 

Using various boundedness conditions, including (22.7), Bingham, and Bingham 
and coauthors, proved the equivalence of a large number of special methods to the 
limitation method given by relation (22.8). We mention Bingham [1981], [1984a], 
[1984b], [1984c], [1985], [1988], Bingham and Goldie [1983], and Bingham and 
Tenenbaum [1986]. 

Doetsch [1931] showed that the Borel summability of Lo an implies its Abel 
summability if Lo anxn is convergent for Ix I < I; see Section 1.25 and cf. Karamata 
[1938]. Several authors have investigated conditions under which Borel summability 
implies (C, k) summability; see Hardy and Littlewood [l913a], Lord [1935], Hardy 
[1949], Iakimovski [1954b], Zeller and Beekmann [1958170], Parameswaran [1975], 
Kwee [1983], Borwein and Markovich [1988]. Related results involving Borel or 
Borel-type and Riesz methods were obtained by Kwee [1989] and D. Borwein [1992]. 
Borwein and Markovich [1992] compared circle methods and weighted means meth
ods. 
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That the condition Ivnan I ::::: C is a Tauberian condition for Euler summability 
was shown already by Knopp [1922-23]. The corresponding result for the method 
B(a, f3) was proved by Robinson and Borwein [1975]; cf. also Tam [1992]. S6rmus 
[2000] discussed o-conditions for triangular matrix methods in the setting of Banach 
spaces. 

23 High-Indices Theorems for Special Methods 

It follows from Section 22 that Theorem 15.2 and Proposition 18.4 for general circle 
methods r A apply also to special circle methods. 

Theorem 23.1. Let the series L~ an have square-root gaps as in Definition 15.1, let 
the terms an satisfy an order condition 

an = CJ (ehv'n) for some constant b, (23.1) 

and suppose that L~ an is summable to A by one of the methods Ea, Ta, Sa, Va or 
B(a, f3). Then L~ an converges to A. One cannot allow smaller gaps than square
root gaps for any of the methods. 

Since Euler summability implies Borel summability (Theorem 20.4), the former 
method also allows an unrestricted high-indices theorem; cf. Section 15. For the 
other special methods the situation is more complicated; cf. Remarks 15.4. Here 
the functional-analytic method of Meyer-Konig and Zeller, discussed in Chapter V, 
makes it possible to obtain sharper results for a number of methods. See Meyer-Konig 
and Zeller [1956], [1958], [1962], [1981], Schieber [1962], Zeller and Beekmann 
[1958/70]. 

For some special methods it is possible to obtain the desired sharper results directly 
from Theorem 23.1. We use the Taylor method Ta to illustrate this potential. 

Theorem 23.2. Let the series L~ an have square-root gaps and be Ta-summable to 
A. Suppose that not only an = CJ{n-k(l - a)-n} for every positive integer k, as is 
implied by the Ta-summability, but that an = CJ(c-n) for some number c > 1 - a, or 
that at least the point x = I-a is a regular pointfor the function f(x) = L~ anxn. 
Then L~ an converges to A. 

The regularity condition is necessary and sufficient for the high-indices theorem; see 
Meyer-Konig and Zeller [1958]. Here we verify the sufficiency. 

Proof. The Ta-summability of L~ an to A means that the numbers bk in (21.2) are 
well-defined (so that (2l.4) holds) and that the series L~ bk converges to A. The 
hypothesis that f (x) is analytic at the point x = 1 - a implies that the numbers bk are 
the expansion coefficients of f(l - a + ay) as in (21.1). Since L bk converges, the 
power series L~ bkYk for f(l - a + ay) converges for Iyl < l. The sum function 
g(y), when expressed in terms of x, provides an analytic continuation of f(x) over 
the interval (1 - 2a, 1). 
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We now use the fact that the series Lgo an has square-root gaps. Then by Fabry's 
theorem, the circle of convergence for Lgo anxn is natural boundary for the sum 
function I(x); cf. Remarks 7.4. It follows that the power series has radius of conver
gence:::: 1. Moreover, since Lgo bkl -+ Lgo bk = A as y /' 1, the function I(x) 
is bounded on the interval {O :::: x < I}. The lemma below will then show that the 
numbers an satisfy an inequality (23.1), so that Theorem 23.2 becomes a corollary to 
Theorem 23.1. 

Lemma 23.3. Let Lgo an have square-root gaps and suppose that the power series 
Lgo anxn with 0 :::: x < 1 converges to a bounded sum function I (x). Then the 
numbers an satisfy an inequality (23.1). 

Proof. Setting sUPo:::x<i I/(x)1 = M, one has 

1/(/9x)1 = I I:/9nanxnl :::: M for 0:::: x:::: 1 whenever 0 < /9 < 1. (23.2) 
o 

For fixed /9, the series in (23.2) is uniformly convergent for 0 :::: x :::: 1. Hence by the 
theorem of Muntz [1914] and Szasz [1915], cf. Section 17 for the notation, 

M:::: sup 1/(/9x)1 = I/9Pkapkl sup Ix Pk + L(ap)apkWPj-PkxPj I 
O:::x::;1 09::;1 i# 

:::: I/9Pk apk I doo(x Pk , 1;k) :::: I/9Pk apk I d2(x Pk , 1;k). 

Thus by (17.5), 

I/9Pk a 1< M - M /2pk + 1 n Pi + Pk + 1 
Pk - d ( Pk 1; ) - Y I . - I· 

2 x , k i# Pi Pk 

The hypothesis of square-root gaps implies that the right-hand side has a bound 
Me eb..fiik independent of /9; cf. Section 17. Hence 

(23.3) 

Since this holds for every number /9 E (0, 1), inequality (23.1) follows. 

24 Power Series Methods 

It is possible to treat Abel and Borel summability together as special cases of so
called power series methods, for which we will use the notation ilL instead of (1, Pn) 
or i p. Such methods for the limitation of sequences {sn = ao + ... + an} occur in 
Hardy [1949] (section 4.12) and have received increasing attention from the Tauber
ian point of view since 1980. We limit ourselves to a sketch of the developments. 
Papers by Ishiguro [1964], [1965], Stepanek [1966] and Kwee [1972] were followed 
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by work of lakimovski and Tietz [1980], Mihalin [1980], D. Borwein [1981], Bor
wein and Meir [1987], Tietz and Trautner [1988], Borwein and Kratz [1989], and 
Kratz and Stadtmiiller [1 989a], [1990b]. This led to Theorem 24.4 below and various 
refinements. See the comments and references at the end of the section and cf. Boos 
[2000]. 

To define the method 1JL , one starts with a comparison function 

00 

m(x) = L fLnXn, where fLn :::: 0 (with fLo > 0), (24.1) 
n=O 

and the series has positive radius of convergence R (which may be infinite). 

Definition 24.1. We say that the sequence s = {sn} is limitable to A by the power 
series method 1 f-l if 

00 

the series g(x) = LSnfLnXn converges for Ixl < R, (24.2) 
n=O 

and f(x) = g(x) = LSnfLn xn --+ A as x / R. 
m(x) LfLnXn 

(24.3) 

Examples 24.2. For fLn == lone obtains the Abel method. Indeed, in this case R = 1, 
m(x) = 1/(1 - x), and the sequence {sn} is 1JL-limitable to A if 

00 00 

f(x) = (1- x) LSnxn = Lanxn --+ A as x/I. 
n=O n=O 

For fLn = lin! one obtains the Borel method: R = 00, m(x) = eX, and {sn} is 
1 f-l-limitable to A if 

00 

f(x) = e-X LSnxnln! --+ A as x --+ 00. 

n=O 

The choice fLn = 1 I (n + 1) leads to logarithmic summability or limitability: R = I, 
m(x) = -(1lx) logO - x), and {sn} is 1JL-limitable to A if 

f( x) - L Sn xn I(n + I) --+ A as x ~ I 
- L xn /(n+l) / . 

If 0 < R < 00, we can and will normalize the method 1 f-l through replacement 
of the numbers fLn by fLn Rn. This gives an equivalent method for which the radius 
of convergence is equal to 1. In this case one speaks of an Abel-type method 1 JL" If 
R = 00 one speaks of a Borel-type method. One now has the following criterion for 
regUlarity. 

Proposition 24.3. An Abel-type method 1 f-l is regular if and only if m (x) tends to 
infinity as x/I, or equivalently, L~=o fLk --+ 00 as n --+ 00. A Borel-type method 
1 f-l is regular if and only if m(x) I xn --+ 00 as x --+ 00 for every n E No. 
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Proof. The case R = 1. If 1 J-L is regular, it must limit the convergent sequence eo = 
{1,O,O···}toitslimitO,hencelLolm(x) ~ Oasx / 1,0rm(x) ~ 00. Conversely, 
if m(x) ~ 00 and Sn ~ A, it readily follows from (24.3) that g(x)lm(x) ~ A as 
x/I. 

The case R = 00. If m(x) is a polynomial with highest nonzero coefficient ILk. 
then ILkXk I m (x) ~ 1 as x ~ 00. This means that the sequence ek = {8kn} is limited 
to 1 instead of to its limit 0, so that the method 1 J-L fails to be regular. Thus for a regular 
method, infinitely many numbers ILn are i= O. Conversely, if this is so and Sn ~ A, 
(24.3) shows that g(x)lm(x) ~ A. 

In terms of the numbers 

def 
8n = sup xn Im(x), n = 0, 1,2, ... , (24.4) 

O<x<R 

one has the following general 'little 0' -Tauberian theorem; cf. Kratz and Stadtmiiller 
(loc. cit.). 

Theorem 24.4. Let the sequence {sn} be limitable to A by the regular power series 
method lJ-L. Suppose that an+l = Sn+l - Sn = 0(ILn8n), or more precisely, that there 
is a positive sequence {en} with limit 0 such that 

(24.5) 

Then Sn ~ A as n ~ 00. 

The proof will be given in Section 25. Although this theorem is not a 'big 0' -result, 
it has the advantage that the Tauberian condition (24.5) works for all methods lJ-L. 
Moreover the condition is essentially optimal as to order. 

Examples 24.5. In the case of Abel summability one has 

so that the Tauberian condition (24.5) reduces to Tauber's original condition an 
o(l/n). In the case of Borel summability one has 

8n = sup xne-x =nnlen, 
o<x<oo 

so that by Stirling's formula, 8n ILn '" 1 I ../2rr n. Here the Tauberian condition becomes 
an = 0(11 "fii). In the logarithmic case one finds 8n '" II log n, so that the Tauberian 
condition becomes an = o{ 1 I (n log n)}. 

The proof of Theorem 24.4 will imply a boundedness result under a big 0-
condition; cf. the situation in the case of Tauber's Theorem 1.5.1. 
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Corollary 24.6. Let J /1 be regular and let the sequence {sn} be J /1-bounded, that is, 
g(x) in (24.2) exists for Ixl < Rand f(x) = g(x)/m(x) = 0(1) as x / R. Then 
the Tauberian condition 

(24.6) 

implies that {sn} is bounded. 

BIG a-RESULTS. Are there Tauberian results which extend the O-theorems of Hardy 
and Littlewood for Abel and Borel summability to the methods J/1? One may in 
particular ask 

Question 24.7. Is condition (24.6) a Tauberian condition for regular power series 
methods J /1 ? 

It turns out that this is so provided the weights Mn satisfy suitable regular
ity conditions. lakimovski and Tietz [1980] (among other results) gave a Tauber
ian condition related to (24.6). They required regular variation of the sequence 
{Mn}, that is, Mn = M(n) with a regularly varying function M(V); cf. Section IV.2. 
Kratz and Stadtmiiller [1989a] proved that (24.6) is a Tauberian condition whenever 
M(v) = Lk<v Mk is regularly varying, orjustO-regularly varying with M*(l +) = 1; 
cf. Section rV.6. In [l990a], Kratz and Stadtmiiller treated weights 

where p(v) is a smooth positive function with p'(v) '\. 0 and vp'(v) -+ 00; such 
weights give Abel-type methods. In [1990b] they treated weights 

with smooth positive functions p(v) such that p'(v) / 00 and p"(v) -+ 0; such 
weights give Borel-type mehods. For these cases they proved that (24.6) is a Tauberian 
condition, with 

Mn8n ~ Jlpl/(n)I/2JT. 

More generally, Kratz, Stadtmiiller and others have considered Schmidt-type os
cillation conditions for methods J /1 and Dirichlet -series methods of summability. 
Besides the references for this section given before, we mention Tietz [1989], [1990], 
Kratz and Stadtmiiller [1989b], Kiesel and Stadtmiiller [1991], [1994], Ishiguro and 
Tietz [1992], Kiesel [1993b], [1995], Stadtmiiller [1993], [1995], Borwein and Kiesel 
[1994], Borwein and Kratz [1994], Motzer and Stadtmiiller [1994J, Beurer, Borwein 
and Kratz [1999], Borwein, Kratz and Stadtmiiller [2001]. 

Some of these authors also discussed gap series, as did 1 akimovski, Meyer-Konig 
and Zeller [1981], [1987]. 

25 Proof of Theorem 24.4 

Using the notation of Section 24 and proceeding roughly as in Kratz and Stadtmiiller 
[1989a], [1990b], we begin with an auxiliary result. 
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Lemma 25.1. Let J /L be regular and R 
Xn E [0, R) such that 

1 or R = 00. Then there are numbers 

On = sup xn /m(x) = x~/m(Xn), n = 0,1,2, .... (25.1) 
O<x<R 

For any sequence {xn} as in (25.1) and k = 0, 1,2, ... , 

< )f R x n- k < 0 /0 < xn-k. Xn _ xn+ 1 / , k _ n k - n (25.2) 

Furthermore 

I
n 

1 L ILk if R = 1, 
_ > k=O 
0- 00 

n L ILk if R = 00 and Xn 2: 1. 
k=n 

(25.3) 

Proof. By Proposition 24.3, m(x) / 00 as x / R, and m(x)/xn --+ 00 for every 
n 2: 1 as x"'" 0 and x / R. Hence DO = l/m(O), while for n 2: 1, the supremum in 
(25.1) is assumed for some Xn E (0, R). 

By (25.1) and the inequality Ok 2: x~/m(Xn), 

On = x~/m(xn) < x~/m(xn) = x n- k . 

Ok Ok - x~/m(xn) n' 

the inequality for on/8k from below in (25.2) follows by symmetry. In particular 
Xn-l ::::: xn. To show Xn / R, observe that for n 2: 1 the quotient xn /m(x) has 
derivative 0 at the maximum point x = Xn E (0, R): 

It follows that Xn cannot remain below some number r < R, for that would imply 
n < rm'(r)/m(O). 

To verify (25.3) one observes that 

It ILk if Xn ::::: 1, 
k=O 
00 

L ILk ifxn 2: 1. 
k=n 

Proof of Theorem 24.4. We compare the partial sum sn = L~=o ak with the value 
of the function f in (24.3) at a point Xn given by (25.1). Writing 

one has 

00 

f(x) = LSkILkxk/m(X), 

k=O 

00 

m(x) = LILkXk, 

k=O 
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00 

m(xnHsn - f(xn)} = 2)Sn - Sk)Jtk X! 
k=O 

n-ln-l 00 k-l 

= LLaj+1JtkX! - L Laj+1JtkX! = SI - S2, 
k=Oj=k k=n+lj=n 

say. Hence by hypothesis (24.5) 

n-l n-l n-l j 

ISll ::s LL8jJtj8jJtkX! = L8jJtj 8j LJtkX! 
k=O j=k j=o k=O 
n-l j 

"" . "" k . k = ~8jJtjOj(Xn/Xj») ~JtkXj(Xj/Xn»)- . 
j=o k=O 

(25.4) 

To estimate the final sum over k we apply Lemma 25.1. Since j < n one has x j ::s Xn . 

Also j - k ::: 0, so that the final sum is bounded by "LLo f.-LkxJ, which does not 

exceed m(xj) = xJ /8j. As a result 

Similarly 

n-l 

ISll ::s L8jJtjX{ 
j=o 

00 k-l 00 00 

IS21::s L L8jJtj8jJtkX! = L8jJtj8j L Jtk X! 
k=n+l j=n j=n k=j+l 
00 00 

"" . "" k k . = ~8jJtj8j(xn/Xj») ~ JtkXj(Xn/Xj) -) 
j=n k=j+l 
00 00 

::s L8jJtjOj(xn/xj)jm(xj) = L 8jJtjx{ 
j=n j=n 

Combining (25.4)-(25.6) one obtains the inequality 

,,00 j 

I - f( )1 - lSI - S21 < L...j=08jJtjXn 
Sn Xn - .. 

m(xn) - "L~o Jt jX~ 

(25.5) 

(25.6) 

(25.7) 

Here the final quotient will tend to 0 as n ~ 00 since 8 j ~ 0, while the denominator 
goes to 00. Indeed, the method IlL is regular, hence Xn /' R by Lemma 25.1, and 
thus m(xn) ~ 00 by Proposition 24.3. Conclusion: limsn = lim f(xn) = A. 

Proof of Corollary 24.6. One need only replace the numbers 8 j in the preceding 
proof by a constant C such that la j+ 11 ::s C Jt j 8 j for all j. 
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Remarks 25.2. In proofs of Tauberian theorems involving the O-condition (24.6), the 
Corollary helps to go from (regular) J /l-limitability of the sequence {sn} to weighted
mean limitability, 

n / n L ILkSk L ILk -+ A as n -+ 00. 

k=O k=O 

(25.8) 

If one sets L~=o ILk = An, the weighted mean (25.8) becomes the (shifted) Riesz 
mean 

n 

ao + L(l - Ak/An)ak+!; 
k=O 

cf. Section 1.18. A simple Tauberian condition for the step from (25.8) to convergence 
would now be an+! = O(ILn/An); cf. the discussion in Hardy's book [1949] (section 
6.1). One may also mention Reimers [1984] and Boos [2000]. More refined results 
for this step are in Moricz and Rhoades [1995], Tietz and Zeller [1997], and Moricz 
and Stadtmiiller [2001]; cf. also Karamata [1937b] (theorem V) for an early integral 
form. 



VII 

Tauberian Remainder Theory 

1 Introduction 

This chapter deals with real Tauberian remainder theory, for both series and integrals, 
in the case where one has information on their transforms only in the real domain. 
There are three main topics. 

The first part of the chapter, comprising Sections 1-12, deals with remainder 
theory for the case of Abel summability, so that the relevant transforms are power 
series or Laplace transforms. The remainders are obtained with the aid of polynomial 
approximation and, in some cases, complex analysis. The principal contributors to 
this theory were Freud, the author and Ganelius; see Sections 2-4 for the method and 
a detailed account of its development. 

At first sight, the remainders provided by the real theory would seem rather weak. 
For example, in the case 

(Xl A 
f(x) = "anxn = -- + 0(1) as x ./ 1, an:::: -C, 

~ I-x 
n=O 

Freud obtained the estimate 

From the point of view of possible applications (cf. Section 22), the result was dis
appointing, and Freud's first article was held up for several years. When it became 
clear from Erdos-inspired examples of the author that the estimate was optimal, Turan 
quickly gave the green light for publication! 

Freud obtained his results by an important improvement of Karamata' s method for 
Hardy-Littlewood theorems (Section 1.11): he introduced the technique of optimal 
one-sided L 1 approximation by polynomials. Independently using L 1 approximation 
and helped by Freud's work, the author obtained a variety of more general remain
der theorems; cf. Section 2 and Section 3 on Laplace transforms. Shortly thereafter, 
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Ganelius formulated the very general Theorem 2.5 below for Laplace-Stie1tjes trans
forms. 

The theory of one-sided L 1 approximation by polynomials takes up Sections 5-8. 
Examples to show the optimality of various remainder estimates are given in Section 
10. Some interesting results of real remainder theory are derived by a complex method, 
which involves harmonic-measure arguments. We mention the proof of Theorem 3.3 
on vanishing remainders in Section 9 and the remainder estimates for general Dirichlet 
series in Sections 11, 12. The latter extend work of Freud and Halasz. 

Our second topic, taking up Sections 13-20, is the powerful Fourier integral 
method developed mostly by Ganelius, which applies to large classes of Wiener ker
nels K. Ganelius took his cue from Beurling, who proposed to use complex-analytic 
properties of the reciprocal of the Fourier transform, 1/ K, for remainder estimates. 
Beurling treated a special case, which was later worked out by Lyttkens. Starting 
at about the same time (1954), Ganelius greatly enlarged the scope of the analytic 
theory; cf. Section 13. Sections 14-18 contain a thorough discussion of selected re
mainder theorems of Ganelius; additional results can be found in his Springer Lecture 
Notes [1971]. Section 19 is devoted to Frennemo's application of Ganelius's method 
to Laplace transforms. 

Later, Lyttkens replaced Ganelius's analyticity and growth conditions on 1/ Kin 
a strip or half-plane by growth conditions on the derivatives of 1/ K along the real 
axis. This made her results more general, but also more complicated; cf. Section 20. 

The third part of the chapter is devoted to some special nonlinear problems of Erdos 
involving convolution of sequences; see Section 21 for an introduction. Sections 25-
28 deal with Erdos's striking Tauberian remainder theorem related to the elementary 
proof of the prime number theorem. The present version of the proof makes use of 
a 'Fundamental Relation' due to Siegel. In Sections 22-24 a related 'square-root 
problem' is treated by a complex method developed by the author. 

It is sometimes possible to obtain stronger remainder estimates, say for series Lo an, if one has information on the transform, in this case the power series Lo anxn , also in the complex domain. Some examples of 'complex remainder the
ory' were treated at the end of Chapter III. 

Many results of early remainder theory can be found in the short monograph 
by Postnikov [1980]. Here one should also mention the more elaborate volume by 
Subhankulov [1976] (Russian). 

The reader will notice that the notation in this chapter occasionally differs from 
that in earlier chapters, because certain letters are needed for other variables. 

2 Power Series and Laplace Transforms: 
How the Theory Developed 

We consider Abel summability of series and integrals. Let f (x) denote the sum of a 
convergent power series with real coefficients an, 
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00 

f(x) = Lanxn, o:s x < 1. 
n=O 

Setting x = e- 1/ u and set) = Ln<t an, one can write f(x) 
absolutely convergent Laplace-Stieltj"es transform, 

(2.1) 

F(u) = £ds(l/u) = roo e-t/uds(t), 0 < u < 00. (2.2) 
Jo-

In the case of general Laplace-Stieltjes transforms F = £ds we always assume that 
sO satisfies the following standard conditions: the function set) vanishes for t < 0, 
is real-valued and of bounded variation on every finite interval, continuous from the 
right and such that the (possibly improper) integral for F(u) exists for 0 < u < 00; 

cf. Section 1.13. If s(t) is absolutely continuous, so that set) = f~ a( v)dv with locally 
integrable a(·), one has 

F(u) = £a(l/u) = fooo- a(t)e-t/udt. (2.3) 

Under the usual Tauberian conditions, this integral will be absolutely convergent; cf. 
Section 3. 

In the following, the letters C, c, C', C 1, ... denote positive constants, whose 
value may change from one formula to the next. 

FIRST MODEL RESULT. In [1951], [1952/53] Freud published remainder estimates for 
the Hardy-Littlewood Theorem 1.7.4. The following result is typical. Suppose that 
for a constant A, a positive number a and some number f3 > 0, 

00 

f(x) = Lanxn = [A + O{(l - x)fl}]_I_ 
n=O (l - x)a 

as x /' 1, (2.4) 

while an ~ 0, or an ~ -Cna- I ,for all n. Then 

Here the case an ~ -Cna- 1 is an easy consequence of the case an ~ O. Indeed, one 
may replace an by a~ = an + Cna- 1 for n ~ 1 (and ao by 0); comparisons with 
integrals show that 

N 

L na- 1 = N a /a + O(Na- 1 + 1) as N --+ 00, 

n=l 

00 

Lna-1e-n/u = r(a)ua + O(ua- 1 + 1) 

n=l 

as u = -- --+ 00. 
Ilogxl 



346 VII Tauberian Remainder Theory 

The model result follows from the analog for Laplace-Stie1tjes transforms: Sup
pose that s (.) satisfies the standard conditions, is nondecreasing and such that 

F(u) = roo e-t/uds(t) = {A + O(u-,B)}uO: as u ~ 00, (2.6) 
Jo-

where a, f3 > O. Then 

s(u) = A+O --{ ( 1 )} uO: 
logu rea + 1) 

as u ~ 00. (2.7) 

For his proof, Freud refined Karamata's polynomial approximation method (Section 
1.11) by introducing precise one-sided L 1 approximation; cf. Section 5. At the same 
time, Postnikov [1951] and Korevaar [1951] published somewhat weaker results. The 
author's work implied that the order of Freud's remainder estimates was optimal. Cf. 
also the historical remarks in Ganelius [1986] and Nevai [1986]. 

SECOND MODEL RESULT. There is a corresponding remainder estimate for Little
wood's Theorem 1.7.1 and for the Hardy-Littlewood Theorem 1.7.2. Suppose thatfor 
a constant A and some number f3 > 0, 

00 

f(x) = L anxn = A + O{(1 - x),B} as x ./ 1, (2.8) 
n=O 

while 
an = O(l/n), or an :::: -Cln. (2.9) 

Then 

SN = tan = A+O (_1_) as N ~ 00. 
n=O 10gN 

(2.10) 

See Freud [1954] and Korevaar [1953], [1954a]. Formally, the second model result 
is the case a = 0 of the first. However, the proof is more difficult, because condi
tion (2.9) cannot be reduced to the condition an :::: O. Also, the detour via Cesaro 
summability, which Karamata used for Littlewood's theorem (Section 1.11), does not 
give the optimal remainder shown in (2.10). The present author used the basic idea 
ofWielandt's more direct method for Littlewood's theorem; cf. Section 1.12. In order 
to obtain the optimal order of Ll approximation, Korevaar [1953] used Jackson's 
kernel (Jackson [1930]), essentially the square of the Fejer kernel. This approach is 
simpler than Freud's, but made it necessary to impose the two-sided Tauberian con
dition an = O(lln). In [1954a] the author therefore switched to Freud's technique 
of one-sided approximation. 

The proofs by Freud and Korevaar were based on corresponding results for Laplace 
transforms, but the two authors used different analogs; see Theorems 3.5 and 3.2, 
respectively. 
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Remark 2.1. Both authors showed that under the conditions (2.8), (2.9), one has 

So + Sl + ... + SN = A 0 { 1 } 
N + 1 + (log N)2 ' 

(2.11) 

with progressively smaller remainders for higher-order Cesaro means. There are cor
responding results in connection with the subsequent remainder estimates; see The
orems 3.2, 3.5 and cf. formula (2.29). 

A GENERAL RESULT. Korevaar [I954a], [1954b] and Ganelius [1954/55], [1956a] 
treated the 'general case' where f(x) may approach its limit A quite rapidly. In the 
following s(u) stands for an arbitrary positive, continuous, nonincreasing function 
on ~+ with limit 0 as u ~ 00. Suppose that 

If(e- 1/ U ) - AI = I 'f,ane-n / u - AI S s(u) 
o 

For efficient transition to a Laplace integral we set 

(0 < u < 00). 

a(t) = {ao - A for 0 S t < 1, 
an for n S t < n + 1, n = 1, 2, .... 

Then 

Hence in the case of (2.12) 

IF(u)1 s s(u) (u > 0). 

We impose the Tauberian condition 

an ~ -Cln, or more generally, a(t) ~ -C'lt (t > 0). 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

Under these conditions the author's Theorem 3.2 for Laplace transforms will give the 
'remainder estimate' 

(u ~ 1), (2.17) 
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where kEN and C2 > 1. In the power series case, an estimate for SN - A 
(Ln<N an) - A is obtained by setting u = N + 1. Since eO is nonincreasing, we 
may replace u = N + 1 on the right-hand side of (2.17) by N, so that 

ISN - AI ::: peN). 

ALTERNATIVE FORM OF THE REMAINDER ESTIMATE. In order to compare the estimate 
(2.17) with the general Theorem 2.5 below, we write 

(2.18) 

where w is a positive, continuous, nondecreasing function on jR+ which is (usually) 
supposed to be unbounded. For the desired transformation of (2.17), set C2 = eC with 
c > O. To ensure that the term eck-w(u/k) becomes 0(1/ k) one must take w(u/ k) 

somewhat larger than ck. It may be verified afterwards that the order of the estimate 
is not affected if one takes u such that for given k ::: 1, w (u / k) = 2ck. Then 

(u/ k)w(u/ k) = 2cu. (2.19) 

Let eo be the inverse function of vw( v), so that the relation vw(v) = t is equivalent 
to v = e (t). We need the following properties of the function eo: 

e(t) is increasing, e(t)/t is nonincreasing, 

e(t) = oCt) as t ---+ 00. (2.20) 

Indeed, the inverse of a continuous increasing function is increasing. If e (t) = v then 
e(t)/t = v/{vw(v)} = I/w(v). Finally, v = o{vw(v)} if w(v) ---+ 00. 

Setting max{2c, I} = c', the relations above give 

u/k = e(2cu)::: c'e(u), CJ/k::: C'Cle(U)/U, 

C~e(u/ k) = eck-w(u/k) = e-ck < I/(ck) ::: Ce(u)/u, 

so that p(u) ::: C'e(u)/u. 

Theorem 2.2. Let wand e be continuous monotonic functions on jR+ as described 

above. Suppose that F(u) = £a(l/u) as in (2.3) satisfies the inequality 

IF(u) - AI ::: e-w(u) (0 < u < (0), (2.21) 

and that a(t) ::: -C'/t. Then 

I t I e(u) Is(u) - AI = 10 a(t)dt - A ::: C*-u- (u ::: 1). (2.22) 

Examples 2.3. For fJ, y > 0, simple calculations give the following relations for 
u ::: uo: 

e(u) = Cu-fJ => p(u)::: C*(fJ)/logu, 

e(u) = Ce-fJu => p(u)::: C*(fJ)/vfu, 
e(u) = Ce-fJuY => p(u)::: C*(fJ, y)/uY/(Y+I). 
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Generalizing the first example, Freud [1954] (cf. his article [1951]) discussed the case 
where s(u/ k) :s ecks(u). An equivalent growth condition on w(·) would be 

w(eu) :s w(u) + b. (2.23) 

In this chapter we will occasionally refer to these conditions as 'Freud's condition'. 
In this case 

C* C* 
p(u):s Ilogs(u)1 = w(u)' (2.24) 

but this is not true for general functions s or w. Results corresponding to the second 
and third example were obtained earlier by Avakumovic [1950a], [1950b], who used 
complex methods; cf. also Vuckovic [1953]. 

OTHER TAUBERIAN CONDITIONS. The Tauberian condition may involve a slowly vary
ing function L. We use comparison functions of the form cp(t)= max{tal ,ta2 }L(t), 
where a, :s a2, a, :s 0 and L is a positive continuous function on [0,00) such 
that L(tu)/L(u) ~ I as u ~ 00 for every number t > 0 (cf. Section IV.2). The 
condition 

an ::: -cp(n) implies aCt) ::: -Ccp(t) (2.25) 

for the function aCt) of (2.13). In this case the constant C, in formula (2.17) has to 
be replaced by C,ucp(u); see the special case a = 0 of Theorem 3.2. 

Example 2.4. Under condition (2.25) the estimate 

(with fJ > 0) implies 

(N ::: 1). 

In particular the series L an will converge if cp (u) = 0(1/./ii) as u ~ 00, or equiv
alently, if an ::: -o(1lJn)' Information on the rate of convergence f(e-'jU) ~ A 
enables one to relax the usual Tauberian conditions in the Hardy-Littlewood theorems 
involving power series (Section I.7). 

MORE ON LAPLACE-STIELTJES TRANSFORMS. The preceding results deal mostly with 
power series and ordinary Laplace transforms. However, for applications to general 
Dirichlet series one needs an extension of Theorem 2.2 to Laplace-Stieltjes trans
forms. Freud [1954] obtained a result for the case where s(u/k) :s ecks(u); cf. 
Theorem 3.5 below. In a Comptes Rendus note [1956a], Ganelius formulated a very 
general extension in which the Tauberian condition is of Schmidt type and depends 
on the asymptotic behavior of the Laplace-Stieltjes transform: 

Theorem 2.5. Let s (.) satisfy the standard conditions listed after (2.2), but with 
s(O) = O. Let w(·) be a positive continuous nondecreasing function on jR+ and 
let eo be the inverse function of vw(v), so that (J(t) = oCt) if w(v) ~ 00. Let 
cp(t) = ta L(t) where a is real and L is slowly varying. Suppose that 
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F(u) = 100
- e-t/Uds(t) = O{¢(u)e-W(U)} as u ---+ 00, (2.26) 

and that s(·) satisfies the Tauberian condition 

. e(u) 
mf {s(v) - s(u)} ~ -C¢(u)-- as u ---+ 00. 

U5V5u+e~) u 
(2.27) 

Then 

{ e(u)} 
s(u) = 0 ¢(u)-u- as u ---+ 00. (2.28) 

Ganelius sketched a proof based on polynomial approximation. He did not pub
lish the details, but, putting the polynomial method aside, subsequently developed a 
powerful Fourier integral method with wider applicability in [1958], [1962], [1964], 
[1971]; see Sections 13-18. For the case ¢ (t) = 1 and functions w satisfying Freud's 
condition (2.23), the estimate (2.28) may be derived from Ganelius's Model Theo
rem 14.1. For the case ¢ (t) = t a with ex > -1 and unrestricted functions w, the 
estimate follows from the application of the Fourier method by Ganelius's student 
Frennemo [1966-67J, [1967]; see Section 19. [The case ¢(t) = t a with ex :s -1 
may be more difficult.] The special case ¢(t) = 1, w(u) = f3u Y of (2.28), with the 
corresponding Tauberian condition (2.27), was treated by complex analysis in the 
work of Avakumovic and Vuckovic (loc. cit.). 

HALF-OPEN PROBLEM. It would be worth having a complete proof of Theorem 2.5 by 
polynomial approximation. Such a proof might be simpler than a proof by the Fourier 
integral method! 

Under the conditions of Theorem 2.5, Ganelius's article [1956a] also contains the 
following estimate for the Cesaro means of s (.) of integral order m: 

r [ (e(u))m+ll CTm(U) = 1
0

- (l - tju)mds(t) = 0 ¢(u) -u- as u ---+ 00. (2.29) 

Examples in Section 10 show that the orders of the remainder estimates in this 
section are optimal provided feU) = e-w(u) does not tend to zero too rapidly as 
u ---+ 00. The critical rate corresponds to the case y = 1 in the final Example 2.3; 
cf. Vuckovic (loc. cit.). More precisely, the results in Section 9 imply the following 
vanishing theorem: 

Theorem 2.6. (Korevaar [1954a]) Suppose that 

. w(u) 
lIm sup -- = 00. (2.30) 

u-+oo U 

Then the true remainders in Theorems 2.2 and 2.5 are identically equal to zero, so 
that s(u) == A or s(u) == Of or u ~ o. 
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3 Theorems for Laplace Transforms 

Let the function sO satisfy the standard conditions mentioned in Section 2: set) 
vanishes for t < 0, is real-valued and of bounded variation on every finite interval, 
continuous from the right and such that the Laplace-Stieltjes integral 

F(u) = £ds(l/u) = (CO e-t/Uds(t) 
10-

(3.1) 

converges for 0 < u < 00. In the theorems of this section, the Tauberian conditions 
will imply that the integral in (3.1) is absolutely convergent, so that we do not have to 
write F(u) as an improper integral. As before, £(u) = e-w(u) will denote a positive, 
continuous, non increasing function on (0, (0) with limit zero. 

Theorem 3.1 below can be applied immediately to power series and Dirichlet 
series with nonnegative coefficients. If the coefficents change sign infinitely often, 
Theorem 3.2 gives good results for the case of power series, as indicated in Section 2. 
To treat the remainder in Littlewood's theorem and an extension to Dirichlet series, 
Freud [1954] devised the special Theorem 3.5. We will derive a more general result 
for Dirichlet series in Section 11. 

Theorem 3.1. Let s (t) be nondecreasing and satisfy the standard conditions, so that in 
particular the Laplace-Stieltjes transform F(u) = £ds(1/u) exists for 0 < u < 00. 

Suppose that for some number a ::: 0 and some constant A (necessarily::: 0) 

F(u) = {A + R(U)}UCi, with IR(u)1 s £(u) = e-w(u) (0 < u < (0). (3.2) 

Then there are numbers CI ::: 0, C2 > 1 and ko E N (which depend only on a) such 
that 

Is(U) - A uCiI S PI(U) = min {CI ~ + C~ £ (~) }uCi (3.3) rea + 1) k:o:.ko k k 

for all u > O. If a = 0 one may take CI = 0, but in that case one has the trivial 
bound PI (u) = ec(u). 

In [1965] Ingham used peak functions to treat the special case where (J) satisfies 
Freud's condition (2.23). 

If a = 0 the monotonicity condition on sO is too restrictive. In the following 
theorem we take s(·) absolutely continuous, s(u) = f; a(t)dt, and require that a(·) 
satisfy a suitable one-sided Tauberian condition. Our condition involves arbitrary real 
numbers al S a2 and a slowly varying function L: 

aCt) ::: -¢J(t), ¢J(t) = max{tCiI , tCi2 }L(t) (t > 0). (3.4) 

We assume that L(t) is positive and continuous for t ::: 0, so that the quotient 
L(tu)/L(u) is O(max{t~, t-~}) for every number TJ > 0, and this uniformly for 
u ::: 0; cf. Section Iv'2. 
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Theorem 3.2. Let a(·) be real, integrable over every finite interval (0, B) and such 
that the Laplace transform 

F(u) = La(l/u) = laoo a(t)e-tjudt (3.5) 

exists for 0 < u < 00. Suppose that a(t) 2: -¢(t) as in (3.4) and that F(u) satisfies 
condition (3.2) with a 2: O. Then there are nonnegative numbers C j (with C2 > 1) 
and ko E N (which depend only on a and ¢) such that s(u) = f; a(t)dt satisfies the 
estimate 

{ COA CI k (U) } :s P2(U) = min __ UOl + -u¢(u) + C2 s - UOi 
kc::.ko k k k 

(3.6) 

for u 2: l. More generally, the Cesaro mean 

(3.7) 

of integral order m 2: 0 satisfies an estimate 

I 
rem + I)A 011 

(}m(u) - rem +a + l)u 

:s min { Co+~ UOi + C+I I u¢(u) + C~ s (~) UOl} 
kc::.ko km km k 

(3.8) 

for u 2: l. Here the numbers Cj and ko may depend also on m. If a = 0 one can 
take Co = O. There is a corresponding result for a < 0 if condition (3.2) holds with 
A =0. 

Examples in Section 10 will show that the remainders in (3.3) and (3.6) are 
essentially optimal when s(u) does not go to zero faster than e-cu as u ---+ 00. More 
rapid decrease leads to a much stronger result. More precisely: 

Theorem 3.3. (Vanishing Theorem) Suppose that in Theorem 3.1 or 3.2 

. . log s(u) 
hmmf = -00, 

w(u) 
or equivalently, lim sup -- = 00. (3.9) 

U-4oo U U-4oo U 

Then the remainders P j (u) are identically zero, so that 

s(u) == AUOl / rea + 1) for u 2: O. (3.10) 

See Korevaar [1954a]. Vanishing theorems for other transforms can be found in 
Ganelius [1971]; cf. also Johansson [1996]. The proof of Theorem 3.3 uses complex 
analysis and will be given in Section 9. 

In Section 4 we use the Karamata-Wielandt method of Sections 1.11, 1.12 to 
derive Theorems 3.1 and 3.2 from the following quantitative result on one-sided 
approximation; cf. Korevaar [1954a], [1954b] for the case m = O. 
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Theorem 3.4. Let m ::: 0 be an integer, 

G (t) = { (1 - t)m for 0 :s t :s 1, 
m 0 for 1 < t < 00, 

(3.11) 

and let f3 and y be arbitrary real numbers. Then there are constants BI > 0, B2 > 1 
and ko E N depending only on m, f3 and y such that the following holds. For every 
integer k ::: ko, there are polynomials in the variable e-t of degree :s k: 

k 

pdt) = I>kje- jt, 
j=1 

which satisfy the relations 

k 

Pk(t) = L f3kje- jt, 
j=! 

(3.12) 

Pk(O) = Pk(O) = 1, (3.13) 

(3.14) 

k 

L lakjl :s B~, 
j=l 

k 

L lf3kjl :s B~. 
j=l 

(3.15) 

The optimal order of L 1 approximation for arbitrary m was determined earlier by S.M. 
Nikol'skii [1947], [1950]. One-sided approximation was studied by Freud in papers 
starting in 1951; cf. Freud [1955]. Our proof of Theorem 3.4 will take up Sections 
5-8. 

Finally we state a result of Freud [1954] for Laplace-Stieltjes integrals. We restrict 
ourselves to the principal case, which corresponds to the special case of Theorem 3.2 
given by a = 0, </J(t) = Cit and functions s(u) such as Cu- f3 • 

Theorem 3.5. Let s(t) satisfy the standard conditions, so that in particular the 
Laplace-Stieltjes transform F(u) = Cds(llu) exists for 0 < u < 00. Suppose 
that for some constant A and a function s(u) '\t 0 which satisfies the condition 
S(ulk):s ecks(u), 

F(u) = [00 e-tjuds(t) = A + O{e(u)} as u ~ 00. 

10-
(3.16) 

Suppose furthermore that there is a nondecreasingfunction Sl (t) satisfying the stan
dard conditions and a positive constant A 1 such that 

Fl(U) = [00 e-tjudsl(t) existsandequals [1 +O{s(u)}]u 
10-

as u ~ 00, while 

(3.17) 

S2(t) = AlS! (t) + lot vds(v) is nondecreasing. (3.18) 
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Then the Cesaro mean (2.29) of s of integral order m :::: 0 satisfies the estimate 

um(u)=A+O { I} 
logm+I{l/.c:(u)} 

as u -+ 00. (3.19) 

A Tauberian condition related to (3.17), (3.18) was used by Hardy in his book 
[1949](theorem 102) to obtainconvergences(u) -+ A from convergence F(u) -+ A. 
We will not pursue this approach because Theorem 3.5 was superseded by Ganelius's 
general Theorem 2.5 for Laplace-Stieltjes transforms; cf. the treatment in Sections 
14 and 19. 

In closing we mention that there are still other kinds of remainder estimates for 
Laplace transforms; see for example Mel'nik [1982]. 

4 Proof of Theorems 3.1 and 3.2 

Here we derive Theorems 3.1 and 3.2 from Approximation Theorem 3.4. 

Proof of Theorem 3.1. Let u be a point of continuity for s (-). Then the function Go (t) 
of formula (3.11) (which jumps at t = 1) and s(tu) are never discontinuous at the 
same point t, so that we may write 

s(u) = [U ds(t) = [I dts(tu) = [00 Go(t)dts(tu). (4.1) 
10- 10- 10 

Hence if Pk :::: Go with Pk as in (3.12) for the case m = 0, then by (3.1) and (3.2) 

[00 k [00 
s(u) :s 10 Pk(t)dts(tu) = Lfhj 10 e-jtdts(tu) 

0- j=1 0-

We first take a > O. Then if Pk :s Go :s Pb 

k 1 1000 t a - I 
L,8k'--;- = Pk(t)-dt 
. J Ja 0 rea) 
J=I 

1000 ta-I 1000 t a - I 
= Go(t)-dt + {Pk(t) - Go(t)}-dt 

o rea) 0 rea) 
1 1000 ta - I :s -- + {Pk(t) - Pk(t)}-dt. 

area) 0 rea) (4.3) 

Now let Pk and Pk be as in Theorem 3.4 with m = 0, -,8 = a-I and y = O. For 
k :::: ko we then obtain from (3.14) that 
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~ 1 1 a BI 
Lf3kj ja ::: rea + 1) + rca + 1) k . (4.4) 
J=I 

This result is also valid for a = 0, because in that case (3.12) and (3.13) give 
L~=I f3kj = Pk(O) = l. Finally, by (3.2) and (3.15) 

k k 

Lf3kjR (~) .1a ::: L lf3kjlc (~) ::: B~c G)· 
j=1 J J j=1 J 

(4.5) 

Using (4.3)-(4.5) together with C4.2), one finds that 

su - U < - Be - u A a { aB] A k (U)} a 
C) rCa + 1) - rCa + 1) k + 2 k ' 

Vk:::: ko. 

The inequality will hold on a dense set of values u, hence by the monotonicity of 
sO and c(-), it will hold for all u > O. For a corresponding inequality in the other 
direction one would use the minorants Pk of Go in C4.2) instead of the majorants 
Pk. Thus one obtains an estimate (3.3). Analysis shows that the numbers Cj and ko 
depend only on a; for a = 0 one has CI = O. 0 

Proof of Theorem 3.2. We take u :::: 1 and write 

O"m(u) = u 10 1 
(l - t)ma(tu)dt = u 1000 

a(tu)Gm(t)dt. (4.6) 

By (3.4) one has aCt) :::: -¢let), and since L(tu)1 L(u) = O(max{t, lit}) and 
a] ::: a2, we find that for any number f3 :::: 1 - al (which will be specified later), 

¢l (tu) max{ta, ua" ta2 ua2 } L(tu) max{ta" ta2 } L(tu) 
-- = < -------
¢leu) ua2 L(u) L(u) 

::: Cmax{ta,-I,ta2+1}::: C't- f3 et . 

Thus for functions Pk ::: Gm ::: Pb 

u fooo{-a(tu)}{PkCt) - Gm(t)}dt ::: u 1000 ¢l(tU){Pk(t) - Gm(t)}dt 

::: C'u¢l(u) 1000 
t- f3 et {PkCt) - Pk(t)}dt. 

We now let Pk and Pk be polynomials in e-t as in Theorem 3.4, where we take y = 1. 
By (3.14) we then obtain the inequality 

provided k :::: ko. For the estimation of 
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we proceed as in the preceding proof, first taking a > O. This time 

k 1 100 ta-I 
Lf3w--:-- = [Gm(t) + {Pk(t) - Gm(t)}]-dt 
j=1 Ja 0 rea) 

11 ta-I 100 ta- I 
:s (1 - t)m--dt + {Pk(t) - Pk(t)}--dt 

o rea) 0 rea) 
r(m+l) a C"BI 

:s rem + a + 1) + rea + 1) km+1 • (4.9) 

To estimate the final integral we have chosen f3 = max{l - a, 1 - ad and used an 
inequality ta- I :s C"t-fiet before applying (3.14) with y = 1. Inequality (4.9) is 
also valid for a = 0 and one can again use (4.5). Combining the results, we find that 
for u ::=: 1 and k ::=: ko, 

a u - U < --u U B £ - U 
r(m+I)A a C'BI {aC"BI A k (U)} a 

m() rem + a + 1) - km+1 ¢( ) + rea + 1) km+1 + 2 k . 

There is a corresponding inequality in the other direction. These inequalities imply 
an estimate (3.6), with constants Cj depending only on a, ¢ and m. If a = 0 one 
finds that Co = O. 

In the case a < 0 and A = 0, the inequalities (4.7) and (4.8) remain valid, while 
(4.5) may be replaced by the inequality 

k 

Lf3kjR (~) .1a :s B~£ (~)klal. 
j=1 J J 

The factor klal can be combined with B~ to give (3.6) with a larger number C2. D 

5 One-Sided L 1 Approximation 

For the proof of Theorem 3.4 we have to determine the optimal order of one-sided L 1 

approximation to certain well-behaved functions by polynomials of degree :s k. It is 
also necessary to control the size of the coefficients in the approximating polynomials 
P(x) = L~=O bjx j . To that end we introduce the following norm: 

(5.1) 

In the constructions it will be convenient to work with the interval (-1, 1) and the 
standard Chebyshev polynomials 
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Tr(x) = cosrt, where x = cost; (5.2) 

cf. Korevaar [1954a], [l954b], Freud [1955]. In his earlier papers Freud used or
thogonal polynomials for weight functions which depend on the Tauberian problem 
under consideration. This might give better constants, but made the calculations less 
explicit. Ganelius [l956b] determined optimal L I approximations by trigonometric 
polynomials. Cf. Bojanic and DeVore [1966] for additional results on L I approxima
tion. 

We start by approximating functions of bounded variation. 

Theorem 5.1. Let f on (-1, 1) be real and of bounded variation. Then there are 
constants A j such that for every kEN, there are polynomials p and P of degree::: k 
with the following properties: 

p::: f ::: P on (-1,1), 

f l dx V 
{P(x) - p(x)} ~::: AI-, 

-I "I - x 2 k 

v(p), v(P)::: A2A~, 

where V is the total variation of f. 

The proof will be derived from the special case where f is the step function 

(x a) = {O for x < a, 
g, 1 for x 2: a. 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

Proposition 5.2. There are constants C j independent of a E (-1, 1) such that for 
every kEN, there are polynomials q = q (., a) and Q = Q (., a) of degree::: k with 
the following properties: 

q ::: g(-, a) ::: Q on (-1,1), 

f I dx Cl 
{Q(x) - q(x)} ~::: -k ' 

-I "I-x-
k v(q), v(Q) ::: C2C3' (5.7) 

Derivation of Theorem 5.1. Denote the total variation of f by V. It may be as
sumed that f is defined on [-1, 1) and continuous at -1. For given kEN and 
h = 0, 1, ... , k, set 

ah = -cos(hrr/k), so that = -l Qh dx rr 

Qh-I~ k 
when h 2: 1. 

We first approximate f by piecewise constant functions with possible jumps at the 
points Uh, h = 1, ... , k - 1. Denoting the interval [ah-I, ah) by h, 1 ::: h ::: k, we 
let mh and Mh stand for, respectively, the infimum and the supremum of f on [h. 
Now set 
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sex) = mh and Sex) = Mh for x E Ih, h = 1, ... , k. 

Then s ::::: f ::::: S on [-1, 1) and 

I I dx ~ Jr JrV 
{Sex) - sex)} ~ = L)Mh - mh)- ::::: -. 

-I vi - x 2 h=1 k k 
(5.8) 

The functions s and S can be represented in terms of step functions g (., ah) given 
by (5.6). We focus on S: 

Sex) = MI + (M2 - MI)g(x, ad + ... + (Mk - Mk-dg(x, ak-d. (5.9) 

We now use majorants as in Proposition 5.2 to majorize the terms in S. The constant 
MI is majorized by itself. Denoting the polynomial majorant of degree::::: k for 
g(x, ah) by Q(x, ah), the following polynomial P of degree::::: k majorizes Sand 
hence f on [ -1, 1): 

k-I 

P(x) = MI + L(MHI - Mh)Q(X, ah). 
h=1 

By Proposition 5.2 and (5.9), 

(5.10) 

(5.11) 

There is a corresponding minorant p for s and f, for which the integral involving s - p 
is bounded by CI V / k. Combining the results one obtains (5.4), with Al = 2CI + Jr. 

The proof of (5.5) follows from (5.10), its analog for p and (5.7). The result is 

V(p), v(P) ::::: sup If I + C2C~V. (5.12) 

6 Proof of Proposition 5.2 

Let Tr(x) be the Chebyshev polynomial of degree r 2: 2 given by (5.2). Arranged in 
decreasing order, its zeros are given by 

Xj = costj, tj = (j - 1/2)Jr/r, j = 1,2, ... , r. (6.1) 

For given a E (-1, 1), let g = g(., a) be the step function of (5.6). We will determine 
good approximating polynomials q = q(., a) and Q = Q(., a) which satisfy the 
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inequalities q :::: g = g(., a) :::: Q. Here we may restrict ourselves to polynomials of 
even degree k = 2r - 2 :::: 2. 

If Tr has a zero :::: a, let Xs (with s = s(r, a) :::: r) be the smallest such zero, 
otherwise denote by Xs+! (with s = s(r, a) :::: 0) the largest zero of Tr less than a. In 
the 'generic case' one has Xs+! < a :::: xs, where both Xs and Xs+J are zeros of Tr . 

STEP I. In a construction which goes back to Markov and Stieltjes, cf. Szego [1939175] 
(section 3.411), a majorant Q = Q(., a) of g = g(., a) is obtained as the unique 
polynomial of degree:::: k = 2r - 2 which satisfies the following 2r - I conditions 
(or 2r conditions if s = r): 

Q() {lforl::::j::::s+l, Q'(x j·)=Oforj;6s+1. (6.2) 
x j = 0 for s + 2 :::: j :::: r, 

If s = r or r - lour majorant is Q = 1. Suppose now that s + I < r so that Q ¥= 1. 
Then by Rolle's theorem, the polynomial Q' of degree:::: k - 1 has a (smallest) zero 
on each of the r - 2 intervals (x j + 1, X j) with j ;6 s + 1. Together with the r - I zeros 
of Q' prescribed in (6.2) this adds up to k - 1 zeros. It follows that deg Q' = k -I and 
that Q' has no other zeros than those that we have indicated, and that all these zeros 
are simple. In particular Q must be monotonic on the interval [Xs+2, xs+il, hence 
increasing because Q(xs+d = 1 and Q(Xs+2) = O. Conclusion: the polynomial Q 
must have a local minimum at each point x j with j ;6 s + I and a local maximum 
on every interval (x j+!, x j) with j ;6 s + 1. It follows in particular that Q :::: g; cf. 
Figure VII.6, where r = 6 and a ~ -0.13. 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 

Fig. VII.6. The functions g(., a) and Q 

One similarly obtains a polynomial q :::: g of degree :::: k with the aid of the 
conditions 

{ I for I :::: j :::: s - I, 
q (x j) = 0 for s :::: j :::: r, (6.3) 
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When s = 0 or 1 the minorant q is identic all y zero. Observe that q (x j) = Q (x j) at 
the zeros x j of Tr with j ::: s - 1 or j :::: s + 2. 

STEP 2. We proceed to the inequality for the integral involving Q - q. It is convenient 
to introduce the auxiliary polynomials 

V .(X) = ( Tr(x) )2, J j = l, 2, ... , r. 
T/(xj)(x - Xj) 

(6.4) 

The nonnegative polynomial Vj of degree k = 2r - 2 is equal to I at x j and has 
double zeros at the points Xi =I=- x j. Taking 1 ::: s ::: r - 1 for the time being, it follows 
from (6.2) and (6.3) that the polynomial 

v = Q - q - Vs - V5 +1 (6.5) 

of degree::: k vanishes at all points Xi, hence V = Tr Wr~2 where Wr~2 is a polyno
mial of degree::: r - 2. Thus by the well-known orthogonality relations for trigono
metric polynomials, 

/
1 dx 10][ 

Vex) ~ = (cosrt)Wr~2(cost)dt = o. 
~l vl-x2 0 

Hence by (6.5) 

/
1 dx 

~l {Q(x) - q(x)} ~ 

= 10][ U5 (cost)dt + 10][ Us+l (cos t)dt = As +A5 +1, (6.6) 

say. (If s = 0 the integral reduces to A 1 and if s = r, it reduces to Ar.) 
Allowing 1 ::: s ::: r we will estimate the integral for As. Writing r for ts 

(s - 1/2)n/r, one has 

I rsinrr r 
Tr (x5 ) = -.-- = ±-.-, 

sin2 r cos2 rt 
V,(cos t) = --2- 2· 

sm r sm r . r ( cos t - cos r) 

Now for rand t ranging over (0, n), there is a constant e > 0 such that 

Icost-cosrl 11 ISin{(t+r)/2} 
-------:-----'- = 2 sin -(t - r) . :::: cit - rl. 

sm r 2 sm r 

It follows that 

10][ 1 1 sin2 r(t - r) e' 2e' 
As = Vs(cost)dt::: 2" 2 2 dt = - =--

o r lR e (t - r) r k + 2 

The upper bound applies also to As+l. By (6.6) this completes the proof of the second 
inequality (5.7). 
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Incidentally, by the Gauss-Jacobi theory of quadrature based on the zeros of 
orthogonal polynomials, the numbers As and As+l are so-called Christoffel numbers. 
They belong to the weight function (l - x 2 )-1/2 on (-1,1) and the Chebyshev 
polynomials. For the polynomial Tr of degree r all the Christoffel numbers are equal 
to n j r; cf. Szego (loc. cit., sections 3.4, 15.3), which confirms the second inequality 
(5.7). 

STEP 3. We still have to estimate the norms of the approximating polynomials q and 
Q. The definition in (5.1) implies the following simple properties: 

Thus if all zeros of P have absolute value :s 1 and 

N 

P(x) = CN flex - ZI), then v(P) :s ICNI2N. (6.8) 
1=1 

For later use we observe that 

Tr(x) = cos rt = Re (cos t + i sin t)r = L (_l)h (;h)xr- 2h (l - x2)h 

h~J/2 

= 2r - 1 fl (x - XI) 

1=1 

(X = cost, XI = cos{(l - Ij2)njr}). (6.9) 

For the estimation of v(Q) it is convenient to introduce the polynomials Vj of 
degree k = 2r - 2, determined by the conditions 

(6.10) 

If Q == lone has v(Q) = 1, hence we may take s + 1 < r. Then it follows from 
(6.2) that 

s+1 

Q(x) = L Vj(x) = 1 - L Vj(x), (6.11) 
j=1 j=s+2 

so that it is sufficient to estimate v(Vj). First take j =1= s + 1. Then the product 
(x - xs+) ) Vj (x) has double zeros at the points Xi =1= X j. Comparison with U j (x) in 
(6.4) shows that 

(6.12) 

Here the coefficients a j and b j may be determined from the conditions 

U sing the definition Tr (cos t) = cos r t, they give the equations 
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It follows that 

(6.13) 

Substituting these values into (6.12) and using (6.8), (6.9), one finds that for j f= s + 1 

Vj(X) = (ajx+bj)22r - 2 n (X-Xi)n(X-Xi), (6.14) 
ih,s+1 ih 

with la j I, Ib j I ::: 21 r2. For j = s + lone has Vj = Uj; in this case one has to replace 
the factor a jX + b j in (6.14) by as+l. In view of (6.8) and (6.11) the end result is 

(6.15) 

A similar argument works for the norm of q. This completes the proof of (5.7). 

7 Approximation of Smooth Functions 

For the case m ::: 1 of Theorem 3.4 we also have to consider one-sided polyno
mial approximation to m-times differentiable functions f, whose mth derivative is 
of bounded variation. Here we use Freud's approach [1955]. Alternatively one could 
start from the optimal results of Ganelius [1956b] for corresponding trigonometric 
approximation. Cf. also Freud and Ganelius [1957], and Nevai [1972]. 

Theorem 7.1. Let f on [-1, 1] be real and an indefinite integral of order m ::: 1 of a 
junction of bounded variation. Then there are constants A j such that for every kEN, 
there are polynomials p and P of degree::: k with the following properties: 

p ::: f ::: P on (-1, 1), 

11 P(x) - p(x) Al 
--=======--dx < --
~2 - km+I ' -I vI-x-

v(p), v(P)::: A2A~. 

(7.1) 

(7.2) 

(7.3) 

Proof. The pattern of the proof is the same as that of Theorem 5.1 and Proposition 
5.2. For a E (-1, 1) one approximates an indefinite integral gm of g(., a) of order m: 

{ 0 for x < a, 
gm(x, a) = (x _ a)m 1m! for x ::: a. (7.4) 
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The approximation for f is derived from the one for gm with the aid of Taylor's 
formula with base point -1, in a form which may be obtained by repeated integration 
by parts. It may be assumed here that the derivative f(m) is continuous from the right 
and continuous at the point 1. Substituting the canonical representation for f(m) as the 
difference oftwo nondecreasing functions, fml and fm2, the Taylor formula becomes 

f(x) = Dm(x) + - df(m) (a) j x (x a)m 

-1 m! 

= Dm(x) + jl gm(x, a){dfml (a) - dfm2(a)}, (7.5) 
-1 

where Dm is a polynomial of degree S m. 
A majorant Qm = Qm (., a) and minorant qm for gm may be obtained by mul

tiplying approximants Q and q for g by (x - a)m 1m!. Suitable Q and q are easier 
to find for even than for odd m. We discuss the case m = 2 here; cf. the notation 
of Step 1 in Section 6. Suppose for simplicity that we are in the 'generic situation' 
where Xs+l < a S Xs and there are additional zeros of Tr on both sides of a. Then 
one forms the majorant Q of g(., a) of degree S k - 2 = 2r - 4, determined by the 
2r - 3 conditions 

{ I for 1 S j S s + 1, 
Q(Xj)= Ofors+3Sjsr, Q' (x j) = 0 for j =1= s + 1, s + 2. 

For a minorant q of degree S 2r - 4 one imposes the conditions 

{ I for 1 S j S s - 2, , . 
q (x j) = 0 c· q (x j) = 0 for J =1= s - 1, s. 

lor s S J S r, 

(7.6) 

(7.7) 

Q increases from 0 to 1 for Xs+3 S x S Xs+l and q does so for Xs S x S Xs-2. One 
will have Q = q at all points x j with j =1= s - 1, s, s + 1, s + 2 and 0 S Q - q S 1 
at the exceptional x j. Observe also that Ix j - a I S 2:n: I r for s - I S j S s + 2. 

We now apply quadrature theory to Q2 - q2 = (l/2)(x - a)2(Q - q): 

s+2 (2)3 (4 )3 
S .L (1/2)(Xj _a)2;' S ; = k:2 ; 

J=s-1 

(7.8) 

cf. Section 6. Estimates for the norms of Q2 and q2 may also be obtained by adaptation 
of the earlier method. 

How to proceed when m is odd? For m = lone may start with a polynomial 
Ql (x) = (x - a)Q(x), where Q of degree S 2r - 3 is ~ g(., a) for x ~ Xs and 
Q S g for x S Xs+l. The product Ql(X) will majorize gl(X, a) = (x - a)g(x, a) 
for x ~ a and for x S Xs+ 1. To take care of the interval (xs+ 1, a) one has to add a 
small nonnegative polynomial; cf. Freud (loc. cit.). Nevai (loc. cit.) treated the odd 
and even case together. 
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8 Proof of Approximation Theorem 3.4 

Which functions f on [-1, 1] do we have to approximate in Theorem 7.1 in order 
to obtain Theorem 3.4? We will map the interval 0 < t < 00 onto 1 > x > -1 by 
setting x = 2e-t - 1, so that -t = log{(x + I)/2}. Taking b = 2e-1 - 1, so that 
-1 = log{(b + I)/2}, we have 1 - t = log{(x + I)/(b + I)}. Thus the function 
Gm(t) of (3.11) will correspond to 

F, () { 0 for -1 ~ x < b, 
m x = logm{(x + 1)/(b + 1)} for b ~ x ~ 1. 

(8.1) 

This function satisfies the conditions of Theorem 7.1, but inequality (7.2) is not strong 
enough to give inequality (3.14) if fJ > 1/2 or y > -1/2. The following theorem 
will take care of the problem. 

Theorem 8.1. For an integer m ::: 0 and fixed b E (-1, 1), let F m be the function 
given by (8.1), and let t-t be a nonnegative integer. Then there are constants DJ such 
that for every integer k ::: 2t-t + 1, there are polynomials q and Q of degree ~ k with 
the following properties: 

q ~ Fm ~ Q on (-1,1), 

q(1) = Q(1) = 1, q(-I) = Q(-I) = 0, 

f l dx DI 
-I {Q(x) - q(x)} (1 _ x2)IHI/2 ~ km+1 ' 

v(q), v(Q) ~ D2D~. (8.2) 

For m = 0 the result is in Korevaar [1954b], where it was shown in addition that 
the approximating polynomials can be chosen such that for some constant D4, 

Iq(J)(I)I, IQ(J)(1)1 ~ D1kJ- I for j = 1, ... , k. 

Proof of the Theorem. It may be assumed that t-t ::: 1; cf. Theorem 7.1. We begin by 
determining a (the) polynomial R of degree 2t-t - 1 such that the function 

H(x) _ Fm(x) - R(x) 
- -(-I-_-x-;;2c-)J.t- (8.3) 

is an indefinite integral of order m of a function of bounded variation on (-1, 1). This 
requirement means that R(x) must be divisible by (x + 1)J.t and that R(x) - Fm(x) 
must be divisible by (x - I)J.t near the point x = 1. More precisely, the expansion of 
R(x) around the point x = 1 must have the form 

J.t-I 
R(x) = {1 + (x - I)/2}J.t L Gi(X - I)i 

i=O 



8 Proof of Approximation Theorem 3.4 365 

From this condition the coefficients Ci can be determined recursively. If m = ° the 
polynomial L!t I Ci (x - l)i will consist of the first JL terms in the binomial series 
for {I + (x - 1)/2}-1L. 

With the resulting polynomial R, Theorem 7.1 may be applied to the function 
f = H in (8.3). Thus there are constants A j such that for every integer k 2: 2JL + 1, 
there are polynomials P* and P* of degree :5 k - 2JL with the following properties: 

p* :5 H :5 p* on (-1,1), 

I I * * dx Al 
{P (x) - P (x)} ~::s (k 2 )m+I' 

-I vl-x- - JL 

v(p*), v(P*) :5 A2A~-21L. 

Now set 
q = (1 - X 2)1L p* + R, Q = (1 - x2)1L p* + R. 

Then by (8.3), (8.4) and since v{(1 - x 2 )1L} = 21L by (5.1), 

q(x)::s (1-x2)ILH(x) + R(x) = Fm(x)::s Q(x) on (-1,1), 

q(1) = Q(l) = 1, q(-l) = Q(-l) = 0, 

I I dx Al 
-I {Q(x) - q(x)} (1 _ x2)1L+1/2 :5 (k _ 2JL)m+1 ' 

v(q), v(Q) :5 21L A2A~-21L + vCR). 

These relations imply the desired result (8.2). 

(8.4) 

Derivation of Theorem 3.4. Consider the map from ° < t < 00 onto I > x > -1 
given by x = 2e-t -1.Forb = 2e- I -1, the function Gm(t) of(3.11) corresponds to 
the function F m (x) of (8.1). Taking JL equal to the least nonnegative integer 2: fJ - 1/2 
and > y + 1/2, one has in particular 

We now define polynomials Pk(t) and Pk(t) of degree :5 kin e-t by the polynomials 
q(x) and Q(x) provided by Theorem 8.1. Then by (8.2) 

Pk(OO-) = q(-l) = 0, Pk(OO-) = Q(-I) = 0, 

so that Pk and Pk have constant term zero as required by (3.12). Observe that also 
Pk :5 Gm :5 Pk on (0, 00) and pdO) = PdO) = 1, which is (3.13). Furthermore 

1000 (1 - e-t )-IL-I/2e(IL-I/2)t{Pk(t) - Pk(t)}dt 

221L II dx 221L DI 
= -1 {Q(x) - q(x)} (1 _ x2)1L+1/2 :5 km+1 ' (8.5) 

which implies (3.14). 
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It remains to consider sums of absolute values of coefficients. We may write 

k k k 

Q(x) = Lbhxh = Lbh(2e-t - l)h = Pk(t) = L{3je- jt , 
h=O h=O j=O 

so that 

~ (h). h' {3j = ~bh . 2i(-1) -i 
h=j } 

({3o = 0). 

It follows that 

(8.6) 

There is a corresponding result involving the coefficients ex j of Pk. In conjunction 
with the norm inequality in (8.2) one thus obtains an inequality (3.15). 

9 Vanishing Remainders: Theorem 3.3 

The proof of the Vanishing Theorem 3.3 will be derived from the following 

Proposition 9.1. Let G(w) = G(u +iv) be a bounded analyticfunction on the (open) 
right half-plane {u > O} such that 

IG(u)1 .::: feU) = e-(J)(u) for 0 < u < 00, (9.1) 

where w is a nondecreasingfunction on lR+ for which 

. w(u) 
hmsup -- = 00. (9.2) 

u-+oo U 

Then G == O. 

There is a related but somewhat weaker result for Laplace and other transforms 
in Hirschman and Widder [1955] (section 10.3). The present Proposition may be 
deduced from a precise result of Ahlfors and Heins [1949] on the size of the set, where 
a bounded analytic function on a half-plane can be small without being identically 
zero; cf. Boas [1954] (section 7.2). We will give a simple proof by a harmonic-measure 
argument, a technique developed by Nevanlinna [1936170]. 

Proof of the Proposition. It may be assumed that I G (w) I .::: 1 and, supposing G '1= 0, 
that G(l) 1= 0; otherwise, one could first divide out a power of w - 1. Then log IGI 
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is a subharmonic function which is bounded above by O. Below we will obtain a 
contradiction by showing that condition (9.2) implies G(l) = O. 

For B > 0, let DB be the domain obtained from the open right half-plane by 
deleting the half-line LB : {v = 0, u ~ B}. Thus LB becomes part of the boundary 
of DB. (More precisely, the upper and lower side of LB become part of the boundary.) 
Observe that by (9.1) and the monotonicity of w, 

sup log IG(u)1 ::::: -weB). 
uE[B,oo) 

(9.3) 

Let h B (-) denote the so-called harmonic measure of the two-sided half-line L B relative 
to DB. That is, h B is the harmonic function on DB, with values between 0 and 1, which 
has boundary values 1 on LB and 0 on the imaginary axis. Then log IGI + w(B)hB is 
subharmonic on DB and its boundary values are::::: 0 (the lim sup on approach to the 
boundary is ::::: 0). Taking B > 1, the maximum principle for subharmonic functions 
(that are bounded from above) now shows that 

log IG(l)1 + w(B)hB(l) ::::: O. (9.4) 

U sing the fact that conformal mappings preserve harmonic measure, one could 
compute the harmonic function h B explicitly by using a suitable sequence of such 
mappings; cf. Heins [1962] for a discussion of the equivalent 'MiHoux problem'. 
However, we need only a good lower bound for hB(l), and such a bound can be 
obtained from simpler mappings. 

By an initial change of scale we replace DB by DI and the point I by b = I I B < 1; 
one has hB(l) = h I (b). Next it is convenient to carry out a reflection in the imaginary 
axis and a translation to the right over a distance 1. Thus DI goes over into the 
domain D, consisting of the half-plane {u < I} minus the negative u-axis. One has 
hi (b) = h(l - b), where h(-) stands for the harmonic measure of the negative real 
axis relative to D. Finally we apply the square-root transformation z = x + i y = y'W, 
which maps D onto D* = (D) I /2. This domain is bounded on the left by the imaginary 
axis {x = I} and on the right by the branch of the hyperbola {x 2 = y2 + I} on which 
x ~ 1; see Figure VII.9. Let h*(-) denote the harmonic measure of the imaginary axis 
relative to D*, so that h(l - b) = h*(c), where c = .Jf='b. 

Observe now that D* contains the infinite strip ~ : {O < x < I}. By the maximum 
principle for (bounded) harmonic functions, h*(z) ~ h(z) in ~, where h denotes the 
harmonic measure of the imaginary axis relative to ~. Indeed, one has h*(iy) = 
h(iy) = 1 and h*(1 + iy) ~ 0 = h(1 + iy). The harmonic measure hex + iy) is of 
course equal to 1 - x. Putting it all together, we find that 

hB(1) = hi (b) = h(1 - b) = h*(c) ~ h(c) = 1 - c; 

1 - c = 1 - .Jf=7J > bl2 = 1/(2B). (9.5) 

Thus, combining (9.4) and (9.5), 

log IG(1)1 ::::: -w(B)hB(1) ::::: -w(B)/(2B), VB> 1. (9.6) 
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o o 

o J-b o c 

D* 

Fig. VII.9. The domains fj and D* 

By (9.2) the right-hand side has lim inf equal to -00 as B --+ 00, so that G(1) must 
be zero, the promised contradiction. Conclusion: G == O. 

Proof of Theorem 3.3. It will be enough to deal with the case where sO and F 
satisfy the hypotheses of Theorem 3.1, now with a function £ or w as in (3 .9). We 
begin by using the conclusion provided by (3.3) when we take k = ko and u :::: I. 
Setting S I (t) = 0 for t < 0 and 

(9.7) 

and observing that £0 is nonincreasing, one finds that 

By the boundedness of SI (t) for 0 .::: t < I, the final estimate will hold for 0 .::: t < 00. 

As a function of the complex variable w = u + iv, the Laplace-Stieltjes transform 

FI (w) = £dsiCl / w) = F(w) - AwCY 

= r JO e- t/wdsl(t) = (l / w) r JO sl(t)e-t /wdt (9.9) 
10- 10 

is an analytic function on the right half-plane {u > OJ. By (9.8) it satisfies an inequality 

Thus the analytic function 

is bounded for u = Re w > O. 

def FI(w + 1) 
G(w) - --....,,----:-0-

- (w + 1)2CY+I 
(9.11) 
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We now use hypothesis (3.2), which implies that 

R(u + l)(u + 1)'" e-w (u+l) 
IG(u)1 < < < e-w(u) for u > O. 

- (u + 1)2",+1 - (u + 1)",+1 -
(9.12) 

Here wO satisfies condition (9.2) by hypothesis (3.9) in Theorem 3.3. Hence by 
Proposition 9.1, 

G(w)=O, sothat FI(w) =0. 

The uniqueness theorem for Laplace transforms finally implies that Sl (t) = 0 almost 
everywhere, so that s(t) = At'" I rea + 1) almost everywhere for t > 0; see (9.7). 
Since s(·) is continuous from the right, the final equality holds for all t ::: O. 0 

10 Optimality of the Remainder Estimates 

The first two examples involve power series. They will show that the orders of the 
remainders in Theorem 2.2lExamples 2.3 are optimal when 

e(u) = Cu- f3 or e(u) = Ce- f3u (f3 > 0); (10.1) 

additional examples are in Korevaar [1951], [1954a]. It will be convenient to use the 
variable x = e- 1ju instead of u; observe that 

1 I I 
u = --- = -- - - + 0(1) as x / l. 

logx 1 - x 2 

We will write 

00 00 

f(x) = LanXn, so that L ane-nju = f(e- 1ju ). (10.2) 
n=O n=O 

By formula (2.14), the Laplace transform F(u) in Theorem 2.2 and the difference 
f(e- 1jU ) - A behave in exactly the same way as u -+ 00. 

Example 10.1. The condition f(e- 1ju ) - A = O(u- f3 ) as u -+ 00 corresponds to 

f(x) - A = O{(l - x)f3} as x / l. 00.3) 

Taking f3 = 2 for convenience, it will be shown that even under Littlewood's two-sided 
Tauberian condition an = O(lln), the remainder estimate SN - A = O(l/log N) is 
optimal. 

The following construction is a refinement of one used in Section I.24 in con
nection with Littlewood's theorem. The desired function f is obtained by adding 
well-separated blocks of terms, each block fp.q,r involving positive integers p, q, r: 
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fp,q,r(x) = 
p+ l:::on :::op+(2r+3)q 

1 (1_xq)2r+2 
_____ xP+1(1 +x +", +xq - 1)_----=-----=-__ 
p + (2r + 3)q (2r+2) 

r+l 
(10A) 

The final quotient represents a polynomial whose coefficients have absolute value 
:s 1, hence 

1 1 
Ian I :s -p-+---:-C:(2-r-+-3:C-)-q < ;;-

For the partial sums S N of L an one has 

q 
IS p+(r+2)q - sp+(r+l)ql = p + (2r + 3)q (10,5) 

Taking r large we choose p = 2rq ~ er , Then the right-hand side of (10,5) is about 
q I (2 p) ~ 1 I (4 log p), hence at least one of the partial sums in (10,5) has absolute 
value 2': 1/(910g p), It follows that for N = p + (r + l)q or for N = p + (r + 2)q 
one has Is N I 2: 1 I (10 log N) when r is sufficiently large, 

A crude estimate will show that 

Indeed, 

1 2 O:s fp,q,r(x) :s -(1 - x) , 
r 

(10,6) 

To complete the example one adds up an infinite number of nonoverlapping blocks 
fp,q,r with rapidly increasing numbers r = rk, Then f(x) = O{(l - x)2} and 
Ian I :s lin, while ISN I 2: 1/(10 log N) for a sequence of N tending to 00, 

o 
Remarks 10.2. The construction above may be adjusted to treat the more general 
Tauberian condition (2.25) and functions £(u) = Cu-/3 with other values of f3, It 
can also be used to show the optimality of the remainder for the arithmetic means in 
(2,11) and for the higher-order Cesaro means, Cf Korevaar [1951], 

What is the best order estimate for the sequence {an} itself if an 2': -C I n, while 
f satisfies condition (l0,3)? It turns out that the numbers an can occasionally be about 
as large as the remainder estimate Sn - A = 0(11 log n) allows; cf. Vaughan [1983], 
He constructed a series L bn with bn 2': 0, for which infinitely many bN are nearly 
of order N I log N, while L(bn - I)xn = 0{(1 - x)/3- 1}, Integration gives a series 
LanXn with an > -lin which satisfies (10,3), while infinitely many aN are nearly 
of order II log N, 
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Continuing with the variable x = e~I/u, we now tum to the case of 

s(u) = Ce~fJu '" C' exp{-,B/(l - x)} as x/I. (l0.7) 

Here one may begin with an estimate based On one of Jacobi's fonnulas for theta 
functions: 

n°o I - xk (2X ) = --:sexp ---
1+ xk 1 - x 

k=1 

= e2 exp ( __ 2 ) 
I-x 

(0 :s x < 1); (l0.8) 

cf. Whittaker and Watson [1927/96], Hardy and Wright [1979] or Andrews [1976]. 

Example 10.3. Starting with JJ4 we fonn the following functions: 

JJ4(X) 2 3 4 8 9 fl (x) = -- = 1 - x - x - x + x + ... + x - x - ... , 
I-x 

j I (1 1
) 1 2 1 3 1 4 h (x) = fl = fl - x + -x + -x + -x 

x 0 2 3 4 

1 5 1 9 1 10 -S-x - ... - 9x + lOx + ... , 
fl (x) 2 3 4 

hex) = -- = I - x - 2x - x 
I-x 
+x6 + 2x7 + 3x8 + 2x9 + x lO _ xl2 - ... , 

j I (1 1
) 1 3 2 4 1 5 f4(X) = 13 = 13 - x + ~x + -x +-x 

x 0 3 4 5 
1 7 2 8 3 9 2 10 I 11 1 13 --x - -x - -x - -x - -x + -x + .... 
7 8 9 IO II 13 

One has hex) -+ A = 0 as x/I and in fact, hex) = O{exp[ -1/(l - x)]} 
for each j. In the case of fl one has Ian I = 1, while ISkLll = k (cf. h), so that 
ISN I > .JiIi for infinitely many N. More generally, if we set 

then in every case lanl :s cpj(n), while infinitely many remainders ISN - 01 are of 

order::: c.JiliCP}(N) with c > O. 0 

In examples for the case of Laplace transforms it is easier to vary the parameters. 
The focus here will be on Theorem 3.1. 

Example 10.4. For A > 0, the nondecreasing function 

(u ::: 0) (10.9) 
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will satisfy the relation 

F(u) = £ds(l/u) = u + O(e-PU ) as u -+ 00 (10.10) 

for any positive number f3 < )..2. Hence by Theorem 3.1, s(u) - u = O("fii) as 
u -+ 00. This order is precise: 

. Is(u)-ul 1 
hm sup r.; = -. 

u--..oo yU ).. 
(10.11) 

We first verify relation (10.11): 

s(u) - u = iou (sin2)..y'v)dv = 1o.fii(sin2)"t)2tdt 

d Io.fii d sin 2)""fii cos 2)""fii = -- (cos2At)dt = -- = - v'U + 0(1). 
d)" 0 d)" 2)" ).. 

For (10.10) observe that by formula (1.25.7), 

F(u) - u = 1000 e-v /U(sin2)..y'v)dv = 1000 e-t2 /U(sin2At)2tdt 

= _~ roo e-t2/U(cos2At)dt = _~(..;rru/2)e-)..2u = )...jifu3/2e-)..2u. 
d)" 10 d).. 

The function y'v in formula (10.9) for s(u) may be replaced by vy/(y+l) to treat 
the case where F(u) - u = O(e-PUr ) with 0 < y < 1; cf. Examples 2.3 and see 
Korevaar [1954a]. The next example goes back to a review by Karamata [1952]; cf. 
also Tenenbaum [1995] (section 7.4). 

Example 10.5. The nondecreasing function 

s(u) = ioU {I + cos(log2 v)}dv 

will satisfy the relation 

(u :::: 0) 

F(u) = £ds(l/u) = u + 0(1) as u -+ 00. 

(10.12) 

(10.13) 

Hence by Theorem 3.1, s(u) - u = O(u/ log u) as u -+ 00. This order is optimal: 

1. Is(u) - ul 1 (10.14) 1m sup = -. 
U--"OO u/ log u 2 

We first verify (10.14): 

s(u) - u -10 1 cos(log2 v)dv = iU cos(log2 v)dv = fo lOgU (cost2)etdt 

1010gU et u sin(log2 u) 1010gU (t - l)et 
= -d(sint2) = - 3 d(1 - cost2) 

o 2t 2 log u 0 4t 

= u sin(log2 u) + 0 (_u_) as u -+ 00. 

2 log U log2 u 
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The final estimate may be obtained through integration by parts, followed by the 

observation that Jiogu (e t I t2)dt = O(ul log2 u). 
For (10.13) we use complex integration, replacing the original real half-line where 

I .::: v < 00 by the arc r I : {v = ei&, 0 .::: () .::: I}, followed by the half-line r2 given 
by {v = e i r, I .::: r < oo}. By Cauchy's theorem and an appropriate estimate, 

F(u) - u - 10 1 e-v/ u cos(log2 v)dv = 100 e-V / U cos(log2 v)dv 

= [00 Re{e-(v/ul+i log2 V}dv = [ ... + [ ... = It + h-
Jl Jr, Jr2 

say. Taking u > 0 we estimate the absolute value of the final integrand by the absolute 
value of the exponential. On rl the real part of the exponent is .::: 0 and on r2 it is 
equal to Re {_(e i r lu) + i (i + log r)2} = -(r cos 1)lu - 210g r. It follows that It 
and h, and hence F(u) - u, represent bounded functions of u. 

11 Dirichlet Series and High Indices 

GENERAL DIRICHLET SERIES. A remainder theorem for Dirichlet series with nonneg
ative coefficients can be obtained from Theorem 3.l. To deal with other coefficients 
we appeal to Ganelius's Theorem 2.5. Accordingly, let w be a positive continuous 
nondecreasing function on jR+ and let e(t) be the inverse function of vw(v), so that 
e(t) is increasing and tle(t) is nondecreasing; cf. Section 2. 

Theorem 11.1. Let 0 = AO < Al < ... , An -+ 00, and let the Dirichlet series 
L~o ane- An / U converge/or 0 < u < 00. Suppose that 

and 

Then 

00 

An - An-l 
a > -C----

n - An (n 2: 1), 

F(u) ~ Lane-An / U = A + O{e-(u(u)} as u -+ 00. 

n=O 

" {e(u)} s(u) = ~ an=A+O -u- as u-+oo. 
An-::2U 

Proof. We proceed as in Section I.22. By the definition of s(·) one has 

F(u) = [00 e-t/uds(t) = A + O{e-w(u)} 
Jo-

(11.1) 

( 11.2) 

(11.3) 

as u -+ 00. Adjusting ao one may assume that A = O. Taking u .::: v .::: u + e (u) with 
large u, we define p and q by requiring Ap-l .::: u < Ap and Aq .::: v < Aq+l. Then 
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q An - An-l 
s(V) - s(u) = L an ~ -C L ---

An n=p 

C C ,e(u) 
~ --(Ap - Ap-l + Aq - Ap) ~ --[O{e(Ap_l)} + V - u] ~ -C -. 

u u u 

Conclusion (11.3) now follows from the case cp = 1 of Theorem 2.5. 

In [1954] Freud used Theorem 3.5 to treat the case where wO satisfies his growth 
condition (2.23). A typical example is w(u) = ,B log u (with,B > 0), for which 
e(u) ~ (1/,B)u/logu. Instead of the first condition (11.1) he had to require that 
An+l - An = O(A~-8) with 8 > O. In [1965] Ingham used a special case of Theorem 
3.1 to obtain another result for Dirichlet series under Freud's condition on w. 

THE CASE OF HIGH INDICES. Using the complex method which Halasz [1967a] devised 
for the High-Indices Theorem 1.23.1, we will extend some of the latter's remainder 
estimates. 

Theorem 11.2. Suppose that 

(n ~ 1), (11.4) 

and that F(u) = L~o ane-An / U existsfor u > 0 and satisfies condition (11.2). Then 
there is a constant c > 0 [which may be taken equal to 1/ (2.[i5)] such that 

s(u) = A + O{e-cu/l:I(u)} as u -+ 00. (11.5) 

In special cases the estimate can be made more precise: 
(i) If F(u) = A + O(u- f3 ) as u -+ 00 for some number,B > 0, then also 

s(u) = A + O(u- f3 ); 
(ii) If lim sUPu--->oo w(u)/u > 0, or more generally, 

f oo ..Jw(u) 
-----;::;; d u = 00, 

1 uv u 

the remainder s(u) - A is identically equal to zero for u ~ O. 

(11.6) 

Proof. We explain first how to obtain formula (11.5); the discussion will be continued 
in Section 12. It may again be assumed that A = O. 

STEP I. Since F is bounded, the Laplace transform 

(11.7) 

exists and is holomorphic for Re z < O. For the following it is convenient and no 
essential restriction to assume that the sequence {an} is bounded. Indeed, by the 
high-indices theorem, the series L an is convergent! 

Remark. If one does not want to assume that theorem, one may first consider the 
special case of Theorem 11.2 where W(u)1 :::: M for u > 0, so that one can take 
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w(u) = 1 and (}(u) = u. Now replace the original sequence {an} by the sequence 
{ane- AnO } with 8 > 0, which surely is bounded. The function F(u) is then replaced 
by Fo (u) = F {u I (1 + 8 u ) }, which is also bounded by M. A simpler form of the proof 
below will then give an inequality 

Iso(u)1 = ! L ane-AnO ! :s KpM, 
An"SU 

where Kp depends only on p. Letting 8 '" ° it follows that Is(u)1 :s KpM, which 
implies the boundedness of the sequence {an}. In fact, this is how Halasz obtained his 
proof for the standard high-indices theorem. The inequality Is(u)1 :s KpM provides 
the principal step in the proof of that theorem, cf. Section I.23. 

We resume our argument. For Re z < 0, the boundedness of {an} allows one to 
write 

(11.8) 

This formula gives an analytic continuation of G to a meromorphic function (also 
called G) on the whole complex plane C. It has simple poles at the points An with 
residues -an. Taking z outside the union U of the discs {Iz - Ani :s I}, one may split 
the sum in (11.8) into the three parts, given by An :s Iz1/2, Izl/2 < An < 21z1 and 
An ::: 21zl, to show that G(z) = G(lzi) on C \ U. 

STEP 2. We proceed to estimate the transform G on the negative real axis. Since 
sUPu>o W(u)1 = M < 00, it follows from (11.7) that 

IG(-x)1 :s Mix for x> 0, (11.9) 

but in our case there also is another bound. By (11.2) with A = 0, 

IG(-x)1 :s c 1000 e-w (u)-x jU(du)lu2 (x > 0). 01.10) 

Recalling that vw(v) = x {} v = (}(x) one finds that for u > (}(x) one has 
w(u) ::: w{(}(x)} = xl(}(x). Thus 

((X) (O(x) 
10 e-w (u)-x jU(du)lu2 :s 10 e-xjU (du)lu 2 

+ e-xjO(x) ((X) e-xjU (du)lu 2 :s 2e-xjO (x) Ix. 
1o(x) 

Hence there is a constant M' ::: M such that 

IG(-x)l:s M'e-xjO(x)lx for x> 0. (11.11) 

STEP 3. Next we cancel the poles of G to obtain a holomorphic function H on the 
domain D, given by the plane slit along the negative real axis, D = C \ IR - . Let B 1 (.) 

denote the special Blaschke product 
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(11.12) 

where we use the principal value of y'z. Now define 

H(z) = ZG(Z)BI(Z), (l1.l3) 

with values at the points An defined by continuity. Notice that I BI (z) I is bounded by 
1 on D, so that by Step 1, H(z) = O(lzI 2) as z --+ 00 in D. Also, by Step 2, the 
boundary values of H on the two sides of the slit satisfy the inequalities 

IH(-x ± iO)1 ::s: M, IH(-x ± iO)1 ::s: M'e-x/(}(x) (x> 0). (l1.l4) 

STEP 4. An extended maximum principle for unbounded domains, or so-called 
Phragmen-LindelOf theorem, will show that IH(z)1 ::s: M throughout D. To verify 
this inequality, one may apply Proposition 12.1 below to the function fez) = H(Z2) 
in the right half-plane {Re z > O}. 

We next use a harmonic-measure argument to obtain another bound for I H (z) I 
on the circle {Izl = R}; cf. Section 9. Let hR(Z) denote the harmonic measure of 
the two-sided half-line LR : {-(X) < x ::s: -R, y = O} relative to D. By 01.14) 
the quotient I H (z) I 1M' is bounded by I in D, while its boundary values on L Rare 
majorized by e-R/(}(R). Thus 

log{IH(z)IIM'}::s: -{RI8(R)}hR(Z), Vz E D. 

On the circle {Izl = R} the function hR(z) attains its (positive) minimum at the point 
z = R, and by similarity hR(R) = hI (1). Setting hI (1) = b, it follows that 

IH(Rei!)1 ::s: M'e-bR/e(R) for R > 0, It I < n. 01.15) 

The harmonic measure hI (z) may be computed with the aid of the conformal map 
z' = y'z (or z' = 1 I y'z), which takes D onto the right half-plane {Re z > O}. For 
the half-plane, the harmonic measure h(z') of a boundary segment is equal to (lIn) 
times the angle, under which the segment is seen from the point z'. However, there is a 
simple trick which shows directly that hI (1) = 1/2. Indeed, the function ¢ (z) = 1 I z 

maps D onto D and takes the half-line (-00, -I] into the segment [-1,0). Thus the 
harmonic measure h * (z) of [ -I, 0) or ( -I, 0) relative to D is equal to hI (l I z). Now 
hI (z) + h*(z) == Ion D, hence hI (1) + h*(1) = 2hl (1) = 1. 

STEP 5. Finally observe that the sequence {A} also is a Hadamard sequence, with 
constant JP > I. Under these conditions one has the following essential boundedness 
result; see Proposition 12.2 below. There is a number Kp = eft, depending only on 
p, such that 

I/IBI(z)1 ::s: Kp (l1.l6) 

at every point z in the union V of the annuli {An JP ::s: I z I ::s: An+ I I JP}, n = 1, 2, .... 
It follows that for z = Rei! E V, 
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IG(z)1 = IH(z)1 < M' K e-bRj8 (R) 

IzBI (z)1 - P R 

Hence by the residue theorem applied to G in the form (11.8), 

Is(R)1 = 1_1_. ( G(Z)dZI :::: Ce-bRj(J(R) 

2IT! J1z1=R 
(11.17) 

for An.jj5 :::: R :::: An+ 11.jj5, n = 1, 2, .... Taking R = An+ 11 .jj5 and using the 
monotonicity of e(t) and t le(t), one concludes that for An :::: u < An+l, 

Since b = hi (1) = 1/2, this inequality implies the desired estimate (11.5) with 
c= 1 I (2.jj5). 

12 Proof of Theorem 11.2, Continued 

We begin with some relevant propositions of complex analysis, in which Q denotes 
the right half-plane (Rez > OJ. 

Proposition 12.1. Let f (z) be holomorphic in the half-plane Q and continuous on its 
closure. Suppose that If(iy)1 :::: M and fez) = O(eE1Z1)for every E' > ° as z -+ 00 

in Q. Then If(z)1 :::: M throughout Q. 
Moreover, if f ¢. 0, 

1 log IfUy)1 
---=-=-----;;--2 - dy > - 00. 

lR 1 + y 
(12.1) 

For the first or Phragmen-LindelOf part we refer to Titchmarsh [1939]. Formula 
(12.1) may be derived from Jensen's theorem for bounded holomorphic functions in 
a disc by conformal mapping; cf. Garnett [1981] (section 2.4). 

Next we consider the standard Blaschke product for the half-plane Q, associated 
with a Hadamard sequence P..klr' as in (11.4): 

noo Ak - z nOO 
( 2Z) B(z) = -- = 1 - -- . 

k=I Ak + Z k=1 Ak+Z 
(12.2) 

The convergence of L 1 I Ak ensures that the product defines a merom orphic function 
with zeros at the points Ak and poles at the points -Ak. Such a product is in absolute 
value bounded by 1 on Q, but in the case of a Hadamard sequence with constant p 
one can say more; cf. Gaier [1966], [1967]. 

Proposition 12.2. There is a number Cp depending only on p such that for every 
point z in the union of the circles {Izl = RJ, An.jj5 :::: R :::: An+ 11.jj5, n = 1,2, ... , 
one has 

(12.3) 
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Proof. Observe that for 0 < a :s b < 1 

l+a ~ 2 ro -- = 1 + -- < 1 + --a < e 
I-a l-a- I-b - , 

2 
c--

- I-b· (12.4) 

Fixing n 2: 1 we take Izl = R where An,,[p :s R :s An+J/,,[P. Then for k :s n we 
have Akl R :s pk-n Ani R :s 1/,,[P, hence by (12.4) with c = 2/(1 - 1 1"fP) , 

fI I Ak - z I < fI R + Ak = fI 1 + Akl R 
k=l Ak + z - k=l R - Ak k=l 1 - Akl R 

:s exp (c 1; ~ ) :s exp (,,[p (1 ~ 1 I p) ) . 

For k 2: n + lone similarly has RIAk :s pn+l-k RIAn+l :s 1/,,[P, so that also 

n°o I Ak - z I n°O 1 + R I Ak ( C ) -- < <exp . 
Ak+Z - l-RIAk - ,,[P(1-1/p) k=n+l k=n+l 

Combination of the estimates establishes the upper bound in (12.3). The lower bound 
follows from the observation that II B(z) = B( -z). D 

THEOREM I 1.2, COMPLETION OF THE PROOF. We still have to discuss the parts of the 
Theorem numbered (i) and (ii). Let F satisfy the conditions of Theorem 11.2 with 
A = 0 and let G and H be as in formulas (11.7), (11.13). 

Part (i) follows easily from the considerations in Section 11. Indeed, if F(u) is 
bounded and O(u-fJ ) as u ---+ 00, formula (11.10) shows that 

(x > 0). (12.5) 

Thus H(-x) = O(x-fJ ). Proposition 12.1 now implies that zfJ H(z) is bounded on 
D, so that G(z) = O(lzl-fJ-1) on the family of annuli V. Application of (11.17) 
completes the proof. 

We tum to Part (ii). If lim sup w(u)lu > 8 > 0, it readily follows from the 
monotonicity of w (u) that the integral in (11.6) is divergent. Suppose then that F (u) = 
O{ e-w(u)} with w as in (11.6). By the proof in Section 11 the function H (z) is bounded 
on D, and the boundary values H ( -x ± io) satisfy the final inequality (11.14). Define 
fez) = H(z2) on the closure of the half-plane Q and write JX = y. Then 

/ 00 log IH( -x ± iO)1 /00 log If(±iy)1 
/,; dx = 2 2 dy, 

1 XyX 1 Y 

and by Proposition 12.1 these integrals must be finite if H ¢= O. However, by (11.14) 
and the substitution 8(x) = u, so that x = uw(u), 
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f
XIOgIH(-X±iO)ld fX x d 

x < CI - X 
I x.jX - I B(x)x.jX 

= Cl - = CI - 2 -dJuw(u) i
O(X) d{uw(u)} iO(X) 1 

0(1) uy'uw(u) O(l) u 

iO(X) y'uw(u) 
:s C2 - 2 2 du --+ -00 as X --+ 00; 

0(1) U 

cf. (11.6). Conclusion: H == 0, G == 0, F == 0, so that s(u) == O. D 

13 The Fourier Integral Method: Introduction 

Our starting point is Wiener's Tauberian theorem in the form given by Pitt (Theorem 
IL8.4). Let K be a Wiener kernel, that is, K is in L I (JR) and its Fourier transform 

K(u) = £ K(x)e-iuXdx, u E JR, (13.1) 

is free of (real) zeros. Let S be bounded on JR and slowly decreasing: 

liminf{S(y) - Sex)} ::: 0 as x --+ 00 and 0 < y - x --+ O. (13.2) 

Then the limit relation 

K * Sex) = £ K(x - y)S(y)dy --+ A £ K(y)dy as x --+ 00 (13.3) 

implies that Sex) --+ A as x --+ 00. 

Suppose now that the Fourier transform K(u) has a zero-free meromorphic ex
tension K(w) = K(u + iv) (an analytic extension which may have poles) to a strip 
1; around the real axis. We write 

I; = I;[-h, H) = {w = u + iv: u E R -h:s v < H}, (13.4) 

where h > 0 may be small and H > 0 may be +00. At the end of his article [1938], 
Beurling stated two remainder estimates related to Wiener's theorem. He assumed 
that 1/ K (w) is of at most polynomial growth in 1;. In his second result, the precise 
condition was that for WE I;[-h, H), 

1 ~_A_l_1 :s C(lwl + l)p-I. 
dw K(w) 

One of Beurling's results may now be stated as follows. 

(13.5) 

Theorem 13.1. Let K ELI satisfy the conditions above with p > 1/2 and let S be 
bounded. Suppose that 

K * Sex) = A £ K(y)dy + G(e-aX ) as x --+ 00, (13.6) 
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where ex E (0, H). Suppose also that S satisfies the Tauberian condition 

S(y) - Sex) ::: -C(y - x) for y > x and x ~ 00. (13.7) 

Then one has the remainder estimate 

Sex) - A = O(e-ax /(p+l) as x ~ 00. (13.8) 

Beurling did not publish a proof, but later, various forms of the result were estab
lished by Lyttkens [1954-56], Ganelius [1962] and Frennemo [1965]. The theorem 
may be used to obtain remainder estimates for Cesaro and Riesz methods; cf. the 
Springer Lecture Notes by Ganelius [1971). In [1996], Tammeraid used Beurling's 
theorem for one of his remainder theorems concerning Riesz methods. 

However, the most important summability methods involve reciprocals 1/ K (w) 

that grow muchfasterthan polynomials. In his papers [1958], [1962], [1964], Ganelius 
developed a general Fourier integral theory which allowed large functions 1/ K (w); 

cf. his Lecture Notes. In the following sections we discuss and illustrate a number of 
typical cases, for which detailed proofs are given. But first we show that the example 
of Abel summability leads to a large function 1/ K (w). 

Example 13.2. (Laplace-Stieltjes transform) Let the series z=go an, or more gener
ally, the integral fo~ ds(·) with a 'standardized function' sO as in Section 2 or 1.13, 
be Abel summable to A. Adjusting the notation to avoid mUltiple use of the same 
letter, one then has 

as ~ ~ 00. Substituting ~ = eX and 1'] = eY, this becomes 

F(eX) = .L exp{-(x - y) - e-(x-y)} s(eY)dy ~ A as x ~ 00. 

Writing exp(-x - e-X) = K(x) and s(eY) = S(y), the limit relation assumes the 
Wiener form, 

F(eX) = L K(x - y)S(y)dy ~ A = A L K(y)dy as x ~ 00. 03.10) 

In the present case the Fourier transform K is given by 

K(w) = L exp(-x - e-X)e-iWXdx = 10 00 e-ttiWdt = ro + iw). 

It follows that 1/ K is of exponential growth in every strip I; [ -1 /2, H) with finite 
H > 0. 

Indeed, r(z) is zero-free and meromorphic on C; cf. Whittaker and Watson 
[1927/96] (section 12.1). Letting u and v denote the real and imaginary part of w, the 
functional equations rcz)ro - z) = 1T / (sin 1T z) and r(1 + z) = zr(z) imply that 
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sin{n(v - iu)} 
----- = r(1 + v - iu). (13.11) 
r(1 - v + iu) n(v - iu) 

The first factor on the right is O(eJr1u l) and for v :::: -1/2, the second factor is bounded 
by r(1 + v) (one may use the integral representation). Hence by Stirling's formula 
one has an inequality 

--:---- = :::: CeJrlul+vlog(l+v) for u E JR., v:::: -1/2. 
IK(u + iv)1 W(1 - v + iu)1 

(13.12) 
This inequality gives the correct order of l/IK(u + iv)1 for large lui and v. 

14 Fourier Integral Method: A Model Theorem 

In this and the next two sections we illustrate Ganelius's method by treating a relatively 
simple case. Writing w = u +iv, let Q = Q[ -h, H, y) denote the class of the Wiener 
kernels K such that 1/ K is analytic in the strip ~ : {-h :::: v < H} and satisfies an 
inequality 

1 
--- < Cey1wl for w E ~; 
IK(w)1 -

here y must of course be positive. 

(14.1) 

For differences K * S - A, smallness at +00 will be measured by functions e-r(x) , 
where r(x) is nondecreasing on JR. and tends to 00 as x -+ 00. For the time being we 
suppose that r grows at most linearly, more precisely, that there is a constant fJ > 0 
such that 

r(x + 1) :::: rex) + fJ for x E R (14.2) 

Theorem 14.1. Let the kernel Kin Q[ -h, H, y) and the boundedfunction S be such 
that for some constant A and a function .. (x) as described, with 0 < fJ < H, 

T(x) ~ K * Sex) = ~ K(x - y)S(y)dy 

= A ~ K(y)dy + O{e-r(x)} on R 

Suppose that S satisfies the Tauberian condition 

inf {S(y) - S(x)} :::: -O{l/r(x)} as x -+ 00. 
x:",y:",x+l/r(x) 

Then the remainder S - A satisfies the estimate 

Sex) - A = O{l/r(x)} as x -+ 00. 

(14.3) 

(14.4) 

(14.5) 

The result is in Ganelius [1962], [1971] (theorem 2.1); the proof in Sections 15, 
16 is essentially a rearrangement of his. Here we illustrate the Theorem to discuss a 
remainder estimate related to Freud's Theorem 3.5 for the Laplace-Stieltjes transform. 
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Application 14.2. We saw in Example 13.2 that the Laplace-Stieltjes transform gives 
rise to the Wiener kernel K(x) = exp(-x - e-X ); by inequality (13.12) the kernel 
K belongs to the class Q [ -1/2, H, ;r) for every number H > o. Suppose now that 
the Laplace-Stieltjes transform F(~) = .cds(1/~) satisfies the condition 

IF(~) - AI :'S e-w(O for 0 < ~ < 00 (14.6) 

of Section 2, but with Freud's restriction to the effect that w(eO :'S w(~) + b. The 
substitutions of Example 13.2 then show that K * Sex) = F(eX ) satisfies relation 
(14.3) with rex) = w(eX ), and that r satisfies condition (14.2) with f3 = b. Suppose 
also that Sex) = s(eX ) satisfies the Tauberian condition (14.4). Repeated application 
of (14.4) will show that S is slowly decreasing on ~ (Section 11.2). Indeed, there will 
be a constant C such that for large x and y ::: x, 

S(y) - Sex) ::: -C(y - x) - l/r(x), 

and the right-hand side tends to 0 as x -+ 00 and 0 < y - x -+ O. Thus sO is slowly 
decreasing on ~+: liminf{s(1j) - s(~)} ::: 0 as ~ -+ 00, 1 < TJ/~ -+ 1. It now 
follows from the boundedness of F(~) as ~ -+ 00 that s, and hence S, is bounded; 
see Boundedness Theorem 1.20.1. Applying Theorem 14.1, one concludes that the 
remainder Sex) - A = s(eX ) - A satisfies the estimate (14.5). 

In terms of ~ = eX the conclusion means that 

s(~) - A = O{I/w(~)} as ~ -+ 00. (14.7) 

We have obtained this result from (14.6) under the Tauberian condition 

inf {s(eY ) - s(eX )} ::: -O{1/r(x)} as x -+ 00. 
x:c;y:c;x+l/r(x) 

In terms of ~ and TJ, the infimum must be taken over 

The Tauberian condition may thus be put into the equivalent form 

inf {s(TJ) - s(~)} ::: -O{1/w(~)} as ~ -+ 00, 
~:C;I):c;~H/w(~) 

(14.8) 

which is related to, but weaker than the standard condition an ::: -C / n for series. 

Remark 14.3. The result illustrates a special case of Ganelius' s general Theorem 2.5. 
For a relatively slowly increasing function such as w (u) = f3log u, which corresponds 
to rex) = f3x, one finds that indeed, 8(u) ~ u/w(u). However, this is not true for 
rapidly increasing functions w. The case of unrestricted functions w is discussed in 
Section 19. 



15 Auxiliary Inequality of Ganelius 383 

15 Auxiliary Inequality of Ganelius 

In the proofs of the remainder theorems we will use an auxiliary result related to the 
Berry-Esseen inequality of Section IV.24. The theorem below is due to Ganelius; see 
Ganelius [1957] for a case of periodic functions, and Ganelius [1962] and Frennemo 
[1965] for the case of~; cf. also Tenenbaum [1995]. 

For real functions W on ~ and 8 > 0, define 

Q(8) = Qw(8) = sup {W(y) - W(x)}. (15.1) 
x,yE~, x::;y::;x+8 

Theorem 15.1. Let W be real-valued and integrable over~, with Qw(8) finite for 
some (and hence every) number 8 > O. Then W is bounded, and there is an absolute 
constant C such that for any number A > 0, 

IIWlloo :s CQw (~) + 2 sup I r W(~ _ y) 1 - CO~AY dyl 
A ~E~ J~ TrAy 

:s CQw (~) +..!.. fA IW(t)ldt. 
A Tr-A 

(15.2) 

One may take C = 20. 

Proof. The function W is locally bounded by the finiteness of Q(8).1t is also globally 
bounded: 

limsup IW(x)1 :s Q(8). 
Ix 1---+ 00 

Indeed, if for example lim sUPx---+oo W(x) would be larger than Q(8), there would be 
a number 11 > 0 and a sequence Xn -+ 00 such that W(xn) :::: Q(8) + 11. By (15.1) 
this inequality implies that W (x) :::: 11 for Xn - 8 :s x :s xn, n = 1, 2, ... , and this 
contradicts the integrability of W. 

The proof of (15.2) involves the Fourier pair 

1 - cos AX 
DA(x) = TrAX2 

!::.. (t) = b (t) = { 1 -ltl/A for It I :s A, 
A A 0 for It I > A; 

cf. Example II. 7 .1. In terms of these functions, 

Z(X) = ZA(X) ~ k W(x - y)DA(y)dy 

is equal to - e1xt !::..A(t)W(t)dt. 11m' ~ 
2Tr ~ 

(15.3) 

(15.4) 

Let sup IW(x)1 = /L > 0; we may suppose that /L = sup W(x). Then for any number 
() E (0, 1) there is a number Xo such that 

W(xo) >()/L. (15.5) 

Writing 
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Z(xo - 8) = /0 W(Xo - 8 - y)DA(y)dy + 1 W(xo - 8 - y)DA(y)dy 
-0 IYI>8 

= fO W(XO)DA(y)dy - fO {W(xo) - W(xo - 8 - y)}DA(y)dy 
-8 -0 

one finds that 

+ 1 W(XO - 8 - y)DA(y)dy, 
Iyl>o 

Z(xo - 8) > {8fl - Q(28)} fO DA(y)dy - fll DA(y)dy 
-0 1)'1>0 

f AO 
= {(I + 8)fl- Q(28)} DJ (z)dz - fl. 

-M 
(15.6) 

For fixed A > 0 we will take 8 so large and 8 so close to 1 that the coefficient 
of fl in the final member of (15.6) is positive. It is possible and convenient to take 
8 = 6/1... Then the inequality DJ(x):::; 2/(nx2) gives 

100 fM DJ :::; 1/(3n); hence DJ :::: 1 - 2/(3n). 
AO -M 

One now chooses 8 in (0, I) such that (1 + 8){1 - 2/(3n)} - 1 = 1/2. If it is the 
case that 

(1 + 8)fl :::; Q(28) = Q(l2/A) [:::; 12Q(1/A)], 

then (15.2) holds with C = 12. We continue under the assumption that one has 
(1 + 8)fl > Q(l2/A). Then by (15.6) 

This implies 

Z(xo - 6/1..) :::: {(I +8)fl- Q(l2/A)}{1 - 2/(3n)} - fl 

= fl/2 - {I - 2/(3n)}Q(l2/A). 

sup IW(x)1 = fl :::; 24{l - 2/(3n)}Q(1/A) + 2Z(xo - 6/1..) 

:::; 20Q(1/A) + 2 sup IZ(x)l. 
XElR 

The proof of the inequalities (15.2) is completed by application of (15.4). 

(15.7) 

THE BERRy-ESSEEN INEQUALITY. Although we do not need it here, we describe how 
this inequality can be derived from Theorem 15.1. The inequality asserts that for 
arbitrary distribution functions Sand U on R 

(I) 1 fA dt liS - Ulloo :::; CQu - + - IFdS(t) - FdU(t)I-, 
A n -A It I 

VA> 0; (15.8) 

cf. Section IV.24. For the proof, set 
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W = U - S. (1S.9) 

Then W(-oo+) = W(oo-) = 0 and 

Qw(8) = sup {W(y) - W(x)} (1S.lO) 
X,YEIR, x::'Oy::'Ox+8 

sup lUCy) - U(x) - {S(y) - Sex)}] :s Qu(8). 
x::'Oy::'Ox+8 

If W is in L 1 (JR.), integration by parts shows that 

FdW(t) = L e-itxdW(x) = it L W(x)e-itxdx. 

In this case 
IW(t)1 = IFdU(t) - FdS(t)I/ltl, 

so that (lS.8) is an immediate consequence of (15.2). 
If W is not integrable over JR. one may apply the preceding argument to the auxiliary 

function 

WS(x) ~ - roo e-ndz W(x _ z) = e-EX jX eEZdW(z) 
Jo -00 

= W(x) - 8e-ex i~ eEZW(z)dz, (1S.11) 

where 8 > 0; cf. Tenenbaum. By the second representation and Fubini's theorem, 
WE is in L1 and Ws(t) = FdW(t)/(8 + it). The final member of (15.11) shows 
that Ws (x) -+ W (x) as 8 '\. 0 for every fixed x, because W ( -00+) = 0 and 
sup I W (z) I :s 1. Finally, by a differentiation which can be carried out for almost 
all x, 

!..- {_8e-EX jX eEZW(Z)dZ} = 82e-EX jX eSZW(z)dz _ 8W(X) :s 28 
dx -00 -00 

almost everywhere. It follows that for x :s y :s x + 8 

WS(y) - Ws(x) :s W(y) - W(x) + 28(y - x) :s Qu(8) + 288. 

Hence by Theorem 15.1 

for every x E JR. and every A > O. Inequality (15.8) follows by letting 8 go to zero. 



386 VII Tauberian Remainder Theory 

16 Proof of the Model Theorem 

We begin with some propositions which will be used also in subsequent proofs. 

Proposition 16.1. Let K be a Wiener kernel, S bounded, T = K * S, and let D)., ~). 

be the Fourier pairof(15.3). Finally, let M be an auxiliary function such thatfor real 
~, both 

~ def 1 i ~ ·c R(u) = -~- M(u - t)~).(t)e-'5tdt 
K(u) lR 

(16.1) 

and its inverse Fourier transform R(·) = R(·; M, A,~) are in Ll. Then 

R * T(x) = 2n L. Sex - y)M(y)D).(y - ~)dy. (16.2) 

Proof. Since Rand K are in L 1, Fubini's theorem gives 

R * T = R * K * S = H * S, 

with H = R * K in Ll. By (16.1) 

H(u) = R(u)K(u) = L. if(u - t)~).(t)e-i~tdt. 

Thus by Fourier inversion 

It follows that 

R * T(x) = S * H(x) = 2n L. Sex - y)M(y)D).(y - ~)dy. 

For the proof of Theorem 14.1 we take 
D 

Proposition 16.2. Let the kernel K be in the class Q[ -h, H, y) of Section 14 and let 
R be the function given by (16.1) with if as in (16.3). Then R and its inverse Fourier 
transform R = R(·; M, A, ~) are in L 1. For every number v E [-h, H) there is a 
number C (v) independent of A and ~ such that 

IR(y)1 ::: C(v)eY).-vy, Vy. (16.4) 

Proof. If the function R of (16.1) is in L 1 , Fourier inversion will give 

1 i ~. !w R(y) = - R(u)e,yudu = Iy(u)du, 
2n lR lR 

(16.5) 
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say. By (16.1), (16.3) and (15.3) the integrand Iy(u) may be written as 

Iy(u) = 1 A eiyu fA e-(u-t)2/2 (1 - ~) e-ii;tdt. (16.6) 
5K(u) -A A 

The hypotheses on K imply that I y (u) has an analytic continuation I y (w) to the strip 
I; = I;[ -h, H) of (13.4). By (14.1) the continuation satisfies the inequality 

-h :s v < H. (16.7) 

For v = 0 this formula shows that Iy(u) and hence R(u) is in L 1, so that we can define 
a function R by (16.5). Furthermore, by Cauchy's theorem and inequality (16.7), the 
path of integration in (16.5) may be moved from the real axis to any line v = constant 
in the strip I;. Doing this, it follows by inversion of the order of integration and 
the substitution u - t = z that for certain numbers C(v) and C'(v) independent of 
y, A, ~, 

IR(y)l:s [ IIy(u + iv)ldu :s C(v)e- VY fA dt [ eY1ul -(u-t)2/2du 
Jrit -A Jrit 

:s C(v)e- VY fA eY1t1dt [ eYlzl-z2/2dz:s C'(v)e yA- VY . 

-A Jrit 
(16.8) 

This proves (16.4); since v may be taken positive as well as negative, R will be in L 1 . 

Proof of Theorem 14.1. Let K, Sand T = K * S satisfy the conditions of the 
Theorem where we may assume A = O. With M as in (16.3), let R be the function 
obtained from (16.1). By Proposition 16.2, R and its inverse Fourier transform R are 
in L 1. Moreover R satisfies an inequality (16.4) for any number v E r -h, H). Since 
the hypotheses of Proposition 16.1 are satisfied, we can also use formula (16.2). 

For fixed x > 0 we now apply Ganelius's inequality (15.2) to the function 

Since 

~ 2p 
W(y) = Wx(Y) = Sex - y)M(y) = sex - y)e-y . 

IS(x)1 = IS(x)M(O)1 :s sup IS(x - y)M(y)l, 
y 

Theorem 15.1 shows that 

( 1 ) 11 1 - cos A Y I IS(x)1 :s CQwx - + 2 sup Wx(~ - y) 2 dy 
A i;Erit rit rr AY 

for every number A > O. 

(16.9) 

(16.10) 

We first estimate the integral for appropriate A. Since DA is even, formulas (16.9) 
and (16.2) show that the integral may be written as 

[ Wx(y)DA(y - ~)dy = _I R * T(x) = _1 [R(y)T(x - y)dy. 
Jrit 2rr 2rr Jrit (16.11) 
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Here R(y) = R(y; A, ~); by Proposition 16.2, R(y) satisfies an inequality (16.4) for 
every number v E [-h, H). 

To estimate the final convolution we will also use the hypothesis of Theorem 14.1 
for T. By the boundedness of S and the estimate (14.3) with A = 0, T satisfies an 
inequality 

IT(x)1 :::s Ce-r(x). (16.12) 

The properties of r(·), notably (14.2), imply that 

rex) :::s r(x - y) + f3y + f3 for y > 0, r(x - y) ::: rex) for y < O. (16.13) 

Thus by (16.12) and by (16.4) with v = -h and some number v = bE (f3, H), there 
are constants C and C' such that 

sup IR * T(x)1 :::s C ( eyJ..+min{hy,-byj-r(x-y)dy 
~ElR. JlR. 

:::s CeYA-r(x) (L: ehy dy + 1000 e-by+/3y+/3 dy ) = C' eyA-r(x). 

From here on we take x large, so that in particular rex) > O. For such x we set 
A = 8r(x), with a positive constant 8 such that y8 :::s 1/2; another condition on 8 
will be imposed later. Then by (16.11) the final term in (16.10) is bounded by 

1 2C 
- sup IR * T(x)1 :::s Ce-r(x)/2 < --. 
7r ~ElR. rex) 

(16.14) 

It remains to estimate the term Qwx (1/A) in the second member of (16.10) for 
our A. For this we will use the Tauberian condition. By formula (15.1) for Qw and 
definition (16.9) for W = Wx , we need a suitable upper bound for 

Wx({) - WxCt) = sex - {)e-1;2/2 - sex - t)e-TJ2 /2 (16.15) 

= -{Sex - t) - sex - t)}e- TJ2 /2 + sex - t)(e-1;2/2 _ e-TJ2/2) 

when x is large and t) :::s l; :::s t) + 1/A. We take x so large that 1/A :::s 8r(x)/3. If 
1t)1 > 28r(x)/30nehasll;l::: 1t)1-1/A > 8r(x)/3,andthenbothtermsontherightof 
(16.15) are O(e-82r2 (x)/18) = O{l/r(x)} by the boundedness of S. Suppose now that 
It) I :::s 28r(x)/3, so that It I :::s or(x). Observe that by (16.13), r(x) :::s r(O) + f3x + f3 
and 

rex) :::s r{x - 8r(x)} + f38r(x) + f3. 

We will require that f38 :::s 1/2, so that x - 8r(x) --+ 00, and take x so large that 

rex) :::s 2r{x - or(x)} + 2f3 :::s 3r{x - 8r(x)}. 

For large x and our present t) and l; , repeated application of (14.4) and the definition 
of A now give 
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Conclusion: 

c 
-{Sex - 11) - sex - ~)} :s: C(~ - 11) + --

rex - n 
c c c' 

< -+ < --. 
- A r{x - 8r(x)} - rex) 

Qwx(l/A) = sup {Wx(S) - Wx (11)}:S: O{I/r(x)} as x --- 00. (16.16) 
ry::;:(:':r7+ 1/ ic 

Together with (16.10) and (16.11), the inequalities (16.16) and (16.14) complete the 
proof of (14.5). D 

17 A More General Theorem 

Theorem 14.1 provides a good estimate for the remainder S - A if the deviation 
I K * S(x) - A I does not decrease more rapidly than an exponential e- f3x . As Ganelius 
[1964], [1971] (theorem 5.2) has shown, the Theorem can be extended to a situation 
of more rapid decrease provided 1/ K (w) satisfies an inequality (14.1) throughout a 
half-plane {v 2: -h}. 

Theorem 17.1. Let rex) be a nondecreasing function on lR which tends to 00 as 
x ___ 00 andfor which there is a constant q such that r (x + 1) :s: q r (x) when x 2: Xo 
(so that in particular r (xo) > 0). Let the kernel K of class Q [ -h, 00, y) (Section 
14) and the bounded function S be such that 

T(x) = K * Sex) = l K(x - y)S(y)dy 

= A l K(y)dy + O{e-r(x)} on R 

Suppose that S satisfies the Tauberian condition 

(17.1) 

inf {S(y) - Sex)} 2: -O{I/r(x)} as x --- 00. (17.2) 
x::;:y::;:x+l/r(x) 

Then the remainder S - A satisfies the estimate 

Sex) - A = O{I/r(x)} as x ___ 00. (17.3) 

Proof. The following proof is a refinement of the one in Section 16. We again take 
A = 0, but in (16.3) and (16.9) need a new auxiliary function M, which involves a 
parameter /J 2: 1: 

M(y) = e-J1y2/2; M(u) = .../(2n://J)e-u2 /(2J1l ; 

Wx(Y) = Sex - y)M(y) = sex - y)e-J1Y2/2. (17.4) 
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For R(u) we take the corresponding function (16.1), so that R(y) is given by the 
integral fIR Iy(u)du with 

Iy(u) = I A eiyu fA e~(u~t)2/(2JL) (I _!!l) e~i~tdt; 
J2rr/LK(u) ~A A 

(17.5) 

cf. (16.5), (16.6). The analytic continuation Iy(u + iv) to the half-plane v ::: -h now 
satisfies the inequality 

C fA 2 2 IIy(U + iv)1 :s __ eYlul+Ylvl~yv e~{(u~t) ~v }/(2JL)dt 
J2rr /L ~A 

(17.6) 

for -h :s v < 00. Thus the function 

R(y) = R(y; /L, A,~) = .L Iy(u + iv)du, 

with parameters /L ::: 1, A > 0, ~ E JPi., satisfies the inequalities 

IR(y)1 :s CeYlvl+v2/(21L)~vy fA dt ( eYlul~(u~t)2/(2JL)du/J2rr/L 
~A JIR 

:s c' exp{Ylvl + v2/(2/L) - vy + yA + y2/L/2}, \Iv::: -h. (17.7) 

Here and below C, C', ... stand for numbers independent of y and of those parame
ters v, /L, A, ~ that are still free; the 'constants' C may change from one formula to 
the next. 

In the next step one chooses the parameters A and v in a suitable manner. It is 
convenient to set A = Y/L/2. For y ::: 3y we take v = (y - Y)/L, so that 

Taking v = 0 for 0 :s y < 3y and v = -h for y < 0 we also obtain 

IR(v)1 < [ce y2JL 
2 for 0 S Y < 3y, 

• - C'ehy+y IL for y < O. 

(17.8) 

(17.9) 

We now come to formulas (16.9)-(16.11) with the new function M. To estimate 
the integral in (16.10) or (16.l1) we use the inequalities 

I T (x _ ) I < e or y < y, { C ~r(x~y) f 3 

y - C' for y ::: 3y. 
(17.10) 

(Remember that S is bounded.) Combining (17.8)-(17.10) one finds that 

IR * T(x)1 :s C[ fO ehy+y21L~r(x~Y)dy + C2 {3 y ey2JL~r(x~Y)dy 
~OO h 

+C3 roo ey21L~IL(y~y)2/2dy:s Cey21L~r(x~3y) + C'e~y21L. 
J3y 
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(Recall that {t :::: 1.) From here on, let x - 3y :::: Xo, so that rex - 3y) > 0 and 
rex) :::: q3 y +l r (x - 3y) or -rex - 3y) :::: _q-3y- 1r(x). We now take 

y2 {t = o5r(x) with 0 < 8 < q-3y -l. (17.11) 

Then there is a number e > 0 such that for our parameters A and {t, 

[ WX(y)DA(y - ~)dy = _1 R * T(x) = O(e-sr(x» = O{1/r(x)}, (17.12) 
J~ 2rr 

uniformly in~; cf. also (16.2) and (17.4). 
For the application of Ganelius's inequality (15.2), it remains to estimate the 

quantity Qwx (I/A) in the second member of (16.10), now formed with the new 
function M. It is convenient to take A = Y {t /2 greater than 1. We need a suitable 
upper bound for 

Wx(O - Wx(1J) = Sex - Oe-ILI;2/2 - Sex _1J)e-WI2 /2 

= -{Sex - 1J) - sex - 0}e-ILry2 /2 

+S(x _1;)(e-ILI;2/2 _ e-ILry2 /2) (17.13) 

when x is large and 1J :::: I; :::: 1J + I/A. If 11J1 :::: 1 and II; I :::: 1, the second member of 
(17.13) (and hence the first) is 

O(e-IL /2) = O(1/{t) = O{I/r(x)}. 

From here on we concentrate on the case 1J :::: I; :::: 1J + 1/ A and II; I :::: 2. Observe that 

IM'(s)1 = {tlsle- ILS2 /2 :::: J{t/e, 

so that by the form of A, 

e-ILI;2/2 _ e-w,z/2 = O{(I; -1J)JJL} = O(1/JJL). 

It follows that 

Qwx (1/A) = sup {Wx(O - Wx(1J)} 
ry:O:I;:97+ 1/ A 

:::: sup [-{S(x - 1J) - Sex -I;)}] 
11;1::;2, ry:::l;::;ry+l/A 

+ O(1/JJL) sup IS(x - 01 + O(I/{t). (17.14) 
11;1:0:2 

By the Tauberian condition, the relation A = Y{t/2 = o5r(x)/(2y) and the restriction 
on the growth of r(·), the first term on the right is of the form O{1/r(x - l;)} = 
O{l/r(x)}. Hence by the revised formula (16.10) and (17.12), (17.14), 

Sex) = O{1/r(x)} + O{I/Jr(x)} sup IS(x - 01. 
11;1::;2 

(17.15) 

Since S is bounded, this implies the preliminary result Sex) = O{l/ "jr(x)}. Inserting 
this estimate into (17.15) one concludes that Sex) = O{I/r(x)}. 
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18 Application to Stieltjes Transforms 

In [1964] Ganelius obtained a Tauberian remainder theorem for general Stieltjes trans
fonns of the type considered in Section IV.9. Taking s(·) = 0 on jR- and renaming 
the variables, we write 

Fp(l;) = (oo- dS(17) = lim r .... 
Jo- (I; + 17)P B-+oo Jo-

(18.1) 

It follows from fonnula (lV.9.12) that for 0 :S a < p, 

S(17) = A17a (17:::: 0) {} Fp(l;) = A'l;a-p (I; > 0), 

h A' A rca + l)rcp - a) 
were = . rep) 

Let us now suppose that Fp(I;)/l;a- p is close to A' for large 1;, as measured by an 
exponential e-w(n, where w(l;) is nondecreasing on jR+, tends to 00 as I; -+ 00 and 
satisfies a growth condition of the fonn w(el;) :S qw(l;) when I; :::: 1;0. 

Theorem IS.I. Let 0 :S a < p, let S(17) vanish for 17 < 0, be locally of bounded 
variation, continuous from the right and such that the Stieltjes transform Fp (I;) exists 
for I; > O. Let A and A' be related as above. Suppose that for a function w as 
described, 

Fp(l;) = [A' + O{e-w(~)}]l;a-P as I; -+ 00, 

and that sO satisfies the Tauberian condition 

inf {S(17) - s(l;)} :::: -O{l;a /w(l;)} as l; -+ 00. 
~=,,11:s:gH/w(~) 

Then one has the remainder estimate 

(18.2) 

(18.3) 

(18.4) 

Proof. Replacing S(17) by S(17) - A17a for TJ :::: 0, it may be assumed that A = A' = O. 
For the time being we focus on 

THE CASE a = O. In this case the Tauberian condition (1S.3) implies that sO is 
slowly decreasing on jR+; cf. Application 14.2. We can now appeal to Boundedness 
Theorem 1.20.1 to conclude from the boundedness of I;P Fp(l;) as I; -+ 00 that sO is 
bounded. Integrating by parts in fonnula (IS.l), condition (1S.2) gives 

I;P F (I;) = roo I; PS(17) d = O{e-w(~)} on jR+. 
p p Jo (I; + 17)P+! 17 

(1S.5) 

We next set I; = eX, 17 = eY, s(eY) = S(y) and w(eX) = rex), so that one has 
rex + 1) :S qr(x) when eX :::: 1;0. This gives the relation 

(ePX+Y (eP(x-y) 
JIT? (eX + eY)P+! S(y)dy = JIT? (ex-y + 1)P+! S(y)dy = O{e-r(x)} on R 
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Thus we have (17.1) with K(x) = ePx /(eX + l)p+l, bounded SO and A = O. The 
Fourier transform of K is given by 

A [ ePx-iwx (Xl t iw r(1 + iw)r(p - iw) 
K(w) = 1'ffR (eX + 1)P+! dx = 10 (1 + t)P+! dt = rep + 1) ; 

cf. formula (lV.9.12). We verify that the kernel K is of class Q[ -1/2,00, Jr). The 
function K (w) is meromorphic and free of zeros, and one has 

rev - iu) 
A = C sin{Jr(v - iu)} . 
K(u+iv) r(p+V-IU) 

cf. formula (13.11). Since p > 0 and v :::: -1/2, the final quotient is bounded for 
lu + ivl :::: 8 > 0; see for example Titchmarsh [1939] (section 4.41). Thus K(w) 
satisfies an inequality (14.1) with y = Jr throughout the half-plane {v :::: -1/2}. 

The Tauberian condition (18.3) can be restated as 

inf {S(y) - Sex)} :::: -O{l/r(x)} as x ~ 00. 
eX :C:eY :C:eX +eX /r:(x) 

In terms of x and y themselves the infimum is over x :s y :s x + 10g{1 + l/r(x)}. 
For large x it is equivalent to take the infimum over x :s y :s x + l/r(x), hence we 
also have (17.2). All conditions of Theorem 17.1 being satisfied, conclusion (17.3) 
gives the desired remainder estimate (18.4) with A = ex = O. 

THE CASE ex > O. In this case s(rJ) = 0(1 + rJa). One can now work with the function 
S(y) = e-ay s(eY ), which is bounded at +00, although perhaps not at -00. Suitably 
adjusting the kernel and the Tauberian argument, one can again deduce (18.4); cf. 
Ganelius (loc. cit.). 

Remarks 18.2. Using the polynomial approximation method, Subhankulov [1961a], 
[1961b], and An and Subhankulov [1964], obtained results for the Stieltjes transform 
under Freud's condition w(e~) :s w(~) + b; cf. Subhankulov [1976] (chapter 4). 
Results involving 'rapidly decreasing' functions of the form e-w(O = exp( _c~8) 
were obtained earlier by Vuckovic [1953], [1954], who used a complex method. For 
the Stieltjes transform, 8 = 1/2 is a critical exponent; if one has (18.2) withw(~) = S8 
and 8 > 1/2, the remainder s(~) - Asa will vanish iden~ically for ~ :::: O. 

An explanation for the critical exponent 1/2 can be obtained from complex analy
sis. As a function ofthe complex variable ~ , the Stieltjes transform Fp (0 correspond
ing to a bounded function sO is analytic and bounded in the domain D, consisting of 
the ~ -plane minus the semi-infinite strip {11m ~ I :s 1, Re ~ :s I}. Conformal mapping 
of D onto the right half-plane by what is roughly a square-root map makes the discus
sion of Section 9 applicable. Cf. also Hirschman and Widder [1955] (section 10.3). 

A different kind of remainder estimate for the Stieltjes transform is given in Jordan 
[1976]. 
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19 Fourier Integral Method: Laplace-Stieltjes Transform 

Frennemo [1966-67] proved general remainder theorems for kernels K which cor
respond to n-dimensional Abel summability or Laplace transforms. We restrict our
selves to dimension 1. Keeping in mind what we have found in Sections 13, 14 for the 
kernel K corresponding to the Laplace-Stieltjes transform, we introduce the following 
notation. For h E (0, 1) and y > 0, we let A [ - h, y) denote the class of L] kernels K 
for which 11K (w) has an analytic continuation to the half-plane {1m w = v :::: -h}, 
such that for some constant C, 

---:---- ~ CeYlul+v]og(l+v) for u E lR, v :::: -h. 
IK(u + iv)1 

(19.1) 

To describe the asymptotic behavior of transforms such as the Laplace-Stieltjes 
transform Cds on IR+, we tise an arbitrary (unbounded) positive, continuous, nonde
creasing function w as in Section 2. As before, the inverse function of rw (r) is called 
e(t); it is increasing and o(t). For the estimation of s(·) we use the nondecreasing 
function 

w] (t) = t le(t); (19.2) 

cf. Theorem 2.5 and formula (2.20). From s and the Laplace-Stieltjes transform Cds 
one can pass to a function S and a convolution K * S (x) on IR by the steps in Example 
13.2. To describe the asymptotic behavior of such functions K * Sand S it is convenient 
to set 

(19.3) 

Theorem 19.1. Let the functions T and T] on IR be as described above. Let the kernel 
K of class A[ -h, y) and the boundedfunction S be such that the transform T = K *S 
satisfies an estimate 

T(x) = K * Sex) = A 1 K(y)dy + O{e-r(x)} on IR. (19.4) 

Suppose that S satisfies the Tauberian condition 

inf {S(y) - Sex)} :::: -O{1IT] (x)} as x -+ 00. 
x:':Y:SX+l/q (x) 

(19.5) 

Then the remainder S - A satisfies the estimate 

Sex) - A = O{I/Tl (x)} as x -+ 00. (19.6) 

Proof. The proof will again be based on Ganelius's Theorem 15.1. It combines the 
earlier approach involving formulas (16.10), (16.11) with the treatment of Frennemo 
(loc. cit.). We take M(y) and Wx(Y) as in (17.4) and form the corresponding functions 
Rand R with the aid of (16.1), using the new function K. The function R (y) is equal 
to flR Iy(u)du, with Iy as in (17.5), but with the new K. In the estimate (17.6) for 
Iy (u + i v) we now have to replace y I v I by v log(l + v); cf. (19.1). It follows that 
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R(y) = R(y; f.1,,"A,;) = l Iy(u + iv)du, 

with f.1, :::: 1, "A > 0, ; E JR, satisfies an inequality 

IR(y)l:s Cexp{v10g(l+v)+v2/(2f.1,)-vy+y"A+y2f.1,/2}, "Iv:::: -h; (19.7) 

cf. (17.7). As before, C, C',··· will denote numbers independent of y and the pa
rameters that are still free. The parameter v is chosen as follows: 

j-h for y < 0, 
v = h for ° :s y < z, 

v(y) for y :::: z. 
(19.8) 

Conditions on z « x) and f.1, will be specified later, and for y :::: z the function v(y) 
is defined by the relation 

v(y) + f.1,log{1 + v(y)} = f.1,y. 

Thus 

v log(1 + v) + v2/(2f.1,) - vy = -v2/(2f.1,) when y:::: z. 

We may assume that A = 0, so that by (19.4) 

IT(x - y)1 :s Ce-1:(x-y) :s Ce-1:(x-z) if y < z. 

For y :::: z we simply use the boundedness of T. Hence 

IR * T(x)1 :s C {{ IR(y)le-1:(x-z)dy + { IR(Y)ldY } 
ly<z ly~z 

= C(h + /z), 

say. Then by (19.7)-(19.12) 

h/eY A+y2J-t/2 :s Ce-1:(x-z) ( e-h1Y1dy:s C'e-1:(x-z). 
ly<z 

For the estimation of /z we observe that by (19.9), v(y) is increasing and 

v(y) :::: y~ for y :::: f.1" 

provided we take f.1, sufficiently large. Then by (19.7)-(19.12) 

/z/eYA+y2 J-t/2 :s C { e-v2 (y)/(2J-t)dy 
ly~z 

:s C 1 e-V2 (z)/(2J-t)dy + C { e-y2 dy 
z:'Oy<J-t ly~J-t 

:s Ce-v2 (z)/(2J-t)+logJ-t + Ce-J-t2. 

(19.9) 

(19.10) 

(19.11) 

(19.12) 

(19.13) 

(19.14) 
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(Here the integral over {z ::: y < It} is taken equal to zero if It ::: z.) 
For large x one now chooses It and z such that 

rex - z) = w(eX - Z ) = Cllt, v(z) = C21t, (19.15) 

where Cl = (y2/2) + 1, C2 = Jy 2 + 4. Then It will be large (see the comment 
below) and by (19.12)-(19.15) 

IR * T(x)1 ::: CeyHy2Jl/2{e-r(x-z) + e-v2 (z)/(2Jll+Jl + e-Jl2 } 

= CeYHy2Jl/2(e-CIJl + e-(c~j2)-I)Jl + e-Jl2) 

::: C' e yic - Jl ::: 2C' / It 

when we take A = 1t/(2y). The final inequality holds for all ~ E JR, hence by (16.2), 

sup I ( Wx(y)Dic(Y - ~)dYI = _1 sup IR * T(x)1 ::: £. 
~EIR lIR 2][ ~EIR It 

(19.16) 

Comment on the relation between x and It, z, A. In (19.15), the first relation and our 
choice of z make x - z an increasing function of It, while the second relation makes 
z an increasing function of It. In fact, by (19.9) for Y = z and (19.15), one has 

z = C2 + log(l + C21t)· 

As a result x becomes an increasing function of It, or conversely, It becomes an 
increasing function of x. The same holds for A. 

Before applying Ganelius's Inequality (15.2) we have to estimate Qwx (I/A). The 
first steps go as in (17.13), (17.14), butthe relation between It and T will be different. 
Having (17.14) we will introduce the Tauberian condition. Observe that by the formula 
for z and (19.15) 

where we may take C :::: 1. Hence by the properties of WI and w, by which in particular 
Wj(Ct)::: CWj(t) andwdrw(r)} = w(r), 

(19.17) 

see (19.15). Thus by the definition of A and (19.3), 

(19.18) 

Hence by condition (19.5) 

sup [-(S(x - 1'}) - Sex - O}] 
IU<:2. ry<:(<:ry+l/ic 

::: C sup [-(Sex -1'}) - sex - O}] 
11'1<:2. ry<:l'<:ry+l/rl (x) 

::: c' /r] (x - 2) ::: C' e2 /r] (x). (19.19) 
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Indeed, (19.3) implies that TI (t + 2) = (VI (e2et ) :::: e2 TI (t). Combining (19.19) with 
(17.14) and (19.16)-(19.18) one obtains the analog of (17.15): 

Sex) = O{I/Tl(X)} + O{l/JTI(X)} sup IS(x -~")I. 
11;"1:s2 

Thus Sex) = O{ 1/ .JTI (x)}; iteration gives the desired result (19.6). 

(19.20) 

o 
From Theorem 19.1 one obtains the following Corollary for the Laplace-Stieltjes 

transform Cds. 

Corollary 19.2. Let sO satisfy the standard conditions listed after (2.2), so that in 
particular F(~) = Cds(1/~) exists for 0 < ~ < 00. Let (V and () be related positive 
nondecreasing functions as above. Suppose that 

IF(~) - AI :::: e-w(~) on ~+, (19.21) 

and that 

inf {s(l]) - s(~)} ~ -O{()(~)/n as ~ --+ 00. 
~:St7:sHI!(~) 

(19.22) 

Then 
s(~) - A = O{()(~)/~} as ~ --+ 00. (19.23) 

The result follows from Theorem 19.1 by the method of Application 14.2. Writing 
exp(-x - e-X) = K(x) and s(eY) = S(y), the hypotheses (19.21), (19.22) give 

IK * Sex) - AI = IF(eX) - AI :::: e-w(eX
) on JR., 

inf {S(y) - Sex)} ~ -O{()(eX)/eX} as x --+ 00. 
eX :SeY :SeX +1!(eX) 

The first relation implies (19.4) because (V(eX ) = T(X). The infimum in the second 
relation is taken over 

x :::: y :::: x + log{l + ()(eX)/eX} or x :::: y :::: x + 10g{1 + l/TI (x)}; 

it may be replaced by the infimum over x :::: y :::: x + I/TI (x), so that one obtains 
(19.5). As in Application 14.2, the functions S and s will be slowly decreasing on JR. 
and JR.+, respectively, hence relation (19.4) implies that they are bounded. Conclusion 
(19.23) now follows from (19.6). 

Remarks 19.3. The Corollary establishes the important case !/J = 1 of Theorem 2.5, 
and is equivalent to that case: one can replace set) by set) - A for t ~ o. 

The case !/J(t) = ta of Theorem 2.5 can be treated in a similar way provided 
a > -1. One may now start with the relation 

as ~ --+ 00. This relation can be rewritten in the form 



398 VII Tauberian Remainder Theory 

with 

Ka(x) = exp{-(a + l)x - e-x}, Sa(Y) = e-aYs(eY), r(x) = w(eX ). 

The Fourier transform Ka (w) = r(a + 1 + i w) is in a class A[ -h, y) with h > o. 
The estimate for Ka * Sa and the Tauberian condition (2.27) imply that Sa is bounded 
at +00. The earlier Tauberian argument may now be adjusted to obtain the desired 
conclusion Sa (x) = O{1/r! (x)} as x --+ 00; cf. Frennemo (loc. cit.). 

20 Related Results 

In [1971] (chapter 3), Ganelius considered remainder theorems in Wiener form. The 
following is a special case for dimension 1. Let H and K be Wiener kernels whose 
Fourier transforms H, K have holomorphic extensions to strips around the real axis. 
Suppose that these satisfy inequalities of the form 

Cl ~ IH(w)lea1wl ~ C2, 11m wi ~ 0, 

C3 ~ IK(w)le.Blw l ~ q, 11m wi ~ s, 

with positive constants a < f3, 0, s, C j . Let S be a bounded function such that 

S(x) = O{e-a(x)} and K * S(x) = O{e-T(x)} as x --+ 00, 

where a and r are nonnegative subadditive functions which satisfy the conditions 

Then 

sup (a(x) - olx!) + k ea(y)-8IYldy < 00, 

sup (r(x) - six!) + k eT(y)-sIYldy < 00. 

H * S(x) = 0(1) exp {-~r(x) - (1 -~) a(x)} as x --+ 00. 

WORK OF LYTTKENS. In her early papers, Lyttkens [1954-56] sharpened Beurling's 
Theorem 13.1. It turns out that the condition on K is required only in the strip given 
by {o < Re w < H} and it is enough to require p > 0; cf. also Ganelius [1962]. 

In her papers [1974], [1975] and [1978], Lyttkens replaced the earlier analyticity 
and growth conditions on g(w) = 1/ K(w) in a strip around the real axis by growth 
conditions on a number of derivatives of gO on the axis itself. In her article [1978] 
these conditions are of the following form: 



20 Related Results 399 

X 2: Xo, n = 0, 1,2, .... (20.1) 

Here V (.) is a positive nondecreasing function, and {Pn } is a logarithmically convex 
sequence with Po = 1, PI finite, such that p~/n -+ 00. [In some results Pn = 00 for 
n > m.] In terms ofthe numbers Pn one defines 

xn 
p(x) = sup -, x 2: o. 

n Pn 

Suppose now that for a bounded function S, 

T(x) = K * Sex) = O{e-r(x)} as x -+ 00. 

It is required that r satisfy a certain regularity condition and that 

er(x) :::: p(cx) for some constant c > 0 and x 2: xo. 

For simplicity, Lyttkens imposed the Tauberian condition 

Sex) + Cx nondecreasing for some constant C. 

Then one has the remainder estimate 

(20.2) 

(20.3) 

(20.4) 

(20.5) 

where W+-- denotes the inverse function of W(X) = XV(X). We quote the following 
concrete example. 

Theorem 20.1. Let k and q be positive constants such that kq < k + q. Let K be in 
Ll and let g = 1/ K satisfy condition (20.1) with 

(20.6) 

Let S be a bounded function such that 

K * Sex) = O{exp(-xa)} as x -+ 00, (20.7) 

where 0 < a < k. Then under the Tauberian condition (20.4), 

Sex) = O(x-a/q) as x -+ 00. (20.8) 

If g is entire and satisfies a growth condition 

then (20.1) and (20.6) are fulfilled for any number k such that kq :::: k + q and by 
the Theorem, (20.7) implies (20.8) for any number a which satisfies the condition 
aq < a + q. The special case q = 2, which corresponds to the 'Weierstrass kernel' 



400 VII Tauberian Remainder Theory 

K (x) = exp( - x 2 /2), was considered by Gane1ius (loc. cit., section 5.3). He proved 
that in this case, (20.7) implies (20.8) whenever 0 < ex ~ 2. 

In [1974], Lyttkens used her method to obtain remainder estimates for the case 
where g = 1/ K is analytic in a domain around the real axis which becomes very 
narrow as Re w -+ ±oo. Such results can be applied to Lambert summability, for 
which 

K(w) = iwr(1 + iw)S-(1 + iw); 

there are applications to number theory. A predecessor of this work is Strube [1974]. 
In [1975] the latter used the Fourier integral method to obtain remainder estimates 
for Borel summability. 

In [1986], Lyttkens obtained remainder theorems which strengthen a ratio theorem 
of Korenblyum [1955]. 

Remarks 20.2. In [1954c], [1954e], [1954f], Korevaar used complex Fourier trans
forms to study relations between remainder estimates for power series, Dirichlet series 
and Lambert series. In particular the Riemann hypothesis, on the zeros of the zeta 
function, can be restated as a (speculative) remainder theorem for Lambert series. 

21 Nonlinear Problems of Erdos for Sequences 

Quadratic Tauberian theorems for sequences were first considered by Erdos [1949b ] in 
connection with the elementary proof ofthe prime number theorem (Selberg [1949], 
Erdos [1949aD. It is convenient to formulate the problems in terms of convolutions. 

For sequences a = lao, ai, a2,···} andb = lbo, bl, b2,·· .}, theconvolutiona*b 
is defined by the formula 

n 

(a * b)n = I>kbn-k. n = 0,1,2, .... 
k=O 

Under such convolution, the constant sequence 

def 
a = {I, 1, I,···} 

acts as a summation operator: 

Roughly speaking, the basic Tauberian remainder problem is as follows: 

(21.1) 

(21.2) 

(21.3) 

Question 21.1. Assuming that a * a is close to a * a, how close must a be to a when 
a ~ O? 

It is often convenient to consider the average of the deviation a - a or to measure the 
'summed difference' 

def 
P =a*(a-a), that is, Pn=sn-(n+l), "In. (21.4) 
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In our discussion we consider three MODEL PROBLEMS. 

Problem 21.2. ('Square-root problem') What can one say about p if 

In other words, 

a * a = a * a + b with a ~ 0 and b = O(a)? 

n 

I:>kan-k = (n + I) + bn, an ~ 0, bn = 0(1). 
k=O 

Observe that b = 0 implies a = a. 

(21.5) 

Natural tools for this problem are power series and complex analysis. These tools 
give 

Theorem 21.3. The hypotheses (21.5) in Problem 21.2 imply that 

Pn = Sn - (n + 1) = O{(n + 1)1/3}. 

The conclusion is valid also if the condition bn = 0(1) is relaxed to the mean-square 
condition 

1 n 
-Lbl = 0(1), 
n + 1 k=O 

(21.6) 

and then it is optimal as an order estimate. 

See Sections 22-24 for the proof and for related results; cf. Korevaar [1999]. It 
is not known what the optimal estimate is for Pn under the condition bn = 0(1); cf. 
Remarks 24.2. 

The second problem involves the 'derived' sequence a' [one may think of the 
series :Lg" an ent associated with a] and the difference operator Il = a+-: 

a' ~ {O, ai, 2a2,···, nan,···J, Ilb = {bo, bl - bo,···, bn - bn-I,·· .}. (21.7) 

In our tenmnology, Erdos's principal question was 

Problem 21.4. What can one say about P = a * (a - a) if 

a' + a * a = a' + a * a + Ilb with a ~ 0 and b = O(a * a)? 

Again, b = 0 implies a = a. In the following it is convenient to take ao = O. 
Convolving with a, the relations above can then be written as 

n 
def '"" 2 ~n = ~adk + Sn-k) = n + O(n) and an ~ O. (21.8) 

k=1 



402 VII Tauberian Remainder Theory 

Here Erdos [1949b] proved the surprising 

Theorem 21.5. The hypotheses (21.8) imply that 

def 
rn = Sn - n = 0(1). 

The striking aspect is the strength of the remainder estimate. In his paper, Erdos 
described a direct application to (generalized) prime number theory. Suppose that real 
numbers Pi, with 1 < PI < P2 < ... , satisfy the relation 

L 10g2 Pi + L log Pi log Pi = 2x log x + O(x). (21.9) 
Pi <CX Pi Pj <CX 

Selberg established this relation for the ordinary primes; cf. the expositiOn in 
Nathanson [2000]. Erdos observed that this formula and Theorem 21.5, with 

log Pi 

Pi 

together imply the relation 

'" logpi L.. -- = logx + 0(1). 
Pi<C X Pi 

(21.10) 

If one has (21.9) and (21.10), the final part of the Selberg-Erdos proofs readily implies 
the analog of the prime number theorem for the sequence {Pi}. 

Theorem 21.5 is contained in Theorem 25.1, which will be proved in Sections 
25-28; cf. Korevaar [20OJa]. 

More recently one has considered a third, more fundamental question: 

Problem 21.6. What can one say about a - a itself if 

a' + a * a = a' + a * a + c with a :::: 0 and c = O(a)? 

For c = 0 one obtains a = a, but c = -a gives the completely different solution 
an = 1 - ( _1)n ! We will again take ao = 0, so that the relations above can be written 
in the form 

n-l 

nan + L akan-k = 2n + 0(1) and an :::: O. 
k=l 

(21.11) 

For the third problem Hildebrand and Tenenbaum [1994] obtained the following 
amazing theorem: 

Theorem 21.7. The hypotheses (21.11) imply that 

EITHER an = 1 + O(1ln) OR an = 1 - (_l)n + O(1ln). 

For the proof and connections with prime number theory we refer to the paper. 
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Remarks 21.S. In the Fall of 1948, Erdos gave several lectures in Amsterdam on the 
elementary proof of the prime number theorem. These lectures resulted in the first 
pUblication on the proof (van der Corput [1948]). At that time, Erdos asked the author 
to listen to, and comment on, his very complicated proof of Theorem 21.5. In the 
Spring of 1950, at Purdue University, Erdos showed the author a letter from Siegel 
[1950], which sketched how one could simplify the final part of the proof. Siegel's 
main tool was an ingenious 'Fundamental Relation'; see Section 26. Several years 
later, H.N. Shapiro [1959] obtained another proof of Erdos's result. Erdos considered 
the Tauberian theorem as one of his main accomplishments; cf. his article [1997]. 

It is interesting that a related remainder theorem for a nonlinear differential equa
tion is much easier to prove; cf. Section 25 below. 

In a Supplementary Note at the end of his paper [1949b], Erdos considered a 
problem related to (our later) Problem 21.2. He observed that the condition 

n 

L aksn-k - n2/2 = O(n) as n -+ 00 

k=O 
(21.12) 

for nonnegative an implies that Pn = o(n) as n -+ 00, but not Pn = 0(nl/2). Several 
authors later found better results for this problem, which is also known as the Erdos
Hua problem. We mention Avakumovic [1954], Bojanic, Jurkat and Peyerimhoff 
[1956], Lindberg [1962] and Subhankulov [1972]. The latter two authors obtained 
Pn = O(n2/ 3). In [1962/63] the present author used an integral form and Laplace 
transformation to show that (21.12) implies Pn = O(n3/ 5 ). That estimate holds also 
under a weaker mean-square condition and then it is optimal. The power series method 
used below for Theorem 21.3 would give the same result. 

22 Introduction to the Proof of Theorem 21.3 

Our method would prove a little more for the 'square-root problem', namely, the 
following. 

Theorem 22.1. Let 

n 

Lakan-k=n+l+bn, n=0,1,2, ... 
k=O 

with an ~ O. Suppose that 

n 

Lb~ = O(n) as n -+ 00, 

k=O 

(22.1) 

(22.2) 

or more generally, L:3 b~ = O(n2,8+ 1) with -1/2 < f3 < 1. Then one has the optimal 
order estimate 
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n 

Pn = sn - (n + 1) = L:>k - (n + 1) = O(n I/3 ) as n --+ 00, 

o 

or Pn = O(n(2tJ+ I)/3), respectively. 

(22.3) 

PRELIMINARIES. For simplicity we restrict ourselves to the case of (22.2) and (22.3); 
cf. Korevaar [1999] for the case f3 i= O. It follows from (22.1) with 2n instead of n 
and (22.2) that an = O(Jn). We now introduce the generating functions 

00 00 

A(z) = E anzn, B(z) = E bnzn (Izl < 1). (22.4) 
o 0 

Then (22.1) can be written in the equivalent form 

2 1 
A (z) = 2 + B(z). 

(l - z) 
(22.5) 

Observe that (l - Z)-I A(z) = I:g" snzn. Hence by the definition of Pn in (22.3), 

def ~ n A(z) 1 
R(z) = ~ PnZ = 1 _ z - (1 _ Z)2' 

o 
(22.6) 

How can one use (22.2) to estimate the coefficients Pn of R(z) in terms of the coeffi
cients bn of B(z)? 

As a start we note several consequences of (22.2) for the functions Band B'. 
Taking Izl = r < 1 we obtain from Cauchy-Schwarz and partial summation that 

1 
00 12 00 00 mtx IB(reit )1 2 = mtx Ebnrneint :s Eb~rn Ern 
o 0 0 

= (l - r) f: (t b~) rn . _1 = 0 { 1 2}' 
1 - r (l - r) 

n=O k=O 

(22.7) 

Furthermore, by Parseval's relation and additional partial summation, 

_O{_1 } 
- 1- r ' 

(22.8) 
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USE OF REAL TAUBERIAN THEORY. What would real-variable methods give us? By 
(22.7) 

B(x) = O{l/(l - x)} as x/I. 

Hence by (22.5) and the condition an :=:: 0, 

I 1 
A(x) = --{I + (1 - x)2 B(x)}1/2 ~ -- as x/I. 

I-x I-x 
(22.9) 

By the classical Theorem 1.7.4 of Hardy and Littlewood, relation (22.9) and the 
condition an :=:: 0 imply that Sn = L~=o ak ~ n. The Tauberian remainder theory of 
Section 2 gives only a little more. By (22.7) and (22.9) 

I 
A(x) = --{I + 0(1 - x)} as x / I, 

I-x 
which gives Sn - n = O(n I log n) as n -+ 00. However, we aim for a much stronger 
conclusion! - and tum to complex analysis. 

COMPLEX METHOD. To derive (22.3) we will use Cauchy'sformula. Let C(O, r) denote 
the positively oriented circle {z = rei!, -n < t ::s n}. Then 

Pn = - --dz = -- R(re't)e-lntdt. I [R(Z) I lJ[ . . 
2ni C(O.r) zn+l 2nrn _J[ (22.10) 

Later we take r = 1 - lin, so that ll rn remains bounded as n -+ 00. For a good 
estimate the domain of integration has to be split up. To this end we distinguish 
between various sets of points z in the unit disc ~ = {I z I < I}. 

The relations (22.6) and (22.5) give 

w I 
R(z) - z {I + (I - Z)2 B(Z)}1/2 - ---:=-

- (I - z)2 (1 - z)2' 
(22.11) 

with W z = ± I and some determination of the fractional power. It will be convenient 
to give names to subsets of ~ where (I - Z)2 B(z) is relatively 'large', and relatively 
'small', respectively: 

def 2 L = {z E ~: II-zi IB(z)l:=:: 1/3}, 
def 2 

S = {z E ~: II-zIIB(z)1 < 2/3}. (22.12) 

On the open set S we will use the holomorphic fractional power in (22.11) which is 
given by the binomial series. Thus since R(z) is holomorphic in ~, the function W z 
becomes locally constant on S. The union of the components of S where W z = I in 
(22.11) will be called S+, the components where W z = -I will jointly form S_. 

We then have the following inequalities: 

IR(z)1 < {2/11 - d + (1/11 - zl)IB(z)1 1/ 2 thr?ughout.~, (22.13) 
- O(IB(z)1) umformly III Land S+. 

Furthermore by (22.11) 

R(z) = -2/(1 - Z)2 + O(IB(z)l) uniformly in S_. (22.14) 
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23 Proof of Theorem 21.3, Continued 

Several steps will be required to estimate the final integral in (22.10). By symmetry 
it will be sufficient to deal with the upper half of the circle C(O, r), the arc given by 
z = reit , 0 :s t < 11:. Here the important part is the arc C (r, 8) given by 0 :s t < 8, 
with small 8 > O. We take r close to 1, so that on C(r, 8) 

II - reit l2 = (1 - r)2 + 4r sin2(t/2) ::::; (I - r)2 + t2. (23.1) 

By (22.7) 

(23.2) 

Hence by (22.12) the real points z = x close to 1 will be in S; since by (22.6) 
R(x) ~ -1/(1 - x)2, it follows from (22.11) thatthese points are in S+. Thus (23.2) 
shows that for r sufficiently close to 1, there will be an arc ofthe form 

{z = reit , O:s t < e(1 - r)I/2} 

which belongs to S+. 
It will be convenient to use the notations L(r, 8), S(r,8), S+(r, 8) and S~(r, 8) 

for the parts of C(r, 8) in L, S, S+ and L, respectively. 

THE MOST DELICATE STEP. We begin with the contributions to the integral in (22.10), 
due to the first term for R(z) in (22.14), when z = reit runs over arcs of S~(r, 8) 
given by A < t < /-t. Here A must be ~ e(l - r)I/2, hence much larger than 1 - r, 
so that 11 - rei! 12 ::::; t2. Integration by parts shows that 

i lL 1. e~int dt = [ 1. e~int JIL + 2r ilL 1. e~i(n~l)t dt. 
A (1 - relt )2 (1 - re1t )2 -in A n A (1 - re1t )3 

The first term on the right is bounded by (2/ n) 11 - reiA I ~2 and the same is true for 
the final term since 11 - reit 13 ::::; t 3. Thus 

11IL (1 - reit)~2e~intdtl :s (4/n)ll - reiAI~2. (23.3) 

It remains to estimate the sum LA 11 - reiA 1~2 corresponding to the initial points 
reiA of certain maximal arcs (re iA , reiIL ) of L(r, 8). Notice that such an initial point 
must belong to the boundary of S, where 11 - zI2IB(z)1 = 2/3. We will ignore 
maximal arcs of S~(r, 8) which lie entirely in L. A maximal arc (rei\ reiIL ) that is 
not a subset of L must contain a point z = reiT where 11 - zI2IB(z)1 < 1/3. Hence 

IB(reiA)1 = (2/3)11 - reiAI~2, 

IB(reiT)1 < (1/3)11 - reiTI~2 < (1/3)11 - reiAI~2, 

so that 

(1/3)11 - reiAI~2 < IB(reiA ) - B(reiT)1 < iT IB'(reit)ldt. (23.4) 

From the preceding we obtain 
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Lemma 23.1. For r close to 1 and small 8 > 0, let S* (r, 8) denote the union of the 
maximal arcs (rei}. .. , reiIL ) of s_ (r, 8) which are not in L. Then the contribution of the 
term -2/(1 - Z)2 of R(z) in (22.14) to the integral in (22.10) over S*(r, 8) can be 
estimated as follows: 

1- 2 {* (1- Z)-2Z-n- Idz l = 21 L {IL (1- reif)-2e-infdtl 
Js (r,8) ).. J).. 

:s (Sin) L 11 - rei).. 1-2 < (24In) (8 IB'(reif )ldt. 
).. Jo 

(23.5) 

Proof of the Estimate (22.3). The starting point is formula (22.10) with r = 1 - 1 I n 
and (large) n :::: 2. It will be sufficient to obtain an upper bound for 

Using small 8 > ° we will split the integral at t = 8, and define 

L *(r, 8) = L(r, 8) \ S*(r, 8) = L(r, 8) n {C(r, 8) \ S*(r, 8)}. 

Notice that the arc C(r, 8) of the circle C(O, r) is the union of the nonoverlapping 
parts L *(r, 8) U S+(r, 8) and S*(r, 8). Abusing the notation, we write 

( dt for 1 ... dt 
JS*(r,8) '" reit ES*(r,8) ' 

etc. With this convention, 

1:rr i:rr ! 1 = + + =h+h+h 
o 8 L*(r,8)US+(r,8) S*(r,8) 

(23.6) 

say. The integral h is estimated with the aid of the first formulas in (22.13) and (22.S), 
combined with HOlder's inequality for p = 4/3, q = 4: 

Ihl :s 2 i:rr 11 - reit l-2dt + i:rr 11 - reitl-IIB(reit)II/2dt 

:s 0(0-1) + (i:rr 11 _ reifl-4/3dtY/4 (i:rr IB(reif ) 12dt) 1/4 

= 0(8- 1) + O{8-1/ 4 (1 - r)-1/4}. (23.7) 

For h formulas (22.13), (22.S) and Cauchy-Schwarz give 

It remains to estimate h Using (22.14), (23.5) in Lemma 23.1 and (22.S) one obtains 
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13 = 0 ((lIn) 18IBI(reit)ldt) + 0 (18IB(reit)ldt) 

= 0{(lln)8 1/2(l - r)-3/2} + 0{8 1/ 2(l _ r)-1/2}. (23.9) 

Recall now that 1 - r = lin where 2:::: n -+ 00. Then by (22.lO), (23.6)-(23.9) 

and corresponding results for J~7r' 

IPn :::: 11..: R(reit)e-intdtl 

= 0(8- 1) + 0(8- 1/ 4nl/4) + 0{8 1/ 2nl/2}. (23.lO) 

The choice 8 = n -I /3 miraculously makes all O-terms of the same order, and provides 
the desired estimate Pn = O(n 1/3) of (22.3). 0 

24 An Example and Some Remarks 

The optimality of the order estimate in Theorem 22.1 can be deduced from an example. 
What one needs is a sequence a = {an}~o with an 2: 0, for which (22.1) holds with a 
sequence b = {bn } that satisfies (22.2), but for which the order estimate (22.3) cannot 
be improved: 

lim sup Ipnlln 1/ 3 = 1, (24.1) 
n-+oo 

say. For the construction we set 

a = 0- + d, so that b = 20- * d + d * d, P = 0- * d. (24.2) 

By the support of a sequence c = {en} ~o we mean the set of the integers n 2: 0 for 
which Cn # o. The supporting interval is the minimal interval containing the support. 
Our final sequence d will be obtained by combining sequences with well-separated 
supporting intervals. Using integers p and q with p 2: 2q, q 2: 2, the basic building 
block e(p, q) is the sequence with generating function 

(24.3) 

THE CASE OF ONE TERM. For d = e(p, q), let a and b be given by (24.2). Then a 2: 0 
and the generating functions for P and b will be 

R (z) = L Pn zn = (l - z) -1 E (z) = zP (1 + z + ... + zq -I )2, 

B(z) = L bnzn = zP(l + z + ... + zq-I )2{2 + zP(l - zq)2}. (24.4) 

From this one obtains 

Lemma 24.1. Suppose d = e(p, q) with p 2: 2q, q 2: 2. Then the support of 
b = {bn} in No belongs to the union of the disjoint intervals [p, p + 2q - 2] and 
[2p, 2p+4q-2], which togethercontainfewerthan6q integers. In this case Ibn I :::: 2q 
foralln, so that L~=o b~ < 24q3 foralln. At the same time, max IPn I = Pp+q-l = q. 
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d = e(p, q), 
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[p l / 3 ] with large p, one concludes that for the special sequence 

n 

I>~ < 24n, Vn, while sup IPnl/n l / 3 ~ 1. 
k=O 

(24.5) 

The desired example is obtained by adding infinitely many sequences e(pi' qi) 
with well-separated supporting intervals: 

00 

d = Le(Pi,qi), 
1/3 

qi = [Pi ] and Pi ~ 2qi, 
i=1 

Pi+1 ~ 4Pi, qi+1 ~ 2qi, ql ~ 2. (24.6) 

With such a sequence d, the sequences a and b obtained from (24.2) will satisfy 
the conditions of Theorem 22.1 for f3 = 0, while P will satisfy relation (24.1). The 
latter follows immediately from (24.5), since the supporting intervals of the terms 
a * e(Pi, qi) are disjoint. Because of nonlinearity, the verification of condition (22.2) 
requires some care; cf. Korevaar [1999]. 

Remarks 24.2. In the general case of Theorem 22.1, involving an arbitrary number 
f3 in (-1/2, 1), the proof is essentially the same as in the case f3 = 0 above. 

The theorem can be extended to convolution roots of order m > 2. Suppose that 

n 

a*m = a*m + b with a ~ 0 and Lb~ = 0(n2tl+l) 

o 

as n -+ 00, where -112 < f3 < m - 1. Then one has the optimal estimate 

Pn = 0(n(2 tl+I)/(2m-I) as n -+ 00; 

see Korevaar (loc. cit.). 
We end with a comment on the original Problem 21.2. Complex analysis is better 

suited to handle the mean-square condition (21.6) on b than the straight order condition 
bn = 0(1). It is an open problem whether boundedness of b implies boundedness or 
near-boundedness of p. The example above may support such a conjecture. Indeed, 
looking at relation (24.2) it is hard to see how b could be bounded while (]' * d is not. 
In that case 

2a * d and - d * d 

would have to become large in exactly the same places and in the same way. Could one 
devise a combinatorial method for the problem, related to the one which Erdos used for 
Problem 21.4? One might also take a clue from the proof of the Erdos-Fuchs theorem 
[1956], which likewise asserts that certain sequences cannot fully compensate each 
other; cf. Halberstam and Roth [1983], Newman [1998]. 
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25 Introduction to the Proof of Theorem 21.5 

In the case of Problem 21.4 it is convenient to assume that the sequence {an} starts 
with ao = 0; more generally, we set av = 0 and Sv = 0 for any indices v < I that 
may occur. The following result contains Theorem 21.5; the case y > 0 was stated 
by Erdos [1949b] without proof. 

Theorem 25.1. Let an :::: 0 and Sn = I:Z=l ak, n = 1,2, .... 
(i) Suppose that 

n 

~n ~ L ak(sn-k + k) = n2 + O(n l+y), 
k=l 

where 0 ::: y < 1. Then 

and 

~ - O( Y) rn - Sn - n - n , 

n 

~ L rn-krk = O(n l+y). 
k=l 

(25.1) 

(25.2) 

(25.3) 

(i i) Conversely, the relations (25.2) and (25.3) together imply (25.1). In the case 
y = 0, the relations (25.1) and (25.2) are equivalent. 

One can quickly dispose of the converse part. Indeed, Sn-k + k = n + rn-k and 
ak = ~Sk = 1 + ~rk, hence 

n n 

~n = LakCn + rn-k) = nSn + L(l + ~rk)rn-k 
k=l k=l 

n n 

= nSn + L rn-k + ~ L rn-krk· 
k=l k=l 

If one assumes (25.2) and (25.3), the final member takes the form required for ~n, 
namely, n2 + O(n 1+y ). One may observe also that (25.3) follows from (25.1) and 
(25.2). For y = 0 relation (25.1) follows from (25.2). 

The real problem is to derive (25.2) from (25.1). For this we will combine Erdos's 
method for the case y = 0 with a 'Fundamental Relation' due to Siegel [1950]; see 
Section 26. We begin with a weaker hypothesis. 

Proposition 25.2. Suppose one has (25.1) or just 

(25.4) 

Then 
rn = Sn - n = o(n). (25.5) 
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Proof. One has to show that a = lim inf Sn In and f3 = lim sup Sn In are both equal 
to I. By the definition of I;n and partial summation, 

n n n~] 

I;n = L ak(Sn~k + k) :::: L kak = nSn - L Sk· (25.6) 
k=1 k=1 k=1 

We first prove that f3 < 00. Supposing for a moment that f3 = 00, one focuses on 
large n such that snln :::: ski k for all k :s n. Then by (25.6) and (25.4) 

n~1 

nSn:S I;n + (snln) Lk:S n2 +0(n2) +nsnI2, 
k=1 

so that snln :S 2 + 0(1). Thus f3 :S 2 which contradicts the assumption f3 = 00. 

If a :::: I then Sn~k :::: n - k - o(n) for k :S n, hence 

n 

n2 + 0(n2) :::: I;n :::: {n - o(n)} L ak, 
k=] 

so that f3 :S I and therefore f3 = a = I. Similarly the assumption f3 < I implies 
a :::: I and a = f3 = I. It remains to deal with the possibility that, in fact, 

a < I < f3, 

which we assume to be the case until we reach a contradiction. 
For k :S n one has Sn~k + k :::: an + (I - a)k - o(n), so that by (25.6) 

( n~]) 
I;n :::: {an - o(n)}sn + (1 - a) nSn - LSk . 

k=1 

Choosing n such that Sn = f3n + o(n), one concludes that 

n2 + 0(n2) :::: {af3 + (l - a)f312}n 2 - 0(n2), 

which implies af3 < I. 

(25.7) 

Finally take n such that Sn = an + o(n). Then for sufficiently small 0 > 0 and 
k :S on, 

Sn~k + k :S an + k + o(n) :S (a + o)n + o(n) :S (f3 - s)n + o(n) 

with s > O. Also, for k > on, 

Sn~k + k :S f3n + (I - f3)k + o(n) :S f3n - (f3 - l)on + o(n) :S (f3 - s)n + o(n), 

provided s had been chosen small enough. It follows that 

n2 - 0(n2) :S I;n :S (f3 - s)nsn + 0(n2) :S (f3 - s)an2 + 0(n2), 

which would imply af3 > I. 
This contradiction proves that (25.7) is false, so that a = 1 or f3 = 1, and by the 

preceding it follows that indeed a = f3 = 1. 
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Remarks 25.3. Relation (25.5) could also be derived with the aid of power series and 
the theory of differential equations. It is interesting to speculate how much more one 
could get in that way under the stronger hypotheses of Theorem 25.1. Taking y = 0 
for simplicity, one can derive from (25.1) that the function y(x) = L ane-nx satisfies 
a differential equation 

, 2 2 (1) y - y = - - + 0 - for 0 < x ~ 1. 
x 2 x 

(25.8) 

Under the positivity condition an 2: 0 the function y(x) will be nonnegative and 
nonincreasing. By the standard substitution y = -u' ju where we take u > 0, the 
Riccati equation (25.8) goes over into the linear equation 

u" + {- :2 + 0 (~)} u = 0, 

which can be treated as a perturbation problem. In our case of negative u' one can use 
a method from Bellman's book [1953] to show that 

c 
u(x) = - + 0(1), 

x 
, c (I) u (x) = -- + 0 - ; 

x 2 X 

cf. Korevaar [1956] (meetings abstract). It follows that 

1 
y(x) = - + 0(1) as x ~ O. 

x 

Hence by the Hardy-Littlewood Theorem 1.7.4 one has Sn ~ n. In fact, a Tauber
ian remainder estimate of Freud (Section 2) would show that rn = O(nj log n). A 
complex method might give more; cf. Section IV.21 or Ingham [1941], and Hayman 
[1956], Bender [1974], Flajolet [2002]. 

OPEN PROBLEM. Could one treat Erdos's Problem 21.4 by complex analysis, or by a 
discrete analog of the method, sketched here for the Riccati equation (25.8)? 

26 The Fundamental Relation and a Reduction 

Replacing n by q and substituting Sk = k + rk, the definition of rn in (25.2) and 
relation (25.1) can be rewritten as 

L aq-k=q+rq , 
O:sk<q 

L aq-k' (-rk) = qrq + O(ql+y). 

O:sk<q 

(26.1) 

We multiply the first relation by 1 - R j D and the second by 17 j D. Adding, one obtains 
an important relation due to c.L. Siegel [1950]: 
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Theorem 26.1. (Fundamental Relation) For 0 < D < R and I'} = ±1, 

L aq-k (1 - R ~ rJrk) = q (1 _ R ~ I'}rq ) + (1 - ~) rq + 0 (q;y) . 
k<q 

(26.2) 

This relation will be applied several times with q large and R = Rn, where Rn is 
given by the formula 

Rn def Irkl 
- = max -. 
nY l:::k:::n kY 

(26.3) 

In the proofs it may then be assumed that 

the nondecreasing sequence {Rn/n Y } is unbounded, (26.4) 

or there would be nothing to prove. 

Proposition 26.2. The conclusion rn = O(nY ) of Theorem 25.1 is valid at least in 
the case 0 < y < 1. 

Proof. Let condition (25.1) be satisfied for some number y E (0, 1) but suppose that 
(25.2) is false, so that Rn/nY /' 00 by (26.3). We will focus on the special sequence 
of integers n --+ 00 (occasionally calledn*) for which Rn/nY exceeds Rn-l/(n -IV, 
so that Rn = Irnl. Observe that 

(26.5) 

We now apply the Fundamental Relation with q = n, R = Rn, D = (1 - 2-Y )R, 
I') = ±1 = R/rn . The result is 

=n _ ~ +o(nl+Y). 
2Y - 1 Rn 

Hence by (26.5), (25.5) and (26.4), 

L an-k· neg + L an-k(l + neg) = n + o(n). 
k<nj2 k::.nj2 

Here 'neg' stands for numbers:::: O. It follows that for the integers n = n*, 

Snj2 = L an-k ~ n - o(n) 
k::.nj2 

However, by Proposition 25.2 the left-hand side is asymptotic to n/2 when n --+ 00. 

This contradiction establishes the desired estimate (25.2) in the case 0 < y < 1. 0 

Henceforth we take y = 0 and assume that the hypotheses of Theorem 25.1 are 
satisfied for this case. The proof that the sequence {r n} is bounded will require several 
steps. Following Erdos [1949b] we carry out an initial reduction. 
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Proposition 26.3. The sequence {ak} is bounded and for the proof of Theorem 25.1 
in the case y = 0, it may and will be assumed that for a suitable arbitrarily small 
positive number e (which will be specified later), 

ak < 2 + e for all k ~ ko. (26.6) 

Proof. Subtracting b n in (25.1) from bn+l' one finds that 

(n + l)an+! :s b n+! - b n = 2n + O(n). 

Hence there is a constant C such that 

ak :s C, V k. (26.7) 

Suppose now that the boundedness of the sequence {rn} has been proved under the 
additional condition (26.6). Then the general case can be handled as follows. For a 
positive integer p to be determined below, define 

1 kp 
ak = - Lam, k = 1,2, .... 

p m=(k-!)p+! 

Then by (25.1) with y = 0, 

(k - l)P2ak = (k - l)p{a(k-l)p+l + ... + akp} 

:s bkp - b(k-l)p = (2k - l)p2 + O(kp). 

(26.8) 

Hence for any small number e > 0 we can choose an integer p = pee) so large that 
the numbers ak satisfy an inequality (26.6). From here on we keep p fixed. 

We next show that the sequence {ak} and the corresponding partial sums s~ also 
satisfy condition (25.1). Indeed, since ak :s C, 

n 1 n 

L ak(s:_k + k) = 2" L{a(k-l)p+l + ... + akp}(S(n-k)p + kp) 
k=l P k=l 

1 n kp 
= 2" L L am{snp-m + m + O(kp - m)} 

p k=! m=(k-!)p+! 

1 2 
= 2"bnp + O(n) = n + O(n). 

p 

Thus by the supposition that the Theorem has been proved under condition (26.6) we 
obtain L~=l aJ; = n + 0(1). This implies (25.2) with y = 0 by the definition of aJ; 
in (26.8) and the boundedness of the sequence {ak}. 
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27 Proof of Theorem 25.1, Continued 

Continuing with the case y = 0 and assuming that ak < 2 + E for k ::: ko (26.6), we 
proceed under the supposition that the remainder sequence {rn}r' is unbounded. In 
accordance with (26.3) we set 

Rn = max Irk I, so that Rn ? 00. 
k:'On 

(27.1) 

In the following we let n run through the special subsequence of the positive integers 
(occasionally called n*) for which Irnl exceeds all preceding numbers Irkl, hence 
Rn = I r n I. For definiteness we assume that r n > 0 (see Remark 27.4 for the case 
rn < 0). 

Definitions 27.1. Taking n equal to a large index n*, set 

rn = Rn = R and log R = p; (27.2) 

it is assumed that p > 2. As in Erdos's article [1949b], indices k ::: n = n* for which 
rk is relatively close to ±R are called u's and v's according to the conditions 

rv < -R + p, and ru > R - p2, respectively. (27.3) 

We also need the indices u* and v* ::: n = n* which are defined by the conditions 

rv* < -R + p3, and ru* > R - p4, respectively. (27.4) 

The indices u, v, ... form subsets U, V,'" of the interval [1, n] which depend 
on n = n*. In order to keep the terminology light we will speak simply of indices 
u, v, .. " without mentioning the dependence on n* all the time. In the following it 
is shown that there are 'many' u's and 'many' v's. 

By the preceding the index n = n* is a number u. 

Proposition 27.2. For n = n * ~ 00, the number of indices v « n) is at least equal 
to n/(2 + E) - o(n), and the largest index v is of the form n - o(n). 

Proof. If k < n is a number v one has R + rk < p. With q = n, D = P and 11 = 1, 
the Fundamental Relation 26.1 with y = 0 thus shows that 

Since we have condition (25.1) with y = 0 we may apply Proposition 26.2 for the 
case 0 < y ::: 1/2 to conclude that R2 / p = o(n).1t follows that 

L an-k ::: n + o(n) [in fact, = n + o(n)]. 
kEY 
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Hence by the bound 2 + c on the numbers ak with k :::: ko, the number of indices v is 
at least n/(2 + c) - o(n). 

To prove the second statement in the Proposition, suppose that max v < en for 
some number e E (0, 1). Then R + rk :::: p for k :::: en, hence by the Fundamental 
Relation with q, D and TJ as above, 

L an-k . neg + L an-k(1 + neg) = n + o(n). 
k:::,(}n 

This would imply that 

sn - S(l-(})n = L an-k - 0(1) :::: n - o(n), 
k<(}n 

in contradiction to the relation Sv '" v (Proposition 25.2). 

Proposition 27.3. There are also many indices u < n = n*. More precisely, let q be 
a (large) index v, so that R + rq < p. Then the number of indices u < q is at least 
q / (2 + 8) - o(q) and the largest index u < q is of the form q - o(q). 

Proof. If k is a u one has R - rk < p2. With D = p2 and TJ = -I, the Fundamental 
Relation with y = 0 now shows that 

Thus 

while 

Laq-k (1 - R -/k) = Laq-k(1 + neg) + Laq-k. neg 
k<q p keU k¢U 

( R + rq ) (R ) =q 1--- + --1 ·(-r )+o(q). p2 p2 q 

L aq-k :::: q + (~ - 1) (R - p) - o(q), 
keU p 

Laq-k = q + rq < q - R + p. 
k<q 

It follows that 
R2 
2" = o(q) and L aq-k :::: q - o(q). 
p keU 

Hence the number of indices u < q is at least q / (2 + 8) - 0 (q ). 
That the largest index u < q is of the form q - o(q) follows as in the proof of 

Proposition 27 .2. 

Remark 27.4. Ifrn < 0 one may interchange p and p2 in the definition ofu's and v's; 
cf. (27.3). For the v-number n, the argument of Proposition 27.2 (but with TJ = -1) 
would then give a good result on the u-numbers. Similarly, the argument of Proposition 
27.3 (but with TJ = 1) would now give a good result on the v-numbers. 
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By Proposition 27.2 one may take the element q E V in Proposition 27.3 of the 
form n - o(n). One thus has the following corollary. 

Proposition 27.S. The total number of indices u and v up to n = n * is at least equal 
to {2/(2 + 8)}n - o(n). 

The method of Propositions 27.2 and 27.3 also gives the following 

Proposition 27.6.lfq is a 'large' index u -larger than n/ logn, say - the number of 
indices v* < q is at least q / (2 + 8) - o(q) and the largest such number v* is of the 
form q - o(q). Similarly, if q is a large number v*, the number of indices u* < q is 
at least q / (2 + 8) - o(q) and the largest such number u* is of the form q - o(q). 

28 The End Game 

We continue under the assumptions and with the notations of Section 27, fixing a 
value 8 ::s 1/10. Here Siegel's ideas [1950] will be used to show that there are many 
indices less than n = n* which are neither u's nor v's; enough to give a contradiction. 

Proposition 28.1. Set L = 5R, let t be an integer satisfying the condition 

(n/logn) + L::s t::s n 

and let It denote the interval {t - L < q ::s t}. 
U) If It contains at least one index u (or at least one index v, respectively), then 

rq < R/2 (or rq > -R/2, resp.) for some index q E It. (28.1) 

(ii) In any case the number of integers in It which are neither u's nor v's is at 
least equal to 

R/(2 + 28) - oCR). (28.2) 

Remark 28.2. The constant 5 in L = 5R and the denominator 2 in (28.1) have been 
chosen experimentally to ensure that for small 8, there are enough non-u's, non-v's 
both here and in Proposition 28.3 below. 

Proof of Proposition 28.1. If Ir is free of indices u and v there is nothing to prove. 
Also, the proof of parts (i) and (ii) is easy if Ir contains both a number u and a number 
v. Indeed, one has ru = R - oCR) and rv = -R + oCR), while 

Irk - rk-ll = lak - 11 < 1 + 8 for k > ko. 

From here on we assume that It contains at least one number u but no v (the proof 
is similar if It contains a number v but no u). 

(a) Suppose now that (28.1) is false, that is, rq 2: R/2 throughout It. Then we 
can show that up to t, there are too many indices which are outside the set U*. For the 
indices k ::s t in U* one has R + rk > 2R - p4. Hence by the Fundamental Relation 
26.1 with y = 0, D = 2R - p4 and '1 = 1, 
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Recall that av = 0 and Sv = 0 when v < 1. Then since R - rq :s R12, 

3 L aq-k = L aq-k:::: 4q - o(q) 
k::ot, k,/-U* k<q, k,/-U* 

(28,3) 

whenever t - L < q :s t, Defining X (k) = 1 if k :::: 1 is not in U* and X (k) = 0 
otherwise, we sum over q, Then the left-hand side of (28,3) gives the sum 

t-L<q::ot 

Now the final inner sum is equal to St-k - St-k-L :s L + 2R, so that the repeated 
sum on the left is at most equal to (L + 2R) Lk<t X (k). Also summing over q on the 
right-hand side of (28.3), one thus obtains the inequality 

3 
(L + 2R) L X(k) :::: 4Lt - o(Lt) 

k::ot 

15 
or L 1:::: 28t - oCt). 

k::ot, k,/-U* 
(28.4) 

Recall that the given interval It contains an index u, hence if we use both parts of 
Proposition 27.6, one after the other, we find that the number of indices u* :s t is at 
least t 1(2 + 8) - o(t). But since 8 :s 1 I 10 this is inconsistent with (28.4): 

15 1 85 
-+-->->1. 
28 2 + 8 - 84 

The contradiction establishes the relevant part of (28.1). 
(f3) We continue under the assumption that It contains an index u but no v. For part 

(ii) we now choose an index q E It for which rq < R12. Let u' be the (or a) number u 
in It closest to q; there will be no number u (and no number v) between u' and q. We 
haveru' > R-p2,hencelru,-rql > RI2-0(R).Sincelru,-rql < (1+8)lu'-ql, 
it follows that lu' - ql > R/(2 + 28) - oCR). Thus the total number of non-u's, 
non-v's in It is at least RI(2 + 28) - oCR). 

For the ultimate contradiction it remains to sum over appropriate intervals It. 

Proposition 28.3. Let ak < 2 + 8 for k :::: ko with 8 :s 1 I 1 0, let the numbers R = Rn 
become arbitrarily large and let n = n* be a special index as in Section 27. Then the 
number of integers :s n which are neither u 's nor v's is at least 

n 
10(1 + 8) - o(n). (28.5) 
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Proof. We continue with the notation of Proposition 28.1 so that in particular 
(n /log n) + L :S t :S n. Observe that the intervals It = (t - L, t] belong to this 
range for t = n, n - L,"', t - (N -l)L, where NL ~ n - (nllogn). Summing 
over these intervals If, we conclude from part (ii) of Proposition 28.1 that the total 
number of non-u 's, non-v's up to n is at least 

{ R } N L {R } n - o(n) 
2(1 + £) - oCR) L::: 2(1 + £) - oCR) 5R 

n 
= 10(1 + £) - o(n). 

Conclusion 28.4. For £ :S 1 I 10, Proposition 28.3 contradicts Proposition 27.5. This 
contradiction shows that the supposition Rn --+ 00 of (27.1) is false, in other words, 

rn = Sn - n = 0(1). 

Indeed, for £ :S 1/10, 

2 1 20 1 
--+ >-+->1. 
2+£ 10(1+£)-21 11 

Hence if (27.1) would be true, Propositions 27.5 and 28.3 would show that for large 
n = n*, the total number of indices u and v up to n, together with the indices up to n 
that are neither u's nor v's, would exceed n. 
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sum,S, 9, 10, 140 
transform, 26, 94 

Tauberian theorem for, 94 
Lambert summability, 2, 5, 18,25,67 

Abelian theorem, 5 
high-indices theorem, 54 
in number theory, 8, 9 
of integral, 26 
to Abel summability, 20 

Lambert Tauberian, 18,65,93, IOJ 
to prime number theorem, 19 
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Landau 
Cesaro Tauberian, 12 
complex Tauberian, 120 

Landau-Ikehara theorem, see 
Wiener-Ikehara theorem 

Landau-Ingham asymptotics, 107 
in proof of PNT, 110 

Laplace asymptotic method, 211, 220 
Laplace transform, 192 

complex Tauberian, 124, 135, 141, 142, 
154, 161 

contour integration method, 136 
from power series, 26, 347 
Hardy-Littlewood type theorem, 29,46 
log-convex, 233 
of exponential growth, 208 

strong asymptotics, 214 
of measure, 26 
of rapid growth, 207, 209 

complex approach, 222 
logarithmic theory, 208 
Martin-Wiener asymptotics, 212 
strong asymptotics, 208, 212 

of very rapid growth, 217 
logarithmic theory, 219, 221 
strong asymptotics, 218 

ratio theorem, 197 
remainder estimate, 347, 352 

optimality, 371 
Tauberian theorem, 28, 30 
two-sided, 232 
Wiener-Ikehara theorem, 124 

Laplace-Stieltjes transform, 26, 118, 192, 
380, see also Laplace transform 

Continuity Theorem, 192 
extension of Tauber's theorems, 28 
half-open problem, 350 
integration by parts, 28 
Karamata's theorem, 193 
Mercerian theorem, 203 
remainder estimate, 349, 351, 353, 381, 

397 
for Cesaro means, 350, 354 

standard conditions, 345 
Tauberian theorem, 30, 46 

large deviations, 208, 292 
Lebedev-Milin inequalities, 274 
Lebesgue-Stieltjes integral, 25, 98 
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limit relation 
characterizing regularly varying function, 

181 
for slowly varying function, 180 

limitability 
by general circle method, 290 
of function, 26 
of sequence, 3 

limitation domain, 258 
limitation kernel, 65, 69, 73 
Liouville theorem, 242 
little o-condition, see Tauberian condition 
Littlewood's condition, 2 

corresponding one-sided condition, 15 
Littlewood's theorem, 2, 14 

by Wiener theory, 77 
Karamata's proof, 22 
open problem, 173 
optimal character, 54 
remainder theory for, 346, 369 

complex theory, 172 
Schmidt's extension, 43 

further extension, 46 
Wielandt's proof, 22, 346 

Littlewood, proof of PNT, 118 
localization principle of Riemann, 148 
log-concave density 

as Tauberian condition, 234 
of positive measure, 233 

log-convex, Laplace transform, 233 
logarithmic asymptotics, 208, 229 

model results, 209, 210, 219 
more general result, 220 

logarithmic integral, li, 218 
logarithmic summability, 336 
logarithmico-exponential function, 177 

Mobius function, 8, 134 
Miintz-Szasz formula, theorem, 318, 335 
majorant 

extremal, 129 
of type J...., 128, 129 

Mangoldt (von) 
counting prime factors, 310 
function, 9 

Martin-Wiener asymptotics for Laplace 
transform, 212, 214 

mass function, 192 

matrix method, 258 
conservative, 258 
domain of definition, 258 
effective or limitation domain, 258 
gap-perfect, 267 
limitable sequences, 258 
perfect, 259, 261 
regularity criterion, 258 
reversible, 258 
sectional convergence, 261 

maximal ideal, 237, 241 
(closed) in L 1,237 
(closed) in Lw, 250 
Gelfand-Mazur theorem, 241 
in Aw, characterization, 244, 247 

maximal ideal space, 243 
maximum principle 

for subharmonic function, 367 
Phragmen-Linde16f theorem, 376 

measure 
from function of bounded variation, 25 
Laplace transform of, 26 
variation measure, 25 

Mellin convolution, 197 
Mercerian theorem, 203 

Mellin transform, 94, 99, 122, 195 
complex Abelian theorem, 123 
complex Tauberian, 124 
Wiener-Ikehara theorem, 124 

Mellin-Stieltjes convolution, 195 
Abelian theorem, 195 
Tauberian theorem, 196 

Mellin-Stieltjes transform, 122, see also 
Mellin transform 

Melnik and Gaier, Borel high-indices 
theorem, 280, 312 

Mercer's theorem, 202 
Mercerian theorem, 202 

Drasin-Shea theorem, 204 
in higher-order theory, 204 
involving Laplace transform, 203 
involving Mellin convolution, 203 
involving regular variation, 203 
involving Stieltjes transform, 203 

Meyer-Konig and Zeller, see also 
functional-analytic method 

boundedness principle, 262 
high-indices theorems, 270, 280, 312, 334 

Meyer-Konig, circle methods, 280, 290, 306 



Milin's theorem, 274 
Milloux problem, 367 
minimal ideal, 238, 248 

belonging to Cle, 248 
Mittag-Leffler star, 285 
moment theorem, 77 
monotone minorant, 41, 280 

for boundedness theorem, 40, 43, 296 

Newman 
contour integration method, 119, 133 
proof of PNT, 134 

non-continuability 
Fabry theorem, 294 
Hadamard theorem, 280, 294 

norm of polynomial involving coefficients, 
356,361 

one-sided L 1 approximation 
by entire functions, 128 
by polynomials, 24, 352, 356, 364 
Graham-Vaaler construction, 128 
Markov-Stieltjes construction, 359 
of smooth function, 362 

open problem involving 
Beurling slow variation, 200 
Beurling's approximation theorem, 241 
convolution of sequences, 409 
Erdos' nonlinear Tauberian, 412 
lacunary power series, 324 
Laplace-Stieltjes transform, 350 
Littlewood's theorem, 173 
recurrent events, 273 
Wiener-Ikehara theorem, 134 

operator theory 
complex Tauberian, 163-165 
motivating Fatou-Riesz extensions, 119, 

150, 154 
power bounded operator, 163 
resolvent set, 163 
semigroup of operators, 165 
spectrum, 163 

optimality 
of Hadamard gaps, 56 
of remainder estimates, 369 
of square-root gaps, 322 
of Tauberian condition, 15,54,56,57, 103, 

106,320 
Ostrowski gaps, 292 
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overconvergence, 288, 293 
Ostrowski theorem, 280, 294 

Paley-Wiener theorem, 128 
another P-W theorem, 246 

partitions, 179, 208, 217 
generating function, 229 
of positive integer, 228 
strong asymptotics, 228 

pathology related to limit relation of slow 
variation, 184 

peak function 
in Tauberian theory, 2, 14, 50, 351 
integrated peak function, or ramp function, 

50 
periodic distribution, 155 

Fourier series, 155 
pseudofunction, 156 
pseudomeasure, 156 

Phragmen-Lindelof theorem, 376, 377 
Pitt, see also Wiener-Pitt 

Borel high-indices theorem, 280, 312 
boundednesstheorem,235,250,316 

PNT, see prime number theorem 
Poisson integral, 7 

for half-space, 112 
of positive measure, III 

Poisson kernel, 7 
for half-space, 112 

Polya (Polya) peaks, 207 
polynomial approximation 

in Karamata's proof, 21 
in remainder theory, 352 
in Wielandt's proof, 23 
monotonic approximation to unit step 

function, 50 
one-sided L 1 approximation, 352, 356 
Weierstrass theorem, 21, 77 

power bounded operator, 163 
power series 

Abelian theorem, 16 
Hardy-Littlewood theorem, 15, 16 
Littlewood's theorem, 14 
Tauber's theorems, 10, 11 

power series method J/1, 335 
Abel-type, 336 
Borel-type, 336 
Tauberian theorem, 337 

primary ideal, 250 
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prime number theorem, 19, 118 
and zeros of ~(z), 20, 124 
methods of proof, 118, 119, 134 

prime number theorem, derivation using 
Ingham summability, 111 
Lambert Tauberian, 19,93 
Landau Tauberian theorem, 121 
Landau-Ingham asymptotics, 110 
Newman method, 134 
Newman type method, 140 
Selberg relation, 402 
Wiener-Ikehara theorem, 122 

proper ideal, contained in maximal ideal, 237 
pseudofunction, 138, 148, 156 

local pseudofunction behavior, 157 
pseudomeasure, 156 

quadrature theory, Christoffel numbers, 361 
quasi-analyticity theorem, 247 

ramp function, integrated peak function, 50 
ratio theorem for Laplace transform, 197 
recurrent events, 270 

generating functions, 271 
mean recurrence time, 271 
open problem, 273 

regular Banach algebra, 246 
regular summability method, 3, 258 
regular variation, 179 

background, 177 
book BGT, 178 
characterization involving integrals, 187 
class RV"" 180 
Feller's characterization, 181 
general-kernel theorem, 195, 196 
Haan (de) theory, 189,200 
higher-order theory, 189,200 
highlights, 179 
in probability theory, 178 
Mercerian theorem, 203 
O-regular variation, 191, 197 
related concepts, 188 

regularly varying function, 178, 180 
characteristic limit relation, 181 
in integral, 186-188 
index, 180 
monotonic equivalent, 180 
smooth equivalent, 181 

remainder estimate involving 
Dirichlet series, 373 
high-indices, 374 
Lambert series, 400 
Laplace transform, 347, 352 

alternative form, 348 
Laplace-Stieltjes transform, 351, 381, 397 

Freud theorem, 353 
Ganelius theorem, 349 

power series, 348 
Riccati equation, 412 
Stieltjes transform, 392 
Wiener kernel, 379, 381, 389, 394 

remainder estimates, optimality, 369 
remainder theory, 343, see also complex 

remainder theory 
convolution of sequences, 400 

Erdos problem, 401 
square-root problem, 401 

critical rate, 350, 393 
for Wiener theorem, 398 
Fourier integral method, 344 

analyticity of kernel, 379 
conditions on derivatives, 398 
history, 379 
model theorem, 381 

Freud condition, 349 
Ganelius' Fourier method, 381 
involving Abel summability, 343, 380 

history, 344 
involving Cesaro summability, 14 
Lyttkens' Fourier method, 398 

example, 399 
model result one, 345 
model result two, 346 

extension, 347 
polynomial approximation method, 343, 

346 
vanishing remainder, 350, 352, 366, 374 

renewal theory, 236 
Blackwell, 98, 271 
Erdos, Feller and Pollard, 271 

repeated differentiation method, 2, 14,34 
residue theorem, 377 
resolvent set, 163 
restricted high-indices theorem, 294, 311 

for general circle method, 312, 313 
for special circle methods, 334 

Riccati equation, 412 



Riemann 
hypothesis, 64, 400 
localization principle, 148, 162 
summabiIity, 79 

Riemann zeta function, see zeta function 
Riemann-Lebesgue lemma, 79, 80, 121, 

126,131,137,145,150,152,237 
Riesz 

extension of Fatou theorem, 118, 150 
mean,39,308,341 
summability, 307, 308 

Schmidt condition, 32, 33,40, 279, 295 
for Abel summabiIity, 15 
for Borel summabiIity, 18,305 
optimality, 57, 104 

Schwartz space 
in distribution theory, 91 

sectional convergence, 261 
Selberg 

(and Erdos) PNT, 63, 118 
one-sided L 1 approximation, 128 
relation in prime number theory, 402 

selection principle, 14,71,192,204 
self-neglecting function, 200, 233 
semigroup of operators, 165 
seminorms, 91, 258 

separating family, 258 
sequence space, 257 

bounded, convergent, divergent vector, 258 
eventually constant vector, 262 
sectional convergence, 261 

set of smallness for bounded analytic 
function, 366 

Siegel, fundamental relation, 403, 412 
skeleton, of ideal, 248 
sliding hump method, 257, 264 
slowly decreasing 

function on JR, 69, 142 
function on JR+, 33, 74 
partial sums, 14, 15, 19 
very slowly decreasing, 143, 149 

slowly oscillating 
function on JR, 69 
function on JR+, 32, 68 
partial sums, 15 

slowly varying function, 32, 167, 178, 179 
additive equivalent, 181 

integral representation, 182 

basic properties, 180 
Beurling slow variation, 199 
boundedness, 180 
complex-valued, 184 
in integral, 186 
in ratio theorem, 197 
inequalities, 180 
integral representation, 180 
limit relation, 180 

possible pathology, 184 
uniform convergence, 180 

logarithm, 181, 188 
related concepts, 188 
very slow variation, 185 

spectrum, 163 
continuous spectrum, 163 
peripheral spectrum, 163 
point spectrum, 163 
residual spectrum, 163 

square-root gaps, 270, 311 
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growth of power series with, 323 
optimality in high-indices theorem, 322 

square-root problem, 401 
open problem, 409 
remainder theorem, 403 

statistical convergence, 57 
step function condition 

for JR, 69, 143 
for JR+, 33 

Stieltjes integral 
from series, 24, 26 

Stieitjes series, 10 1 
Stieltjes transform 

approximate inversion formula, 174 
counting eigenvalues, 175 
counting zeros, 175 
Karamata's theorem, 194 
Mercerian theorem, 203 
of first order, 46 
remainder theory, 173, 392 

complex theory, 173 
Tauberian theorem, 47 

Stirling's formula, 10, 107,289,318,337 
strong asymptotic equivalence, 220 
strong asymptotics, 208, 212, 218, 228 

model results, 214, 217 
subharmonic function, maximum principle, 

367 
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summability method(s) 
(A, A) method, 48 
Abel, 1,4 
Abel-Poisson, I 
and probability, 292, 309 
arithmetic means, 1 
Borel method(s), 5, 279 
Cesaro (C, k), 3 
Cesaro or (C, 1), 1,3 
circle methods, 280, 328 
comparison, 3, 4, 58 
conservative, 258 
consistent, 3 
equivalent, 4 
Euler, 326 
exponential method, 279 
Gauss (for integral), 61 
general circle method, 281, 290 
generalized Borel, 331 
HOlder (H, k), 4 
Ingham, 110 
Lambert, 5 
logarithmic summability, 336 
matrix methods, 258 
method Sa, 330 
methods (E, q), Ea , 328 
methods Band B', 282 

near equivalence, 282 
Poisson-Abel, 7 
power series method (the), 1 
power series methods, 335 
regular, 3, 258, 336 
Riesz, 307, 308 
statistical convergence, 57 
stronger, 3 
Taylor method, 280, 329 
Valiron method, 280, 331 
weighted-mean method, 341 

symmetric derivative, 112 
Szasz 

Miintz-Szasz theorem, 318, 335 
Tauberian conditions, 15,49 

Tauber's theorem 
extension to Laplace transforms, 28 
for power series, 10 

second theorem, 11 
Tauberian (as noun), see Tauberian theorem 

Tauberian condition, 2, 6 
area condition of conformal mapping, 12 
average-type condition, 15 

for Abel to Cesaro summability, 58 
for general circle method, 321, 333 

big V-condition, 12, 14 
for Abel summability, 12, 14 
for Borel summability, 18, 279 
for Cesaro but not Abel summability, 57 
for Cesaro summability, 12 
for Dirichlet series, 17, 49 
for general circle method, 305 
for method J/1' 337 
gap condition, 50, 266 
little o-condition, 12, 58, 337 
Littlewood's condition, 2, 14 
log-concave density, 234 
optimality, 15,54,56,57, 103, 106,320 
relation with probability, 281 
relaxation, 58 
Schmidt condition, 32, 33, 295 

for Abel summability, 15 
for Borel summability, 18 

slow decrease 
of partial sums, 14, 15, 19 
on JR, 69 
on JR+, 33, 74 

slow oscillation 
of partial sums, 15 
on JR, 69 
on JR+, 32, 68 

step function condition 
forR 69 
forJR+,33 

Szasz conditions, 15, 49 
Valiron condition, 295, 302 
Wiener conditions, 95 

Tauberian condition (complex theory) 
boundedness condition, 133, 136 
Fatou condition, 118, 148 
gap condition, 149 
positivity condition, 120, 122, 124, 139, 

141 
slow decrease, 142 
step function condition, 143 
very slow decrease, 143, 149 

Tauberian constant, 11 
Tauberian operator, 262 



Tauberian problem, 6, 67 
Wiener's question, 73 
Wiener-Pitt question, 68, 69 

Tauberian theorem, 6, see also complex 
Tauberian 

classical form, 6 
conditional converse of Abelian theorem, 2 
evolution of concept, 117 
high-indices theorem, 18,50 
of Fejer, 12, 276 
of Milin, 274 
of nonstandard type, 6, 58, 60, 61 
of Tenenbaum, 281 
of Zygmund, 280 
of Zygmund type, 293 
the name, 2,15 
undoing averaging, 2 
Wiener theorem, 73, 83 
Wiener's second theorem, 96 

for family ofkernels, 97 
Wiener-Pitt theorem, 72, 75, 83, 84 

Tauberian theorem for 
(C, k) summability, 14 

of integral, 39 
Abel summability, 10, II, 14, 15 
Borel summability, 18,302,305 
Cesaro limitability, 38 
Cesaro summability, 12 
circle methods 

involving positivity condition, 332 
involving Schmidt condition, 332 

general circle method 
involving positivity condition, 306 
involving Schmidt condition, 305 
involving Valiron condition, 303 

Ingham summability, 110 
Lambert summability, 18 

by Wiener theory, 92, 10 I 
method Jp" 337 

Tauberian theorem involving 
(A, n) and (A, logn) summability, 58 
Abel and (C, k) summabiIity, 17 
Abel and Cesaro summability, 16, 20, 56 
Borel and Abel summability, 60 
Dirichlet series, 17, 48-50 

extension, 102 
family of kernels, 90 
Gauss and Abel summabiIity, 61 
general series, 100, 102, 103 

general-kernel transform, 99 
harmonic function, 113 
Lambert series, 93, 103 
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Lambert transform, 94 
Landau-Ingham asymptotics, 107 
Laplace transform, 28, 30 
Laplace-Stieltjes transform, 46 
Mellin-Stieltjes convolution, 196 
power series, 10, 11, 14--16 

Schmidt form, 95 
recurrent events, 272 
series similar to power series, 12 
Stieltjes series, 10 1 
Stieltjes transform, 47 
two-sided Laplace transform, 233 

Taylor summability, 329 
high-indices theorem, 334 

Taylor's formula, discrete analog, 13 
tempered distribution, 91 

Fourier transform of, 91 
Tenenbaum 

Abelian-Tauberian theorem for Borel 
summability, 306 

counting special prime factors, 310 
testing equation, 66 

exponential solution, 82 
for family of kernels, 89 
for Wiener kernel, 71, 79, 81 

direct application, 77, 78 
Fourier transformation, 80, 92 

testing function 
in distribution theory, 90, 155 
Schwartz space, 91 

three-body problem and differentiation, 37 
Titchmarsh, Stieltjes type transforms, 175, 

194 
transition from series to integral, 25, 67, 347 
trapezoidal function, 86, 157 

trapezoidal testing function, 92, 157 
triangle function, 80, 86 
two-sided Laplace transform, 232 

Abelian theorem, 233 
Tauberian theorem, 234 

typical mean, 39 

unit step function 
Heaviside function, 156 
polynomial approximation, 50, 352, 359 
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Val iron 
Stieltjes type transfonns, 175, 194 
summability method, 331 
Tauberian condition for Borel summability, 

302 
Vallee Poussin (de la), PNT, 19,63, 118 
vanishing remainder, 350, 352, 366, 374 
very slowly decreasing 

function on R 143 
partial sums, 149 

very slowly oscillating 
partial sums, 277 

very slowly varying function, 185 
Vijayaraghavan's method in boundedness 

theorem, 40, 280, 296 
Vitali's theorem, 304 

applied to Tauberian theory, 304 

Weierstrass 
approximation theorem, 21, 77 
kernel,399 

weight function, 239 
condition of nonquasi-analyticity, 241, 246 
different conditions, 250 
growth indices, 240 

weighted L 1 space, 239 
dual space, 240 

weighted-mean method of summability, 341 
Wielandt, variation on Karamata method, 22 
Wiener algebra, 236 
Wiener approximation theorem, 83 

algebraic formulation, 239 
Wiener breakthrough, 2, 65, 119 
Wiener class M, 95, 216, 307 
Wiener condition 

on Fourier transform, 70, 81, 82 
on Mellin transform, 196 

Wiener family of kernels, 89 
characterization, 89 
special family, 98, 109 

Wiener kernel, 66, 72 
characterizations, 82 
Fourier transfonn, 81 
testing equation, 70, 72, 79, 82 
translates, 74, 82 

Wiener problem 
admissible kernel, 73, 82 
comparing asymptotic averages, 65, 73 

Wiener Tauberian conditions, 95 

Wiener Tauberian theorem, 83 
Beurling's extension, 199 
comparing asymptotic averages, 73, 83 
for series, 100, 103 
involving family of kernels, 90 

Wiener theorem 
algebraic fonn, 239 
approximation theorem, 83 
closed span of translates, 83, 89 
distributional proof, 92 
division theorem, 81, 88 
remainder theory for, 398 

Wiener theory, 82 
background, 65 
distributional approach, 90 
extensions, 85 

Wiener's lemma on Fourier series, 66, 84, 
243,273 

Wiener's second Tauberian, 95, 96 
application, 214, 216, 218, 307 
extension involving Lebesgue-Stieltjes 

integral, 98 
for family of kernels, 97 
special fonn, 99 

Wiener-Ikehara theorem, 67, 119, 122, 124, 
127, 162 

finite fonn, 128 
sharp form, 130 

Graham-Vaaler method, 119, 128 
open problem, 134 
refinement by Ingham, 222 

Wiener-Pitt problem, 68, 69 
admissible kernel, 69, 70,72, 82 
testing equation, 71 

Wiener-Pitt theorem, 66, 72, 75, 83, 84, 379 
application, 257, 306, 317 

Wiener-type Tauberian theorem, involving 
positive kernel, 76 

wonderful relation, 64 

Zeller, see functional-analytic method, and 
Meyer-Konig and Zeller 

zero set for family of Fourier transforms, 238 
zeta function, 8, 62 

analytic continuation, 62, 94 
by Euler summability, 325 

critical strip, 64, 118 
Euler product, 8 
integral representation, 62 



Riemann hypothesis, 64 
zero-free line, 63, 95, 122 
zeros, 64 

zeta function, in proof of prime number 
theorem, 20, 65, 93, 110, 118, 119, 121, 
134.140 

Zorn's lemma, 237 
Zygmund 

ramp function, 50 
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special Tauberian theorem, 280, 292 
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